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CHAIN-DEFORMATIONS IN TOPOLOGY 
By S. LEFScHETz 


In topology one has repeated occasion to consider homotopic deformations of 
chains. They give rise to a basic boundary relation' between the extreme 
positions of a chain c, in the homotopy and what might be termed the loci of c, 
and of its boundary F(c,). All the consequences of the homotopy that concern 
algebraic topology (i.e., boundary relations and the associated homologies) may 
be derived from the fundamental relation. It seems natural therefore to call 
chain-deformation any scheme wherein two p-chains c,, c, and two other chains 
that are to take the part of the loci mentioned above, satisfy a boundary relation 
formally identical with the fundamental relation of homotopy.? This notion 
has already been exploited in a recent paper.’ We return to it here, first to 
develop it more fully and then to apply it to the study of the sets that are 
obtained whenever, in the definition of locally connected sets, singular cells and 
spheres are replaced by chains. These new sets may be described as locally 
connected in the sense of homology, and their types correspond substantially 
to the locally connected types that we have recently investigated. The pas- 
sage from the first class to the second corresponds also to a substitution of 
chain-deformation for homotopy. 

One of the important results of L2 was the identification of certain locally 


Received February 12, 1935. 

1 Given for the first time in our Colloquium Lectures, Topology, New York, 1930, p. 78. 

2 While chain-deformations have most of the properties that their name suggests, they 
are essentially different from homotopy. This is clearly seen by noting the different effect 
in the very simple case of the circuits on an orientable surface of genus p = 2. Homotopy 
leads, in this case, to the non-commutative Poincaré group, chain-deformation to the much 
simpler abelian group with 2p free generators. 

3S. Lefschetz, On generalized manifolds (= L1 in the sequel), American Journal of Math- 
ematics, vol. 55 (1933), pp. 475-499. 

4S. Lefschetz, On locally connected and related sets (= L2 in the sequel), Annals of 
Mathematics, vol. 35 (1934), pp. 118-139. We call attention to the following errata: p. 119, 
line 23, replace LC by LC®; p. 126, suppress line 3 from bottom; in line 4 from bottom, sup- 
press “‘convex’’; in line 5 from bottom, replace “‘convex sets of §’’ by ‘‘spheres’’; p.127, 
line 13, replace K* by &*. 

Local connectedness in the sense of homology was introduced by P. 8S. Alexandroff in his 
paper: Untersuchungen tiber Gestalt und Lage abgeschlossener Mengen beliebiger Dimension, 
Annals of Mathematics, vol. 30 (1929), pp. 101-187. See also his recent paper: On local 
properties of closed sets, Annals of Mathematics, vol. 36 (1935), pp. 1-35, §3. The same prop- 
erty for euclidean domains plays a central part in R. L. Wilder’s recent work. See in par- 
ticular his last paper: Generalized closed manifolds in n-space, Annals of Mathematics, 
vol. 35 (1934), pp. 876-903. 
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2 S. LEFSCHETZ 


connected sets with the absolute neighborhood retracts or absolute retracts in 
the sense of Borsuk. (See in this connection footnote 13.) A similar identifiea- 
tion is possible here with generalized retracts in the sense of chain-deformations. 
Rather than to press this analogy, we preferred to investigate the mutual rela- 
tions between the two kinds of local connectedness as well as with Borsuk’s 
locally contractible sets, but there remains still much to be done along that line. 

One of the most useful notions introduced in L2 was that of the semi-singular 
complex (singular complex with only part of the expected cells present). It is 
extended here to aggregates of chains related like the oriented cells of a complex 
and is found no less useful in the present investigation. 

In the endeavor to free our results, as far as possible, from any specific choice 
of chains, we have presented the theory of chains in axiomatic form at the 
beginning of the paper. This has the additional advantage of making the paper 
less dependent upon our previous writings. 

Our general notations are those of Topology, with the abbreviations of L1 
and L2: LC, and NR stand for “locally connected”’ and “neighborhood retract.” 
In addition we shall write HLC for “‘LC in the sense of homology’’, and similarly 
for HNR. Our two other abbreviations are c.s.v.t. for “continuous single- 
valued transformation’’, f.c.o.s. for ‘finite covering by open sets’. The reader 
will have no difficulty in getting accustomed to these alphabetical notations 
whose advantages, after all, need not be reserved for the political domain. 


$1. The chains of a topological space 


1. There are various ways of extending to a topological space 9 the basic 
properties of the chains of a geometric complex, their cycles, their boundary 
relations and the like. Regardless of the procedure adopted certain properties 
are preserved. As it is with these common properties that we are chiefly con- 
cerned, we shall recall them briefly and state them as postulates for the chains 
of RS 

I. There exists for every p = 0, 1, --- , a set of topological invariants of R, 
its p-chains c,, and their collection {c,} constitutes a free additive abelian group. 

II. There exists an operation F defined topologically for all the chains and such 
that F {c,} is a homomorphism of {c,} into {cp-1}, and of {co} into the identity. 


F is the boundary-operator, Fc, or F(cp) is the boundary of cy, their mutual relation being 
indicated by a boundary relation, 


(1.1) Cp — Fle), 


5 These properties are fully developed in Topology, Chapters I, II. For a more sys- 
tematic exploitation of the abstract viewpoint see A. W. Tucker, An abstract approach to 
manifolds, Annals of Mathematics, vol. 34 (1933), pp. 191-243, where further references, 
notably to the papers of W. Mayer, will be found. It is to be noted that whereas they con- 
sider only abstract complexes and chains, we have always tied them up with definite point- 
sets. It might be advisable to use different terms, such as abstract complex or chain, 
geometric complex or chain, for the two concepts. 
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while to express merely that c, is a boundary we write a homology, 
(1.2) Cp ~ 0. 


The chains c, such that Fc, = 0 are called p-cycles, and generically denoted by y,. In 
particular, every cois ayo. From II follows that {y,} is a subgroup of {cp}. 


Ill. FF = 0. 


This means that boundaries are cycles. Moreover if 8, is a generic boundary, from II 
follows again that {8,} is a subgroup of {yp}. The difference-group (factor-group of the 
customary terminology) {yp} — {8p} is the pt* homology group of R. When it is a free 
group the number F,(®) of its independent generators is called the p** Betti-number of R. 

It is to be kept in mind that in the present paper, all homologies imply bounding. This is 
the reason why we use the symbol ~ and not =, for example as in Topology, Chapter VII, or 
Ll, for yp = 0 merely meant that y, was a finite or infinite sum of bounding cycles, or 
neglected chains, without being itself strictly in one or the other category. From the 
group viewpoint, our earlier procedure corresponds to topologizing the groups, replacing 
{8p} by its closure, say {8,}, and taking as p homology group the difference-group 
typ} — {Bp}. 


IV. There exists a numerical topological invariant linear function of zero-chains, 
the Kronecker-index (co), and (co) = 0 when co ~ 0. 


In the case of complexes (co) is the number of points of co each counted with its coefficient 
in the expression of the chain. 


V. With every c, there is associated a unique closed subset | c, | of R such that: 


(a) |O|=0; (b) le-+e,|Cle|+ le], 
(c) | F(cy) | Cl ep | ; (d) dim | c, | 2 p when c, ¥ 0. 


If A is any closed subset of R we say that cp C A whenever |c,| CA. Taken together 
with V, this enables us to define the boundary relations, homologies and homology-groups 
mod A, or relative relations, by contrast with the previous type called absolute. 

From V(d) follows that when dim R = n is finite every cp = 0 for p > n. In particular 
there are no homology groups, absolute or relative, for dimensions > n. 


2. There remains one more property, but it is most conveniently expressed in 
terms of the very useful notion of quasi-compler. A quasi-complex & is a 
collection of chains of R such that: (a) its p-chains form a subgroup of {c,}; 
(b) FR CR: when c, C KR likewise Fc, C KR. The quasi-complex is finite 
whenever the dimension of its chains is bounded, and in addition for every p 
there is a finite base for its p-chains whose elements are independent. In that 
case we frequently reserve the name “‘chain of R” for the chains of the bases, and 
call subchains of R the other chains of the quasi-complex. 

If c} is any base chain of a finite &, the chains c)_, entering in the composition 
of F(c}), those entering in the composition of F(c}_,), ete., are called the 
boundary-chains of cj. The sum | cj | + 2|c2_,|+ --- has a least upper 
bound called the mesh of &. 
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Our last axiom may now be stated: 

VI. (Subdivision axiom.) Every chain of R is a subchain of a finite quasi- 
complex R whose mesh is arbitrarily small. 

The complex & is called an elementary decomposition of the chain, an ele- 
mentary e-decomposition when its mesh < e. 


3. The following are noteworthy examples of systems of chains for which all 
the axioms hold: 

(a) ® is a topological space and its chains are the singular chains on §® in 
the sense of Topology, Chapter II,® that is to say, the linear forms in the singular 
cells on ® with coefficients members of an additive abelian group 2. All the 
axioms except the last are readily verified, and the last is verified also provided 
that we agree to identify a singular c, with all its subdivisions and call chain 
the class thus obtained. Otherwise we merely have as a theorem that all the 
members of the class are equivalent regarding boundary relations and homol- 
ogies (Topology, p. 88). It is understood of course that each cell of a subdivi- 
sion of c, is to be oriented concordantly with the carrying cell of c,. 

A noteworthy case is that where ® is a simplicial complex K. It is then 
shown that the homology groups derived from the chains made up of the oriented 
simplexes of K, or combinatorial homology groups, are isomorphic with those 
defined above and hence the former are topological invariants. 

(8) Nis a compact metric space and the chains are the projection-chains of L1. 
They are certain specific subchains, taken here with coefficients in a field M, of a 
fundamental infinite complex K which consists of the skeleta #* of f.c.o.s. 
together with their joining cells (L1, p. 470-472).7. The configuration K = ® + K 
may be identified for convenience with its topological image on the Hilbert 
parallelotope § (see loc. cit. for details). The projection-chains C,,, of K 
determine the chains c, of ®, with | c,| = |Cps:| - R (L1, p. 477). Forp =0 
we define the Kronecker-index by (co) = (F(C1)) which is equivalent to the 
definition of L1, p. 489. 

We shall call chains of type (a) singular and chains of type (8) regular. Unless 
otherwise specified regular chains shall be the type usually considered in the 
sequel. 

The only non-compact metric spaces that interest us are the separable locally 
compact spaces. For these we may consider the so-called finite cycles, or cycles 
on self-compact subsets of the space, and they are the only kind needed later. 





Our definition of regular chains is not intrinsic in that it depends upon a specific funda- 
mental complex K. It may be made intrinsic as follows. Suppose that we pass to a new 
fundamental complex K’. By means of the deformation theorem of Topology, p. 328 we 


® See also S. Lefschetz, On singular chains and cycles, Bulletin American Mathematical 
Society, vol. 39 (1933), pp. 124-129. 

7 In the construction of K (loc. cit., beginning of No. 2) the finiteness of dim ® plays 
nordle. All that matters is that the number 7 is the least order of any « —f.c.0.s. 
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first reduce a projection-chain C,,, of K defining c, of R to a chain C},, of K’, then by 
Theorems IV, V of L1 (p. 484), we reduce C;,; to a projection-chain (%,, of K’. The 
construction, which depends upon a choice of bases as in L1, No. 16, is made unique by 
adopting a fixed numbering of all the cells of K’. It is the class of all projection-chains C”,,; 
thus obtained which is c, under the new definition. It is not clear, however, that | c, | is 
independent of K. Let us assume that this is not necessarily so and let A, A’ be the sets as 
determined respectively by K and K’. We have immediately A C A’. If we return from 
K’ back to K we show readily that we reduce C3+, to a projection-chain on a fundamental 
complex for A necessarily identical with C,,:. Hence A’ C A and therefore A’ = A. 

It may be observed that projection-chains are imposed by the subdivision axiom. They 
are in fact the only chains of K which we are able to subdivide into elements of the same 
nature, notably as regards the subdivision of the elements C; into elements with the proper 
C, boundaries. On the other hand their uniqueness is only proved when QM is a field, so 
that the restriction imposed upon M is largely due, in the last analysis, to the subdivision 
axiom. 


Besides the two classes (a), (8) others may well be introduced. We mention 
notably: (y) the Vietoris-chains for compact metric spaces;* (6) the chains 
recently defined by Cech? for spaces even more general than topological spaces. 
In the case (y) there is an associated group 2 as general as in (a), while in (6) M 
is again restricted to a field. In fact, when M is a field the homology theories 
yielded by (8), (vy), (6) are the same. Furthermore when J is a field, and 
is LC” in the sense of L2 the four types coalesce (Topology, p. 333). 

All but the last of our axiomatic properties are readily verified for the four 
types mentioned. Regarding the last, subdivision, for the singular type it is a 
consequence of the definition and for the regular type it is proved as in L1, 
p. 490. Since they are the only two considered in the present paper this will 
suffice for our purpose. 


§2. Chain-deformations 


4. As a matter of convenience we shall assume henceforth that the basic space 
® is separable, metric, locally compact, and later even, a good part of the time, 
that it is compact. Until further notice the chains are finite chains in the sense 
of No. 3 and, unless otherwise stated, merely subjected to our basic axioms. 

In the applications, even when dealing with a single chain, one is constrained 
to deform a whole quasi-complex. For example to have the analogue of e- 
homotopy, we must break up the chains into the elements of a R of mesh e 
which is then to undergo the deformation. Owing to this it is best to define 
at the outset a chain-deformation # of a quasi-complex R = {c,}, into another 
R’ = {e, }. We understand then by such a chain-deformation, (merely “‘def- 
ormation”’ when there is no ambiguity), a homomorphism of the chain-groups of 
R into those of the same dimension for R’, which commutes with F and which is 
associated with a linear operator D on the chains of R having the property that 


8 L. Vietoris, Uber den hiheren Zusammenhang kompakter Réume und eine Klasse von 
zusammenhangstreuen Abbildungen, Math. Annalen, vol. 97 (1927), pp. 454-472. 

°E. Cech, Théorie générale de l’homologie dans les espaces abstraits, Fundamenta Math- 
ematicae, vol. 19 (1932), pp. 149-183. 
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whatever c, of R, De, is a uniquely defined (¢ + 1)-chain of ®, called the defor- 
mation-chain of ¢c,, such that 


(4.1) FDe, = dc,—c¢c,-—DFe,. 
Written as relations between operators on R we have then 
(4.2) oF =F8, 

(4.3) FO2+DF=8-1. 


D may also be considered as inducing for each g a homomorphism of the group of 
the q-chains of & into the group of the (¢ + 1)-chains of ® satisfying (4.3). 
The preceding properties, and in particular (4.1), written also 


(4.4) De, de, —c, — DF(e,), 


are those satisfied by chains under a homotopy (Topology, p. 78) which we are 
thus merely taking as postulates for chain-deformation. 


5. A eycle y,, a chain c, + its boundary F(c,), form special quasi-complexes. 
For the former 3 merely demands that 


(5.1) FD vp = Srp — Yp- 


Since a boundary is a cycle, dy, — vy, is a cycle, and hence #y, is one also. 
Therefore the chain-deform of a cycle is a cycle. Regarding c,, ? demands two 
deformation-chains D c,, D Fc, such that 


(5.2) F Dc, = dc, — cp — D Fe,, 
(5.3) FD Fe, = Fodc, — Fep. 


Of these relations the second follows from the first, since it merely expresses the 
fact that the boundary of the right-hand side in (5.2) is a cycle. Therefore for 
c, also a chain-deformation is specified by the single relation (5.2). It is clear 
that in the sense just considered a chain-deformation of a quasi-complex & 
induces a chain-deformation of its individual chains. 


6. Whenever &, R’ and the D-chains are on a given set A we say that the chain- 
deformation is over A. The chains in any given set B form a quasi-complex, 
and its chain-deformations are called chain-deformations of B. Thus if # deforms 
all the chains of B into chains of a set B over A, we say that B is chain-deformed 
into B’. 

Whenever &, &’ are of mesh < ¢ and all the chains D involved are of diameter 
< «¢, we say that # is an ¢« chain-deformation of & or of any subchain of R. An ¢ 
chain-deformation of c, consists in imposing upon it an elementary e-decomposi- 
tion reducing it to a R of mesh < e, and then ¢ chain-deforming &. 
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7. Let # be as before and let 3’ deform &’ into R”’ with D’c; as the deforma- 
tion-chains. We have now a transformation 3’’ = 3'd of R into R”’ and we shall 
show that it is a chain-deformation. Clearly #’’ is a homomorphism com- 
muting with F so (4.3) alone must be verified. We have 


(7.1) DF+FD'’=08'-1 

operating on R’, but considered as operating on & this must be written 
(7.2) D'Fo + FDS = 0'9 — 9 = 8" — 8. 

Adding (7.2) and (4.3), we have 

(7.3) (D + D’d)F + F(D + D’'d) = 0" - 1. 

Hence if we introduce the linear chain-operator D’’ = D + Dd, we have 
(7.4) DF + FD” = 8” - 1, 


so that (4.3) holds, with D’’ as the D operation. From its definition D’’ is 
linear, hence D’’ is a deformation-chain. 

Clearly # = 1 is a chain-deformation corresponding to D = 0. Regarding 
the inverse 3 it can only be defined, if at all, when # is one-one. In particular, 
this holds when & consists of a single chain plus its boundary. When # is one- 
one c, = vc, determines uniquely c, and hence De,. If we set 


Pe a! 
Oe = DVc,= —Dec, 


we have 


D’'dFc, = D’Fdc, = —DF cy, 


and therefore 


II 
° 
| 
° 


eo , , 
FD c, 7 — &¢ — DFe,). 


This shows that the passage from ’ to & is a chain-deformation with —Dc, as 
its deformation-chain. Thus in the case in question 3 is a chain-deformation. 

If we call two q-chains of R equivalent whenever one of them can be chain- 
deformed into the other, the results of the two preceding paragraphs show that 
this equivalence is transitive, reflexive, and symmetric. 


8. Homotopy and chain-deformation. Let a set A undergo a homotopy 
T into a set A’ over ® and let B be its locus throughout the deformation. If c, 
is a chain of A the homotopy will determine a chain c, = Tc,. One suspects 
intuitively that, as is obvious for singular chains, c, is a chain-deform of c, over 
B. We shall in fact prove: 

THEOREM I. When the chains adopted are regular or singular a homotopic 
deformation of a compact” set induces a chain-deformation of all its chains. 


10 We mean here that the set is compact as a space, or, as it is sometimes called, self- 
compact. 
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For singular chains the theorem is practically proved in Topology, p. 79, so 
that we may limit our treatment to regular chains. This being the case, we 


may clearly replace A, B, A’ by | c, | , its locus, and T’- | ¢, | , and hence assume 
A, A’ closed and the locus the whole space, that is B = ®. Under the cir- 
cumstances let L be a fundamental complex for A which is a subcomplex of 
K (LI, p. 474) and let the whole configuration be assumed immersed in the 
Hilbert parallelotope 5 (No.3). Let P', P?, --- be the vertices of K, which we 
take to be points of A and consider the product L X \ = L*, where } is a unit- 
segment. It is an infinite convex complex, which we subdivide in such a manner 
that if Z is any cell of L, the cell E X \ of L* becomes a sum of cells E X X’, 
where \’ is an interval of \. That is, every “‘prismatic” cell of L* is subdivided 
by sections “parallel’’ to its bases. This is carried out in such manner that if 
the cells of K, numbered in some order, are E', E?, --- , then E* X X is sub- 
divided into cells equally spaced (i.e. with intervals \’ of equal length) and whose 
number > 2*. Finally we subdivide in any manner L* simplicially without 
introducing new vertices, which may always be done since its cells are all convex. 
We continue to call L* the ultimate complex. On L* we have a representative 
C+: of ¢,, and also a chain C},, obtained by translation from C,,; and deforma- 


tion-chains D C,4:, DFC,+; such that 
D Cyst = Coss = Cox = D F(Cy41). 


We shall now transform L* barycentrically as follows. Let us suppose that the 
deformation T of A into A’ depends upon a parameter ¢ varying from 0 to 1. 
On the cell P* X \ there will be a certain number of vertices P®, --- , P** of L*. 
Mark now on the path of P* as ¢t varies, the positions of P* corresponding to the 
values i/r, (¢ = 0, 1, --- , r), and let them be P* = Q”, .-- , Q*". We map 
P*‘ into Q*‘, thus obtaining a unique image for every vertex of L*, and for every 
simplex with certain vertices P*' we insert the corresponding simplex with 
vertices Q*'. The various chains on L* are thus mapped into chains defining 
chains, of one dimension less on , in the same sense as those on K (Topology, 
p. 324). Furthermore by a deformation in §, (Topology, p. 332) together with 
Theorems IV, V of LI, all leaving C,4,; invariant, we may reduce them to 
projection-chains of K. By the very definition of the different chains, D C,41 
and i go into chains of K which define a D c, and c, satisfying (4.1), with 
|'De,| CR, |e, | CA’. This proves the theorem. 


§3. Retraction properties 


9. Henceforth we restrict the chains definitely to the regular or singular types, 
and until further notice, we also assume that the space ® is compact, metric. 

We say that a set A is chain-shrinkable onto a subset B whenever every one 
of its chains is deformable onto B over A. We also say that B is an HR of A. 
The HR property is the analogue of the retract property, however, with the 
difference that in retraction of A onto B under a c.s.v.t. the set B remains fixed 
point for point, while no such condition is imposed under chain-shrinking. The 
difference is more apparent than real as shown by: 
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THEOREM II. Jf c, is chain-deformable onto a closed set A on ®, the chain- 
deformation 3 of c, onto A may be so chosen as to be merely over R — A. More 
precisely it may be associated with an ¢-elementary decomposition, ¢« assigned, 
{c;} of cp, such that the elements c?‘ alone meet R — A and that the others are not 
deformed: dc3*** = c3**! (8 = Lon A). 

The basic step is the derivation of the elementary e-decomposition. When the 
chains are singular we merely take a subdivision of mesh ¢ and call c3‘ its elements 
on A and c?** the rest. The problem is more difficult when the chains are 
regular. 

Let first L be a fundamental complex of A which is also a subcomplex of K 
(L1, p. 474) and let there be given a chain-deformation # of c, associated with an 





elementary ¢-decomposition R’ = {e,*} and the deformation-chains D’ c;. 
If C; +, is the representative of c,' in K and c} ¢ A, we may write 
(9.1) Cohn = Ch + Cit, 


where C7}, = L-C, i, and C;{7" is the remaining part. The two chains at 
the right of (9.1) determine chains c?‘, c?*** such that 
(9.2) o,* = os + a, 
where c;*** alone meets 2 — A. If c, CA, we set c?' = ci, 2? = 0. In 
any case c?', c?** are both on | c,‘|, hence their diameters < ¢, so that RK = {c}} 
is likewise an e elementary decomposition of c,. Moreover except for the exist- 
ence of a suitable # it behaves as demanded by the theorem. We shall now 
construct #. 

Regarding the operation D to be associated with # we first specify that 
De?! =0. Next we treat D’c?* like c,‘ above and obtain 


(9.3) Dc?" = = dj 4, + duds 


where di,, CA, d,i, CR — A, and we now set Dc?! = dij... We now de- 
termine the chain-deemnpesition {c, "} of the new Pr chain dc, by the 
boundary relations 


(9.4) De, 7 9e, —¢, — DF), 


in which for every combination 7, g, the only unknown term is c, * = dc}, which 
is thus uniquely determined by (9.4). 
Since the chains F(c%) are of c* type, their D in (9.4) are both zero, hence 


c??§ = ¢?*. Similarly we have c,?‘*! CR — Finally, 





al pt P ah i etd ¢ 
(9.5) D' ce) > 8’ ce) —c} — D' Fe; 
for every value of 7. Hence 


(9.6) (D’ — D) ec} + ( — 9) ce} — (D’ — D) Fe}. 
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Since the chains (D’ — D) c} CA, #’ c} CA, (9.6) shows that 3c} C A also and 
hence # c, C A. Therefore all the conditions of the theorem are effectively 
fulfilled. 

Remark. Since | Dc} | C|D’c; |, if the initial chain-deformation 9’ is e, 
so is the modified one #. 

Corottary. If A is open instead of closed, we may choose {c}} such that 
ce! CA,c2'*! CR-A,withdc?' =c?' (8 = lon A). 

For all that is necessary is to apply the theorem to A. 

AppuicaTion. If F(c,) CA the chain-deformation may be so chosen as to leave 
F(c,) unchanged. 


10. The notion of chain-shrinking as here presented suffers from the dis- 
advantage of not being local. The “local’’ properties are, however, frequently 
the most important, and so we shall consider them now. 

Let A, B be subsets of #. We say that A may be chain-shrunk away from B 
whenever there is an open set U > B such that A may be chain-shrunk onto 
A—U. We have at once 

TueoreM III. Jf A may be chain-shrunk away from every point of a compact 
set B, it may be shrunk away from B. 

By the Borel covering theorem, B has a f.c.o.s. {U*}, such that A is shrinkable 
onto every A — U‘. We can find another f.c.o.s. {V‘} of B such that 
Vi CU" We shall use both coverings simultaneously. 

By assumption A may be chain-shrunk onto B — U' and as a consequence 
every chain c, of A will have been displaced to the exterior of a certain open set 
W' > V!.B = B'. 

Suppose that we have succeeded in showing that the displacement may be 
carried out similarly to outside a certain open set 


We D> Be = (V1 + ... + VE*)-B. 


If W*' D> Bweare through. In the contrary case, there is at least one more V, 
which we may assume to be V* such that V*.B € W*". In any case however 
the chains of A not on W*-' will be at a positive distance 5 from B*"'. By 
assumption we can displace all the chains of A onto A — U*. However by 
Theorem II, this displacement may be replaced by one onto the exterior of the 
spherical neighborhood S(U*-B, 1/26). The chains thus displaced will be at a 
positive distance from B*, hence outside of some W* > B*. Proceeding thus 
we shall ultimately have a W" > B, with all chains deformable onto A — W". 
The theorem is therefore proved. 


§4. HLC spaces and their relations to other spaces 


11. The definition of the HLC sets of various types is entirely similar to that 
of LC sets. Here also, however, we need the local characterization. 


1 Menger, Dimensionstheorie, p. 160. 
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We shall say then that § is: 

p-HLC at the point x whenever every open set U D zx contains another 
V > « also, such that every p-cycle, p > 0, of V is ~ 0 on U, and every zero- 
cycle yo of V is ~ on U toa point of V taken (yo) times; 

HLC? at x whenever it is g-HLC for every q S p; 

HLC” at x whenever it is g-HLC for every g whatsoever; 

weak HLC at z whenever V can be determined as above independently of gq. 

The strong HLC (merely HLC) will be defined for a compact metric ® in 
No. 15. 

Finally ® itself is p-HLC, --- whenever it has the corresponding property 
at all its points. 

The e¢, 7 formulations in the compact metric case are as usual: in place of 
“for every U there is a V” we must have “for every « > 0 there is an 7 > 0”. 
In particular the HLC? condition may be reduced to “for every ¢ there is an 
n(e, p) such that every q-cycle g < p (a yo whose (yo) = 0) of diameter < 7 
bounds a chain of diameter < e’’, while the weak HLC condition will be of the 
same form with » independent of p. 


12. If c, and c}_, are two chains of a finite quasi-complex &, we shall say that 
they are incident whenever c}_, is a boundary chain of c}. The aggregate of 
the specifications of the incidences of & is called the pattern of . 

Suppose that we have given a R whose pattern we are to reproduce on 9, and 
of all the elements expected let there be present all the zero-chains and some, but 
not necessarily all, of the rest, so that the chains present form a quasi-sub- 
complex ’ of R. We call R’ a partial realization of R. Let us suppose that 
out of an expected c} and its boundary chains, there are already present the 
chains c// in 8’. We call max diam = | c,/ | the mesh of the partial realization 
R’ of RK. 

If c’ is an expected chain of and F(c}) is already present in &’ a necessary 
condition is that it be acycle. Furthermore if g = 1 and if its imposed boundary 
relations are 


(12.1) ci > mC, 
where, by assumption, the chains c) are already present, from (12.1) follows 
(12.2) nj (ch) = 0, 


and these relations must be satisfied if the data are consistent. They shall 
naturally be assumed if R’ is given, or must be verified whenever a &’ is con- 


structed. 


13. THeoreM IV. N.a.s.c. for a compact metric space R to be HLC? are that 
for every « > 0 there exist an n(e, p) > 0 such that every partial realization R’ on 
MR of a Ry +1 whose mesh < n(e, p) may be completed to make up the expected Ry +1 of 


mesh e.'* 


12 Compare with the analogous proposition for LC?-sets, L2, p. 120. 
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Since F(c,), ¢ S p, is a special R’ corresponding to a R which consists of ¢, 
and F(c,), the condition of the theorem is clearly sufficient for an HLC?. We 
must therefore merely show its necessity, and as it is trivial for p = —1, we 
may take p > 0 and use induction on p. 

Under our assumptions the theorem holds for p — 1, and there is a corre- 
sponding n(e, p — 1). Moreover since ® is p-HLC we have also the constant 
£(e, p) of the p-HLC property (n(e, p) in the definition). 

Let the mesh a of &’ be < n(8, p — 1) < 8,8 > 0 assigned. Under the hy- 
pothesis of the induction we may insert all the missing chains of dimension < p 
and have their diameters < 8. We thus obtain a new partial realization Q’’ of 
R,+1 in which only the (p + 1)-chains may be missing. But if c},, is any 
expected chain, the sum of the sets of its boundary chains is of diameter < a 
+ 28 < 38. Therefore, if we choose 8 < 4 é(e, p), we may insert the miss- 
ing chains and choose them of diameter < ¢«. Hence the condition of the 
theorem is fulfilled whenever the mesh a < n (3 &(€, p), p — 1) = ne, p). 


14. THroremM V. Given a compact metric HLC? space ® there exists for every 
« > 0 a quasi-complex V, into a subchain of which every c,, q S p, of N, is 
e-deformable over R. 

Let {U*} be a f.c.0.s. of the HLC? space ® of Theorem IV, and let a@ be the 
mesh and & the skeleton of the covering. We shall assume that {U‘} has the 
same skeleton #, a choice always possible whatever a (see L1, p. 474). This 
means that any group of U’s intersect when and only when their closures do. 
As to the latter, we know that there exists a constant y < a such that whenever 
any set of diameter < y meets a group of U’s, these U’s intersect. From the 
preceding we conclude then that y has also the same property as regards the 
U’s themselves. 

Let us mark on U‘ a point A‘ which we consider as an oriented zero-cell. 
If ®, is the sub-complex obtained after removing all simplexes of dimension > p 
from #, we may consider the set {A‘} as a partial realization © of a quasi- 
complex V, with the same incidence pattern as @,. It may likewise be con- 
sidered as a partial realization V’ of a quasi-complex WV with the same pattern 
as®. From the construction of 6 we conclude that the meshes of the two partial 
realizations do not exceed the maximum diameter 2a of the sum of any group of 
intersecting U’s. It follows in particular that if a < $n(8, p) we may complete 
vi; toaW, of mesh < 8. 

It is now a simple matter to show that if 6 = mesh R, < y then R, may be 
e-chain deformed into a quasi-complex whose elementary chains are subchains of 
V,. In faet the chain-deformation # may be so chosen that: (a) every ele- 
mentary cj of &, goes into (cj) times a vertex of &,; (b) if c} is an elementary 
chain of R with zero-chains in its boundary then # c/, is the image in the trans- 
formation #, — WV, of a chain of #, which is on the F(c) of the simplex « whose 
vertices have for images the points A‘ corresponding to the boundary zero- 
chains of c?,; (¢) if c} is not of type (b) then 3 c) = 0. 
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We satisfy (a) by choosing for 3 c}, a chain (c))A* where A” is such that U* 
meets c}. By the same token (b) holds for g = 0, and (c) does not occur for 
that value. From this moment on the proof proceeds essentially like that of 
the deformation theorem of Topology, p. 92. The only point that may raise a 
question is the following. Granting that we have case (b) and that & F(c?), 
q < p, has already been described we must describe 3 ce}. Owing to 6 < y the 
vertices A‘ to which 3 F(c) belongs are on a set of intersecting U’s, and hence 
they are the images of those of ac of &. It follows that 3 F(c?) is the image of a 
cycle [',-, 0f F(¢). Now o + F(c) has a subchain C, — I,_1, and the image of 
C, (under the chain-transformation @, — W,) is a chain c,‘ — F (ci). We set 
3c; = c,* and extend # to all g-chains by the linearity condition. The rest of 
the proof is as loc. cit. 


15. Paraphrasing the treatment of L2, No. 5, we now define a set as strong 
HLC or merely HLC when it is HLC? for every p, and when in addition the 
function n(e, p) of Theorem IV has a lower bound n(e) > 0, independent of p. 

The results of our paper regarding the comparison with retracts may also be 
extended here, provided that absolute retraction is defined relatively to imbed- 
ding not in an arbitrary set but in an arbitrary HLC set. We shall not stop to 
develop this point further. From Theorem V follows readily: 

TueoreM VI. Every chain of an HLC is deformable into a subchain of a 
definite chain-complez. 

For in the present instance we may complete Y, up to the dimension n of #, 
and have a complete chain-image V of 6. We then apply the proof of Theorem 
V with the supplementary condition that dc} = 0 for q > n which is consistent 
since ',_1 = I’,, being now a chain of a c,, will be = 0. It follows that every 
R is deformable into a chain-complex whose elements of dimension p S n are 
subchains of ®, and the others are zero. 

THeoreM VII. Jf Ris HLC* and n = dim & is finite the space is HLC. 

For 9 possesses no chains of dimension > n, hence in the construction con- 
nected with Theorem IV, one need never go beyond chains of dimension n and 
we may take for n(e) the least of the n + 1 positive numbers 


ne, p),p = 0, 1,--+,n. 


16. THeoreM VIII. The homology groups of an HLC?, absolute or mod a 
closed HLC? subset, for dimensions S p, or of an HLC, absolute or mod a closed 
HLC subset, all have the same structure as for a finite complex. 

By this we mean that they have finite bases with a finite number of relations 
between the elements of the bases, and furthermore for an HLC set that they are 
zero for dimensions above a certain integer n. In particular when the groups 
are free groups the Betti-numbers are all finite. 

The proof is very simple. Take first the absolute groups and regular chains. 
The chains of 3R are the images in one of the correspondences ®, — V,, ® — ¥ 
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of certain chains of &, or & and the correspondence preserves boundary rela- 
tions. Hence the groups {y,} of ® (q S p for an HLC?) are isomorphic with 
certain subgroups of the same for ®, or ® respectively. They are therefore 
additive groups generated by a finite number of linear forms with coefficients 
in the abelian group M, corresponding say to chains y}, 7 = 1, 2,---,7r. The 
homologies between the y’s are those on §, all of the form 


(16.1) rivi ~O0, r11,CM. 
Since M is a field this system may be reduced by a change of base to the form 
(16.2) yt'~0, $ei,&--- ree 


and the first s elements of the new base form a minimum base for the g™ ho- 
mology group. 

If we deal with singular chains, we may reason substantially as in the proof 
of the invariance of the combinatorial characters of a complex (Topology, p. 88) 
and show that (16.1) implies that there exists a chain of V,, or V as the case 
may be, 


(16.3) Cos — 2; ¥ , 


Since the y’s may after all include all the q-subcycles of ¥, or V, this shows that 
the g* homology group is the same as for V, or for ¥ and hence the same as for 
®, or for &, as the case may be. 


17. Consider now a closed HLC? subset G of an HLC? space ® and let {U‘} 
be the f.c.o.s. of No. 14. It may happen’ that certain sets U which meet G 
have an intersection which does not meet G. In that case their closure H also 
fails to meet G. Since the number of sets H is finite and they are closed, the 
distance 6 of their sum from Gis > 0. Let now, for every 7, V?‘ be the set of 
the points of U‘ nearer than 2/3 6 from G, and V?**' the set of those farther than 
1/3 6 from G. One of the two sets may well be vacuous. In any case however 
the non-vacuous sets V make up a new f.c.o.s. {V‘} of 8, which like the initial 
covering has the same incidence pattern as the covering V‘ of the closures. 
Moreover, now if any aggregate of V’s intersect G, they intersect on @ itself. 
Let us assume then that the initial f.c.o.s. {U‘} already possesses this property. 

We now modify the construction of ¥, in No. 14, by choosing the point A‘ 
on G whenever U‘ meets G. Then, when the meshes are suitably small, we 
utilize the HLC? property of G to place on that set every chain of Y, whose 
vertices A‘ are on G. This is always possible since, after all, the f.c.o.s. {U‘-G} 
behaves relatively to G like {U‘} relatively to ® itself. As a consequence, 
3 R will transform a chain c) of R on G into chains of VY, on G. Then, for suit- 
ably small meshes throughout, we shall be able to assign deformation-chains 
Te; likewise on G. Under the circumstances the chains on @ will be merely 
deformed over G and hence the cycles mod G will be deformed into cycles of 
v, mod G. From this point on the rest of the proof is as for absolute cycles. 
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If R and G are both HLC the treatment is the same except that WV is to take 
the place of Y, throughout and the conclusion is again the same. 

Corotuariges. I. Jf R is HLC? and G is HLC:, q < p, the theorem regarding 
the homology groups of R mod G holds for dimensions S&S q. 

Il. If n = dim & its finite and both R and G are HLC", the Betti-numbers abso- 
lute, or of R mod G, if any occur, are all finite. 

AppuicaTIon. If A isan HLC?-set, p S n, in an n-sphere H,, the Betti-numbers 
of H, — A are all finite; in particular Ro is finite, and hence 1, — A consists of a 
finite number of regions. 

For dim A S n and the rest follows from the preceding results together with 
the extension of Alexander’s duality relation (Topology, p. 339). 


18. HNR-sets. The closed set A shall be called an HNR of ® whenever for 
every positive ¢ there is a positive 7 such that every chain c, within a spherical 
neighborhood © (A, n) of A is e-deformable onto A. These are obvious, but not 
complete, analogies of the NR property. The most important difference is that 
we have to use two neighborhoods of A, whereas in the NR there is only one. 

THEeorEM IX. Let 8 be compact, metric HLC. Then any closed subset A of R 
which is also HLC is an HNR of the space. 

Let m(¢), n2(e) be the constants of the HLC definition relative to ¢ and re- 
spectively to R and A. Let c, CS (A, n) and let us impose upon it an ele- 
mentary decomposition of mesh making up a quasi-complex R. For each ¢o 
of the subdivision we take a point B on A among those nearest to @. These 
points constitute a partial realization of mesh < 2 + é of a R’ having the same 
structure as R. By the HLC property of A, if we have a given a > 0 and if 
2 + & < m(a) we may complete the partial realization to form &’ of mesh < a. 
Then R’ + & form a partial realization of a certain DR of mesh < yn + §+4+ a, 
and if this quantity < £(¢) we may complete to form DR of mesh «. As a 
consequence §, and hence c,, will then have been e-deformed onto A. The 
two required conditions may be fulfilled by choosing 


a<jm(eo; &2< 432 (3 m(e)). 


Therefore the theorem holds, with the n(e) of the HNR definition here chosen 
as 3 m2 (3 m(€)). 

Remark. Here also as in Theorem II, the construction may be so modified 
that the elements of c,, or rather of its elementary decomposition, already C A 
are unmodified. For example, if F(c,) C A then it remains unmodified and 


, 
Cy ™ Cp. 


19. Relations between the classes LC”, LC and HLC”, HLC. 

TuHeoreM X. In the system of singular chains an LC? is an HLC? and an LC 
is an HLC. 

The proof is by means of Theorem I of L2 (p. 120) which is the analogue for 
LC-sets of our present Theorem IV. Assuming then ® to be LC? let &(e, p) 
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be the constant called n(e, p) in L2, p. 121 (proof of Theorem I), the change of 
notation being in order to avoid confusing that constant with the n(e, p) of 
Theorem IV. Let RK; be a partial realization of mesh < £(} ¢, p) of a certain 
R,. We may consider &, as the potential singular image of a certain simplicial 
complex K, and the chains of &' correspond to certain chains of K whose sim- 
plexes make up a subcomplex K’ of K,. We may also consider &}, as a singular 
image of certain chains and cycles of K’. By subdividing the chains of & and 
inserting suitable vertices on the chains already present we turn it into a singular 
image of the oriented simplexes which make up the chains in question in K. 
Now let cj be any expected chain of &, and let C} be the chain of K’ whose image, 
already present, is F(c}). We build up a new K, out of K’ by taking the join 
of some point P‘ with C} and adding this new simplicial chain to K’. We then 
proceed similarly by adding new two-chains for any c, whose boundary is now 
already represented in the complex already obtained, and so on until we have a 
new K, which may manifestly replace the former. 

Now let c) be an expected chain of 8, whose boundary is represented by 
certain chains in 2’ and which has necessitated the addition of a certain number 
of vertices P’ in building up the new K,. We represent these vertices by cer- 
tain points on F(c;), and if there are chains wholly unrepresented in the process 
we represent them by zero. We have now in the modified &’ a semi-singular 
image of K, in the sense of L2, and hence we may complete it to form a singular 
image on ® whose mesh < ¢/3, and which contains a collection of chains making 
up a chain-image of &,. The chains are now singular with cells of diameters 
< &(€/3, p) < ¢/3, or else directly of diameters < ¢/3, and if c} is new, its singular 
cells meet the boundary chains of c}, already present which are on a set of diam- 
eter < &(e/3, p). Therefore mesh R < ¢€ and by Theorem IV, ® is HLC?, with 
n(e, p) = £(€/3, p). 

If R is LC the constant ~ has a positive lower bound £(e) independent of p, 
hence n(e, p) 2 &(e) and Ris HLC. Our theorem is therefore proved. 


20. Locally contractible spaces. According to Borsuk to whom this notion 
is due,’ a topological space ® is called locally contractible whenever for every 


13 See K. Borsuk, Uber eine Klasse von lokal zusammenhdingenden Raumen, Fundamenta 
Mathematicae, vol. 19 (1932), pp. 220-242, notably p. 236. 

Borsuk has shown (loc. cit., p. 240) that if dim ® = nis finite, we have in an obvious sense 
ANR~LC®. He then states as open (footnote 39) the question of the equivalence of the 
two properties when dim & is infinite. Now we have shown (L2, p. 121) that ANR ~ LC 
and, as we shall show by an example, LC ~ LC®, hence Borsuk’s question must be an- 
swered negatively. Thus our criterion for ANR is definitely the only one which holds 
independently of the dimension. This emphasizes once i.ore the importance of the semi- 
singular complex introduced in L2, and of its analogue, t::e partial realization of chain- 
complexes of the present paper. 

The example alluded to above was communicated to us by Borsuk and is as follows. 
Consider in the Hilbert parallelotope a sequence of points {z,} on a segment Oz, from 
the origin O, + O monotonely, and let H, be a euclidean p-sphere of center z, and radius 
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open set U containing any point z there is another, V > U, which is homotopic 
to a point on U. Let ® be compact, metric, locally contractible and consider 
the class of all spheroids {S(z, e)} of 3 with fixed radius «. For every point z 
there is a spheroid G(z, £) which is e-homotopic to a point. As the space ® is 
compact it has a f.c.o.s. {S(a;, €)} and there is a constant » such that every 
subset of 9% whose diameter < 7 is on one of the spheroids S(z;, §) and hence 
e-homotopic to a point on 9. 

It follows immediately from what precedes that given ¢ every singular p- 
sphere of R whose diameter < » bounds a singular (p + 1)-cell of diameter < «, 
where n(e) is independent of p. We might call this property weak LC.“ Ow- 
ing to Theorem X this implies that R is a weak HLC in the system of singular 
chains. That it isa weak HLC in any system is readily shown as follows. Any 
cycle y, such that diam | y, | < 7 is e-chain deformable, by virtue of Theorem I, 
into a point, which is a y, ~ 0, when p > 0, and which is taken (yo) times when 
p = 0. Therefore (No. 11) R is p-HLC for every p, and since we have been 
able to choose n(e) independently of p, we have 

THeoreM XI. A locally contractible compact metric space is both a weak LC 
and a weak HLC. 

While local contractibility is not sufficient to insure the LC or HLC proper- 
ties, this will be the case if we strengthen it in the following manner. Let us 
call the open set U self-contractible whenever it is homotopic to a point on itself, 
i.e., whenever it is its own set V in the definition of local contractibility. A class 
of open sets {U} will be called self-contractible whenever it consists of self- 
contractible sets and is closed with respect to intersection (if U’, U” are in the 
class so is U’-U”). A compact metric space R which possesses for every € a self- 
contractible class whose sets are all of diameters < «¢, is both strong LC and strong 
HLC. The proof is essentially parailel to the analogue in L2, pp. 126, 127 (No. 
17), and need not be repeated here. 


21. Application to locally polyhedral spaces. We shall say that ® 1s 
locally polyhedral whenever every point x has a neighborhood whose closure is a 
finite complex K*. We may replace K* by a subdivision with z as a vertex 
and then the neighborhood by the star of z in K*. Therefore R may be defined 
as a space of which every point has for neighborhood the star of a vertex in a 
finite complex. Since every star is homotopic on itself to its own vertex, the 
space §t is locally contractible and it is also clearly locally compact. 

Suppose now 9% to be also compact and metric. Since it may then be covered 


< $ d(xp, Zp-1 + pti). MR is the sum of the spheres + O + the segment with the open 
diameters of the spheres on the segment removed. It is readily shown that the p-LC 
condition holds for every e with the corresponding n(e, p) < diam Hy. Hence n(e, p) ~0 
with increasing p and ® is LC® but not LC. 

14 Is the converse true, i.e., is every weak LC locally contractible? Is weak LC ~ LC? 
For the present these questions must remain unanswered. 
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with a finite number of the stars, its dimension is finite. Combining this with 
No. 17 Corollary II and Theorem XI, we have then 

TueoreM XII. A locally polyhedral compact metric space is both LC and HLC. 

Corotutary. The homology groups of the space of Theorem XI, absolute or 
mod a closed subset of same type, have the structure of those of a finite complex. 
In particular its Betti-numbers, if any occur, are also finite. 

IMPORTANT SPECIAL CASE: The space and its subset are absolute topological 
manifolds. 

Of course in both theorem and corollary the space is assumed compact. 


22. Extension to locally compact separable spaces. Substantially all the 
results of the present section may also be extended to these spaces. We 
recall that any locally compact separable space is also metric, although the 
reverse need not hold.“ As far as our definitions are concerned, the HLC? or 
HLC conditions formulated in No. 11 in terms of ¢, 7 must now refer to the 
cycles meeting a specific self-compact subset A of R, and must hold for every 
such A. However n(A, «¢, p) or (A, €) may well vary with A. The U, V con- 
ditions applied to every point of A may be replaced in fact by ¢, » conditions 
on the chains meeting A, but not on all chains. Keeping this in mind we verify 
at once that Theorem IV holds when the elementary chains of &’ all meet A. 
In Theorem V the chains considered must now all be chains of A and the def- 
ormation is on any preassigned open set U D> A. The subsequent results on 
the homology groups hold regarding the homologies between chains of A on U, 
that is to say, when bounding is allowed not merely on A butalsoonU. Theorem 
X may be derived, provided that we extend, as we may readily do, Theorem I of 
L2 to locally compact separable spaces. It is always understood that the semi- 
singular complex loc. cit. must have all its (realized) elements meeting A. Simi- 
larly Theorem XI holds also, it being always understood that the constants e, 7 
are related to A as described above. Since Theorem XII is a mere corollary of 
Theorem XI, it is likewise applicable to locally compact separable spaces. 


23. Concluding remarks. The theory developed in the preceding pages 
was not intended to be exhaustive, but only to cover enough ground for some 
fairly immediate applications. Thus by means of quasi-complexes mod A, we 
could introduce chain-deformations mod A and extend in an obvious manner 
the results of the present paper. As already observed, another extension would 
be to non-compact spaces, say to the very general spaces whose homology 
theory has been developed in recent years by Cech. These extensions however 
would be strictly mechanical and may safely be left to any experienced reader. 


Princeton, N. J. 
15 See Alexandroff-Urysohn, Mémoire sur les espaces topologiques compacts, Verhandelin- 


gen der Koninklijke Akademie van Wetenschappen te Amsterdam, afdeeling natuurkunde, 
deel XIV, No. 1 (1929), p. 83. 














ON CONVERGENCE IN LENGTH 
By C. R. ApamMs anp Hans Lewy 


1. Introduction. Adams and Clarkson! have recently considered a sequence 
of functions f,(x) (n = 1, 2, 3, ---) defined on an interval® (a, 6) and subject 
to the following conditions: (i) f,(x) tends to a limit function f(x) of bounded 
variation; (ii) the total variation T°(f,) of f,(z) on (a, b) tends to the total 
variation T°(fo) of fo(z) on (a, 6). The notation f,(z) — v — fo(x) was em- 
ployed to describe this situation, the symbol — v — being read “converges in 
variation.”” Under these conditions each curve y = f,(x) for n sufficiently large 
has a finite length in the sense of Peano; and the pair of conditions, (i) and 
(ii’) L2(f,) — L2(fo), define what may be called “convergence in length”, the 
notation f,(x) — 1 — fo(x) being used for brevity.‘ 

The reader of AC may very naturally raise a question as to the relation 
between convergence in variation and convergence in length; to compare these 
notions is one of the objects of the present note. 

Definition of notation. It will be convenient usually to designate by S, with 
or without a subscript, a set of points a = x, %, --- , 2» = 6, with 


Io < Mm < -- < Zp. 


In general B will stand for a broken line inscribed in a curve y = f(x) and con- 
sisting of p segments, the 7“ segment (¢ = 1, 2, --- , p) having end-points at 
(xia, f(zi-s)), (xi, f(z:)) and length 6;. The function whose graph is B will 
frequently be referred to as B(x). Broken lines inscribed in two distinct curves 
and determined by the same set S will be called “corresponding”’.* 


Received February 8, 1935; presented to the American Mathematical Society, February 
23, 1935. 

1C. R. Adams and J. A. Clarkson, On convergence in variation, Bulletin of the American 
Mathematical Society, vol. 40 (1934), pp. 413-417; this paper will be referred to as AC. 

2 The closed interval is always to be understood. 

3 According to Peano, a curve (continuous or not) is said to have finite length if the 
lengths of all inscribed broken lines B are bounded; by definition their least upper bound 
is the length of the curve. 

4S. Bochner has imposed the condition of convergence in variation (‘‘abgeschlossene 
Konvergenz’’) to permit passage to the limit in a Stieltjes integral: Monotone Funktionen, 
Stieltjessche Integrale und harmonische Analyse, Mathematische Annalen, vol. 108 (1933), 
pp. 378-410. This condition and that of convergence in length are sometimes employed 
in the calculus of variations; see Tonelli, Fondamenti di Calcolo delle Variazioni, vol. 1, 
Bologna, 1922. 

5 Incidentally we shall nowhere employ the fact that an absolutely continuous function 
is the integral of its own derivative. On the other hand, come of the results herein con- 
tained can be used as a basis for the deduction of theorems concerning summable functions; 
for instance, the possibility of approximating in the mean a summable function by step- 
functions may be concluded from Theorem 4, and the fact that an absolutely continuous 
function is the integral of a summable function follows easily. 
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2. Preliminary remarks. Since L and T for a function f are defined re- 
spectively as the least upper bound of LZ and of T for broken lines inscribed in f, 
we have at once the fundamental semi-continuity relations: that f,(x) — fo(x) on 
(a, b) implies 
(1) lim Li(f,) = L3(h), lim T3(f.) = T2(fo)- 


no ao 


Hence the relation f,(z) — 1 — fo(x) [fa(xz) — v — fo(x)] on (a, b) implies that 
relation for every subinterval. Moreover it may be observed that the relations 
f.(x) — fo(x) on a set of points everywhere dense in (a, 6) and L°(f,) — L2(fo) 
[T° (f.) — T2(fo)], when fox) is continuous on (a, b), imply f(z) — 1 = fo(z) 
[fn(x) — v — fo(x)] on (a, b). 


If f(x) is of bounded variation on (a, b), we have 
(2) b—a+ Tif) = Lif) = {6 — a)? + (TRF), 


both of the inequalities flowing at once from the definitions of LZ and T. From 
(2) it follows (i) that each of the relations f,(x) — l—c,f,(x) — v— c (c = con- 
stant) on (a, b) implies the other; and (ii) that LZ(f) is continuous on the left 
[right] at each point x where f has this property. If f(x) is absolutely contin- 
uous on (a, b), both TZ(f) and Li(f) are likewise. 

Whether f (of bounded variation on (a, b)) is continuous or not, there always 
exists a sequence of inscribed broken lines B, (n = 1, 2, 3, ---) such that we 
have both B, —1—fand B, —v—f. For the set S, determining B, can be 


so chosen that S,4: includes S, for each n, and S = & S, is everywhere 


n=1 
dense in (a, b) and contains all the points of discontinuity of f. Then B,(r) 
converges to f(x) on (a, b): at each point & in S the convergence is evident, 
while at a point £ not in S we have 
lim | f(é) — Bn(é) | S T§-(f) + lim | f(e’) — Ba(é’) | + lim T}(B,) 


no no 


IIA 


2 Ti: (f) 

for t’ < — < £’ and &’, &” in S; since f is continuous at £, the right-hand member 
tends to zero with ”” — £’. From (1) and the definitions of Z and T follow the 
relations L°(B,) — L®>(f) and T°(B,) — T°(f). 


3. We first prove 
TueoreM 1. The relation f,(z) — 1— fo(x) on (a, b) implies f,(x) — v — fo(x); 
the converse is not true even when f,(x) (n = 0, 1, 2, ---) ts assumed absolutely 
continuous. 
Any «(> 0) being given, let B be a broken line inscribed in fo and satisfying 
the inequality L°(B) > L°(fo) — «. For convenience we set 
L;' (fo) — bs = &, %— ua = dj; 


7i-1 
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then = ¢; is clearly < ¢ and there exists an m such that we have 
Lii_, Gn) S Lii_, (fo) + «i (i = 1,2,---,pjn >m). 
From (2) we thus obtain for each 7 
7, Gos {act wy - a} 
S [(b; + 20)* — a3} 
S (65 — dj)!” + 2(bye;)'? + ei, 


and hence, by aid of Schwarz’s inequality, 


lA 


Pp p 1/2 
Tif) STG) +A 3. Fa) +2 
1 i=1 i 


1= 


i t4 


_ 


€j 


IIA 


T? (fo) + 2[eL2(fo)]!'? + 2e. 


In view of (1) the direct statement in our theorem is now proved. An example 
illustrating the failure of the converse, even when all the functions involved are 
absolutely continuous, is provided by the sequence f,,(x) defined in §5 of AC. 
Corotitary.s L?® [f(x)] = L? [T?(f)]. 
From (2) it follows that neither or both of these quantities are finite. In the 
second case the relation 


f(a) — f@in) | S TAN) -— THY) 


shows that, of two corresponding broken lines inscribed in f(r) and Ti(f), the 
former has length no greater than the latter. Hence L°[f(x)]is < L°[T2(f)]. On 
the other hand, for any broken line B we have L°2(B) = L?°[T2(B)]; hence, 
choosing a sequence of broken lines B, (n = 1, 2, 3, ---) with B, — l—f we 
obtain 


Li(f) = lim L2(B,) = lim Le (T2(B,)] 2 La lTal, 


since by Theorem 1 77(B,) tends to T7(f). 

By virtue of Theorem 1 and the results obtained in §3 of AC, and by reason- 
ing analogous to that employed in §3 of AC, we may readily establish the follow- 
ing theorems. 

TuHeoreM 2. The relations f,(x) — 1— fo(x) on (a, b) and f,(x’) = fi(x’ — 0) 
[fo(x’) = fo(x’ + 0)] imply that x’ is a point of uniform convergence on the left 
[right] for f.(x), To(fn), and Le (fn). 

Corotuary. The relation f,(z) — 1 — fo(x) on (a, b), with fo(x) continuous, 
implies that the convergence of f,(x) to fo(x), of T2(fn) to T2(fo), and of L2(f,) to 
Li (fo) is uniform over (a, b). 

THEOREM 3. The relations f,(x) — 1—fo(x) on (a, b) and fo(x’) ¥ fo(x’ — 0) 


6 Dr. J. A. Clarkson suggested this relation and gave a proof. 
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[fo(a’) # fo(x’ + 0)] imply that x’ is a point of uniform convergence on the left 
[right| for f(x), Ti(f,), and LZ (f,) or for none of the three, according as f,(x’ — 0) 
[fn(x’ + 0)] tends to fo(x’ — 0) [fo(x’ + 0)] or not. 

Corotuary. If we have f,(x) — 1 — fo(x) on (a, b), a necessary and sufficient 


condition that T2(f,) — Ti(fo) uniformly on (a, b), or that L3(f,) — Li(fo) unt- 
formly on (a, b), is that f,(x) — fo(x) uniformly on (a, b). 


4. Further inequalities. If f(x) and g(x) are of bounded variation on (a, b), 
we have 


(3) THN) + Tig) = TiS +9); 

(4) Li(f) + Tig) = Lif +9); 

(5) M2T3(f) + MiT2(g) = Ta(S-9), 

where M, = l.u.b.| f | and Mz = Lu.b. |g]; 

(6) [Lin — (6 — a)? (1 + m’) = [T2(f — mzx)P/(1 + m’), 


where m = [f(b) — f(a)]/(6 — a). 

Relation (3) is well known and obvious; (5) is an immediate consequence 
of the definition of T. Relation (4) follows at once from the fact that the 7“ seg- 
ment of a broken line inscribed in f + g has length no greater than the cor- 
responding segment inscribed in f plus the quantity | g(z;) — g(zi-1) |. 

Proof of (6). We first establish the inequality for the case of a broken line 


B, denoting the derivative B’(x) by ¢(x) so that B(x) = i ¢g dx. Then (6) 


a 


reduces to’ 


(7) | a +enirdr|*2 (b — a)?(1 + m?*) + | [oie —m| ax |'/a + m?*), 


b 
where m = / ¢gdzx/(b — a). Let us designate by ff an integral over 


the set of points x for which g — mis 2 0[< 0]. By Minkowski’s inequality 


we have 
/ (1 a g?)1/2 dx Ps IC az) oh (/ edz) |", 
+ + + 


together with the same relation for [. Setting 
6 = [ ear, 


7 [t is of interest to note that, as soon as (6) is proved, (7) holds for any summable func- 


Il 
= 
a 

& 


a= | ar, a= | var, 7 


tion ¢. 
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we obtain m = (8 + 6)/(@ + y) and 


6b 
[ le —m|dz = Renaenee 


— 6+ my 
a — a6)/(a + y), 


and (7) will be true if 





4(By — ad)? | - 
(a + y)? + (6 + 4)? 
holds. But under a suitable orthogonal transformation of a &, 7-plane, the two 
points § = a,» = Band — = y, 7 = 6 respectively go into (a’, 8’) and (7’, 6’) 
with p’ + 6’ = 0, while (8) is invariant and reduces to the triangular inequality 
|a’ + ip’| + | y' — ip’| = | a’ + vy’ + 278’ |. 

Relation (7) having now been proved, (6) follows at once by approximating f 
by a sequence of inscribed broken lines B, (n = 1, 2, 3, ---) with B, —l—f 
and taking account of (1). 


(8) |a+i8|+| 7+ i| = [++ @+ar+ 


5. Addition and multiplication of sequences. In this section we examine 
the question of invariance under addition and multiplication of the prop- 
erty of convergence in length. That convergence in variation is not invariant 
under these operations, even when all the functions involved are assumed absolutely 
continuous, has been shown in AC. That convergence in length is not invariant 
under addition, even when the limit functions are assumed continuous and all the 
approximating functions absolutely continuous, may be seen from the following 
example. 

Let fo(x) be defined on (0, 1) as the Cantor function, continuous but not abso- 
lutely continuous,’ and let fo(x) = 1 for 1 S x S 2. We first observe that, 
if B is any broken line inscribed in fy on (0, 1), we have 


Ti(fo — B) - | |B’ | de + TH(f.) = 


this shows that f, — 1 fo on (0, 1), with fo continuous and f, (n = 1, 2, 3, --+) 
absolutely continuous, does not imply T}(f. — fo) 0. In view of a theorem 
of Plessner® there exists a 8 > 0 and a sequence of positive numbers a, (n = 
1, 2, 3, ---) such that a, — 0 asn — © and Polfolx) — fo(x + an)] is > B for 
each n. Let a sequence of sets S, (n = 1, 2,3, ---) on (0, 1) be chosen as 


8 Any other function of this character will do equally well. 

® Plessner, Eine Kennzeichnung der totalstetigen Funktionen, Crelle’s Journal, vol. 160 
(1929), pp. 26-32; see also Dunford, On a theorem of Plessner, to appear in the Bulletin 
of the American Mathematical Society, vol. 41 (1935). 











24 , Cc. R. ADAMS AND HANS LEWY 


follows: for each n let the set S, determine a sum approximating 7} 
[fo(xz) — fo(x + a,)] within 8/2; let sequence S, be selected so that S, 


includes S,_,; + S, for each n and S = & S, is everywhere dense in (0, 1). 


n=1 
Designate by B,, B*, and C, respectively the broken lines inscribed in f(z), 
Sola + a), and fo(x) — fo(x + a@,) and determined by S,. We then have 
B,(z) — Bi(x) = C,(x), BR(x) — fo(z) = B(x) — C,(x) — fo(x), Ba(x) — fol), 
and | C,(x) | S max | fo(x) — fo(x + an) | — 0, whence BR(x) — fo(x). More- 
over we have by (1) 

Li [fo(z)] S lim L)(Bt) S lim L)(Bt) S lim Lj [fo(z + an)] = Lo [fo(z)]. 
Hence we have B® —1-— fo. We also have B, —l1— fo. On the other hand 
T)(B, — B*t) = T}(C,) is > 8/2 for each n, which implies (see Theorem 1) that 
B,(x) — B*(x) does not converge in length to the function zero. 

If, however, the limit functions are absolutely continuous, the property of 
convergence in length is invariant under addition and multiplication inde- 
pendently of the nature of the approximating functions. To establish this fact 
we first prove” 

Tueorem 4. The relation f,(x) — l — fo(x) on (a, b), when fo(x) is absolutely 
continuous, implies T°(f, — fo) > 0. 

That the hypothesis of absolute continuity for fo cannot be dispensed with is 
shown by the example just described above. For the proof of the theorem we 
employ two lemmas concerning an absolutely continuous function fo, as follows. 

a) If fy is absolutely continuous, S an arbitrary set subdividing (a, b), Bo the 
broken line inscribed in fy and determined by S, and &, (A = 1, 2, --- , g) those 
subintervals in which the slope m, of By is in absolute value = M, there exists 
a function a(M) independent of S such that 


= T3(f) S$ a(M), and aM)>-0 as M—-. 
h 


To prove this assertion, we observe first [3,M < 23, | m,| S T2(fo), whence 
29, < T2(fo)/M. Then, on account of the absolute continuity of fo, TZ (fo) is 
absolutely continuous and for any set of non-overlapping intervals the sum of 
whose lengths is < 7°(fo)/M, and in particular for our set of intervals 2, 
we have 

=T3(fo) = a(M), 
with a(M) — 0as M — ~. 
b) The hypotheses of a), together with f,(z) — v — fo(x) on (a, 6), imply 


lim = T3(fn — fo) S lim . T3(fn) + -¢ T3(fo) S 2a(M). 


no A 


” A proof has been given by Tonelli under the additional assumption that all the func- 
tions f,(r) (n = 1, 2, 3, ---) are absolutely continuous; loc. cit., pp. 186-187. 
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The conclusion is immediate, since only a finite number of intervals %, is 
involved and in each we have T(f,) — T(f,). 

Turning now to the proof of Theorem 4, let S be any set on (a, b) determining 
a broken line B, inscribed in f, (n = 0, 1, 2, ---); for each subinterval defined 
by S we clearly have 


lim 72‘ (f. — fo) $ lim T2'_, (fn — Bn) + lim Tz '_, (Bn — Bo) 


ne no 


T,'_,(fo — Bo) 
< lim i * fn — Br) + ap — Bo). 


no 


For those intervals 3, for which the slope m, of Bo is numerically 2 M, we have 
by Theorem 1 and lemma b) 


(9) lim = T3,(fn — fo) S 2a(M), a(M) > 0asM—> ~. 


no 


Denoting by >’ the summation over only those intervals of S for which the slope 
m, of By is numerically < M, we obtain by (6) and Schwarz’s inequality 


STs! (fo — B) $+ Myra’ (LE; Uo} - [42;_,@o]}” 
(10) S14 M"E[ LE (fo) + LE, (Bo) ]'? [22{_,0) — L2{_,(Bo ]!” 
< (1 + M*)'"K(Bo), 
where 
K (Bu) = (L2(fo) + L2(Bo)}"? (L2(fo) — L2(Bo)]""?. 


Similarly, on summing over these same intervals, we find in view of the con- 
vergence of B, to Bo 


lim 2/72‘, (fn — Bn) S (1 + M?)"* lim [Lo (fn) + La(Bn)}!*(La (fn) — La (Bn))”. 


Hence from L°(f,) — L?(fo) and L°(B,) — L°(Bo) we infer 
(11) lim 2/72! (fn — Bn) S (1 + M*)'/?K(Bo). 
no @ 


From (9), (10), and (11) we obtain 
lim T°(f, — fo) S 2(1 + M?)'/2K(Bo) + 2 a(M). 


This relation is independent of S; a(M) can be made arbitrarily small by taking 
M sufficiently large and, M having been fixed, the first term on the right can 
be made arbitrarily small by a suitable choice of S. Consequently we have 
lim T°(f, — fo) = 0, and the proof of Theorem 4 is complete. 


no 
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Tueorem 5. The relations f,(x) — fo(x) on (a, b) and en 4 — fo) — 0, with 
fo(x) of bounded variation, imply f,(x) — 1 — fo(x). 
For by (1) and (4) we have 


La(fo) S lim Lo(f,) S lim Lo(f,) S Li(fo) + lim T2(fn — foc) = Li(fo). 


n--oe n-—-2 


THEorREM 6. The relations f,(x) — 1 — fo(x) and g,(x) — l — go(x) on (a, b), 
with fo(x) and go(x) absolutely continuous, imply both 


[fa(x) + gn(x)] — b> [folz) + golx)] and fi(x)gn(x) — 1 — fo(x)go(z). 
From (3), (5), and Theorem 4 we infer 
T2(fn + Gn — fo — Go) S Talfn — fo) + Talgn — go) — 9, 
To (fngn — Jogo) S M-Ta(fn — fo) + N-Ta(gn — go) — 0, 


M being a uniform upper bound for | g, | and N an upper bound for | fo |. The 
conclusions then follow from Theorem 5. 


Brown UNIVERSITY. 














ABELIAN SUBGROUPS OF ORDER p” OF THE I-GROUPS OF THE 
ABELIAN GROUPS OF ORDER p” AND TYPE 1, 1, 1, --- 


By Henrietta TERRY 


The group of isomorphisms J of a given group is important in the construction 
of new groups which contain the given group as an invariant subgroup. How- 
ever, little is known about groups of isomorphisms in general, and even when the 
given group is of the simplest type, i.e., abelian, the group of isomorphisms has 
not been thoroughly studied except in a few extremely special cases. 

For instance, the J-group of the cyclic group has been discussed by Burnside! 
and Miller.2. The J-group of a group of order p" and type n — 1, 1 was studied 
by Miller*® and although the general type has been barely touched upon he has 
proved several general theorems. The J-group of the abelian group H of order 
p” and type 1, 1, 1, --- was considered by Moore,® and it is well known that 
the operators U of this group can be represented as non-singular linear trans- 
formations on the exponents of n independent generators of H. Thus a deter- 
mination of the subgroups of the group of these n-ary linear homogeneous trans- 
formations modulo p is equivalent to a determination of the subgroups of the 
I-group of H. Dickson determined all the subgroups in the case n = 3,° and 
the subgroups of order a multiple of p in the case n = 4,’ and all the subgroups 
of the three highest powers of p for all positive integral values of n.° 

A necessary and sufficient condition that an operator U in I be of order a 
power of p is that the characteristic determinant of U be (— 1)"(A — 1)".° The 
invariant factors of such operators are powers of (1 — A) which determine the 
canonical form and conjugates of U. There is a one-to-one correspondence 
between these powers of (1 — A), the conjugate sets of operators in J whose orders 
are powers of p, and the partitions of n. Hence, we shall designate an operator 
U of I of order p™ by the degrees of its invariant factors or by the partition of 
n to which it corresponds, i.e., 


n= M™ + Ne + Ng Hoes +H My HF My + oes + Ms, 


where the terms are ordered so that n; = nis1, ny > 1, ny4i = L,ify < 6. 


Received by the Editors of the American Journal of Mathematics, September 15, 1934, 
accepted by them, and later transferred to this journal. 

1 W. Burnside, Theory of Groups of a Finite Order, 1897, pp. 239-242. 

2G. A. Miller, Transactions of the Amer. Math. Soc., vol. 4 (1903), pp. 152-160. 

3G. A. Miller, Transactions of the Amer. Math. Soc., vol. 2 (1901), pp. 259-264. 

*G. A. Miller, Annals of Mathematics, (2), vol. 3 (1902), pp. 183-184; Amer. Journ. of 
Math., vol. 36 (1914), pp. 47-52. 

5 E. H. Moore, Bulletin of the Amer. Math. Soc., vol. 2 (1895), pp. 33-43. 

* L. E. Dickson, Amer. Journ. of Math., vol. 27 (1905), pp. 189-202. 

7 L. E. Dickson, Amer. Journ. of Math., vol. 28 (1906), pp. 1-16. 

8 L. E. Dickson, Quarterly Journ. of Math., vol. 36 (1904-05). 

° H.R. Brahana, Proc. of the Nat. Acad. of Sci., vol. 18 (1932), p. 724. 
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Generators of H can be so chosen that U can be written as a set of partial 
transformations each on n;, i = 1, 2, 3, --- , 6, generators distinct from those 
transformed by the other 6 — 1 partial transformations." Dickson designates 
the independent generators which are obtained from one of these partial 
transformations as a chain of length n;. In the following pages we shall refer 
to these partial transformations as chains of length n; in U. 

The partitions of n are ordered so that the partition 


mt+nmt+:--+-+n+14+14+14--- 
is greater than the partition 

m+n tee $n, +1 +1414---, 
if (1) a + aa + +s +, SH, + Be +> + Nir, (2) mn, = n; and (3) at 
least one n; > n,. For example, of the two partitions 

a+b+4+14+14--- 
and 
a+b4+24+24+1+4+14--. 


the first is the greater. This ordering of the partitions of n makes it possible to 
characterize simply a set of abelian subgroups of order p” of I whose conjugates 
contain every abelian subgroup of order p* of I. 

The operators in J of the type 


1 G2 G3 Au Ain 
0 1 es do4 A2n 
(1) 0 0 1 34 se. A3n 
0 0 0 1 Asn 
0 0 0 0 cee 1 








form a group which is a Sylow subgroup of J. We shall designate (1) by J, in 
the following pages. The maximal abelian subgroups of J,, in which every 
operator corresponds to a partition of k or less chains of length 2, have been 
determined." 

We proceed to obtain the form and the order of the maximal abelian subgroups 
of I, in which the greatest partition to which any operator in the group cor- 
responds is m + mz + --- +n, +1+1+1+4---. The groups are deter- 
mined throughout by obtaining all of the operators of J, which are commutative 


10 L. E. Dickson, Modern Algebraic Theories, 1926, p. 90. 
1H. R. Brahana, On metabelian groups, Amer. Journ. of Math., vol. 51 (1934), pp. 


490-510. 
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with an element U, of the type and which with U; do not generate an operator 


corresponding to a greater partition. 
The form chosen for U, corresponding to the partition 3 + 1+ 14 --- is 








1 1 0 0 --- O 

0 1 1 G ss. © 

U,;=1|0 0 1 S «as © 

0 0 0 0 --- I 
The operators in J, commutative with U; uniquely determine the form of 
the maximal abelian subgroup except for chains on S;, --- , S,. Obviously 
U, and any operator not commutative with S;, --- , S, will generate an operator 


corresponding to a larger partition. Given any partition to which an operator 
is to correspond a simple form analogous to U; can be written. 

Operators corresponding to partitions which have k equal terms different 
from 1 are considered first. The maximal abelian subgroup corresponding to 
the partition 4 + 4+4+1+4+1+414 --- which follows indicates the form 
for the general case of k chains of length n. 








Type III, 

1 ay as 0 © 0 © mntin Gn :>> Geo! 
0 1 a0 0 0 0 0 0a3 0 0 --- O 
0 0 1 0 0 0 0 0 0 a2 0 O --- O 
0 0 O 1 ad ae O O O A430 A411 A412 +++ Ain 
0 0 0 0 1 a 0 0 0 O ag O --- O 
0 0 0 0 0@ 1 0 0 0 0 a O --- O 
0 0 0 0 O0 O 1 Gz Az9 A710 7,11 A712 +++ Arn 
0 0 0 0 0 0 0 1 az O O ay --- O 
0 0 0 0 0 0 0 0 1 0 O ays 

0 0 0 0 0 0 0 0 0 1 90 O --- O 
0 00 00 0 000 0 0 0. 1] 





Since there are n — 7 independent a’s to be determined in each of the 3 chains 
the order of the group is p?“~”. The results and generalizations for k chains 
of equal length are tabulated below. 
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Type Order of Maximal Generalizations 
Abelian Subgroup 

I. yt 

I; p I, pr 

I, si 

Il; prn-®) 

II; pia-) II, pram) 

Il, pr» 

III. pie-) 

III; pn-s) III, prn—2n, +) 

Ill, prea-n 

IV; pin-o 

IV; pin? IV,, piin—an, +2) 

IV, piin—10) 

K. prin—*) prln— Dn, +(h—-2)] 
K; pra—tk+h) K,, pr la—k(ny —0) +(m,—2)] 
K, gPpenes pr-rsa-p 


The operators corresponding to partitions whose terms different from 1 are 
unequal were studied next and the form of the maximal abelian subgroup of J, 
which corresponds to the general partition 


m+ m+ >> $e ++ 1d > > 


determined. This includes the groups corresponding to partitions of n having 
k equal terms, described in the preceding pages, and a check on the following 
results is obtained by substituting equal n; and comparing with the results given 
in the table. 

In the first row of the chain of length n, there are n; — 1 zeros for each follow- 
ing chain while the second, third, --- , and (nm; — 1)** rows have only de- 
pendent a’s. Likewise the first row of the chain of length nz has n; — 1 zeros 
for all following chains and the remaining rows have only dependent a’s. The 
first row of the chain of length n, has ne — 1 zeros due to the chain of length ne, 
but the first row of the chain of length nz has n; — 1 zeros to the left of the main 
diagonal due to the chain of length n;. Hence the number of independent a’s 
in the first row of the chain of length m2 is n; — nz less than the number of inde- 
pendent a’s in the first row of the chain of length m. This can be extended 
readily to n; for all ¢. 

It follows that the order of the group is p with the exponent a + --- + a, 
where aj = n —[l+m—1+n;—1+--- +n, —1+ (m —1n)j)]. Col- 
lecting exponents we have 


—((y—D (ny tnt: >> +n. )—y(y—2) 
p™ ((y—D (ny tn, n,)—1(7—-2)) 


or 
pr-rtsty—v 
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Every subgroup of order p”, m < n, is contained in at least one Sylow sub- 
group of order p”", hence the groups determined are maximal abelian subgroups 
of order p™ of I of H. 

Furthermore, the operators in J of order a power of p corresponding to a given 
partition are conjugate, hence each is in the maximal abelian subgroup cor- 
responding to its partition determined above or one of its conjugates in J. 
Moreover, every abelian subgroup of order p” in J is conjugate to an abelian 
subgroup of J,. Consequently it is in a conjugate of the maximal abelian sub- 
group corresponding to the greatest partition to which any operator in the sub- 
group corresponds. Therefore the abelian subgroups of order p”™ in J are 
completely determined when the abelian subgroups of these maximal abelian 
subgroups are characterized. 

In order to accomplish this task for subgroups of order p? it is expedient to 
consider the groups of order p"*? which contain H as a maximal abelian in- 
variant subgroup. Miller'* determined all the groups of order p"*', p being 
any prime, which contain the abelian group of order p” and of type 1, 1, 1, --- . 

We proceed to determine the groups G, of order p"*? which contain the abelian 
group H of order p" and of type 1, 1, 1, --- invariantly, generated by H and 
two independent commutative operators of order p in J corresponding to small 
partitions of n. In the groups first considered the operator in {U,, U2} cor- 
responding to the greatest partition has only one chain and, if this operator has 
a chain of length greater than 2, there is at least one operator, hence a subgroup 
of order p, in {U,, Uz} corresponding to a lesser partition. 

Moreover, two commutative operators of J of given chain length can not 
generate an operator with a chain of greater length than either, although some 
operator in the group generated by them may contain more chains than either. 
From this and the above we have the following 

THEOREM 1. If a group of order p? is generated by two operators of I with 
chains of length n, and ne, respectively, on n, independent generators of H, n, > na, 
then (p — 1) of the operators have a chain of length nz and the remaining ones, 
except the identity, a chain of length n,. 

Using this theorem we determine the number of abstractly distinct groups 
of order p"*?, of class 3, and with central“ of order p"~* containing H as a 
maximal abelian invariant subgroup, extended by 2 commutative operators 
of order p in J. 

In order to have at least one operator with a chain of length 3, we shall de- 
fine U, by 

U7'S,U; = S,S2, U7z'S2U, = S28, 
and let U2 satisfy the relations 
Uz'SiU2 = S,Si, Uy'S.U2 = SS$j. 
12 G. A. Miller, Bulletin of Amer. Math. Soc., vol. 8 (1901-02), pp. 391-396. 


13 The class of G: is equal to n; of U:. 
14 The order of the central of G; is equal to the number of terms in the partition to which 


U, corresponds. 
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The independent generators of H invariant under U; and U, can be renamed 
so that S, may have the form S, = S$S3S], and by Theorem 1 @ can be made 
zero, hence the most complex form of S,; which we need to consider is S; = S3S{¢ 
as the exponent of S; will be 1 for some power of Us. 

When a = 0, we have a group abstractly distinct from the case a ¥ 0, as in 
the first case the commutator subgroup K of G2 is of order p?, while in the second 
it is of order p*. The condition a = 0 uniquely determines U: and the sub- 
stitution S, = S;,S{ changes an operator with the exponent of S; not equal to 
zero to one in which it is zero. This concludes the consideration of G. = 
{H, U,, U2}, where U,; and U; are of type Is, or less, with one group for K of 
order p*, and one for K of order p?, each of which has one subgroup of type Is. 

Further application of Theorem 1 shows that for the groups of order p"*? 
of class 4 and central of order p"~* obtained as before there are four distinct 
groups as follows: 


Order of K No. of groups No. of chains of 
length 2 in U; 
p* 2 1,2 
p* 2 1,2. 


And for a group of order p"*? and class m; with a central of order p"~":*! con- 
taining H as a maximal invariant abelian subgroup generated by H, U;, U2, 
U, and U, being commutative operators of order p and U2 having one or two 
chains of length 2, we have the following: 


Order of K No. of groups No. of chains of 
length 2 in U; 
p™ 2 1,2 
p-! 2 1,2. 


At this point we call attention to the kind of operators which appear in the 
maximal abelian subgroup of type I,,: 


1 M2 GMs Ga +s An Gintt *** Gn 
1 M2 G3 +++ Gynt 0 mae 0 


0 
0 0 1 a2 tee 1 ,n,-2 0 eee 0 
0 








0 O 1 «++ ais O <-+ 0 
0 0 ay2 0 
0 1 0 
0 0 0 O -«-- 0 0 ion 9 


If ay. = a3 = --+ = @,n,-1 = 0, the operator is of type Ik. 
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If ay2 = G3 = +++ = 4),n,-2 = 0, the operator is of type IIs. 
If ay. = ais = +++ = Q,n,-3 = 0, the operator is of type IT. 
If ay. = Q\3 = --+ = Q),n,-x = 0, the operator is of type Ke, where k S n,/2. 


If a2 = 0, a;3 ¥ 0, there are two cases: 
(1) m = 2c —1 One chain of length c and one chain of length c — 1. 
(2) m = 2c Two chains of length c. 

If ay. = a3 = 0, ay, + O, there are 3 cases: 
(1) m = 3c — 2 One chain of length c and two chains of length c — 1. 
(2) m = 3e -— 1 Two chains of length ¢ and one chain of length c — 1. 
(3) m = 3c Three chains of length c. 

If ay = ai3 = Ay, = 0, a5 ¥ 0, there are four cases: 
(1) m = 4c — 3 One chain of length c and three chains of length c — 1. 
(2) m = 4c — 2 Two chains of length c and two chains of length c — 1. 


(3) m = 4c — 1 Three chains of length c and one chain of length c — 1. 


(4) nm, = 4c Four chains of length c. 
If ay. = Qy3 = +--+ = Gy; = 0, Gi, 541 ~ 0,7 < m, there are J cases: 
(1) m =je-—j+1 One chain of length c and j — 1 chains of length 
e-—1. 
(2) m =je-j+2 Two chains of length c and j — 2 chains of length 
e-—1. 
(j) m = je j chains of length c. 


When c = 2, the chains of length 2, listed above, appear. 

The G2’s of class two and central of order p** generated by H and two com- 
mutative operators U, and U, of order p in J have been determined.” We 
proceed to consider the G2’s such that the greatest partition to which any operator 
in {U,, U2} corresponds is 3 + 2+1+1-+1+.---. Obviously they are of 
class 3 and have a central of order p"~*. From Theorem 1 we see there is 
always a subgroup of order p in {U;, U2} of type II, or less and we shall select 
one of these operators of lesser type for U2, The commutator subgroup K 


15 H. R. Brahana, On metabelian groups, loc. cit. (footnote 11), section 6. 
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may be of order p*, p*, p*. Each case is examined for the number and type of 
subgroups of lesser partition in {U,, Uz}. Obviously these subgroups differen- 
tiate between groups which are not simply isomorphic. 

However, in the groups G. with K of order p* there are 2 groups having no 
operators of type I and only 1 subgroup of order p of type II; in {U;, U2} which 
are not simply isomorphic. In one of these the commutator subgroup of 
{U»s, S,} is identical with the group generated by the commutator of a com- 
mutator in G = |H, U,} which is a characteristic subgroup in G, and this relation 
does not exist in the other, hence these two groups are not simply isomorphic. 

We meet this situation again in the case K is of order p* and U: generates a 
subgroup of order p of type Iz, the only subgroup corresponding to a partition 
less than3 + 2+1+1+14 --- in {U,, U2}. 

The groups for G. of order p"*? and class 3 with a central of order p"~* con- 
taining H as a maximal abelian invariant subgroup of order p" extended by 2 
commutative operators of order p in J are as follows: 


Order of K No. of groups No. of subgroups of type 

I; I, 

Pp 1 0 0 

p* 1 1 0 

1 1 

2 0 0 

p*® 1 1 1 

1 1 0 

2 0 1 

1 0 0. 


In addition to these subgroups just mentioned we have determined all the sub- 
groups of order p"** in the holomorph of H whose operators are all of order p, 
whose central is of order p"~"*', whose class is n;, whose commutator subgroup 
is of order p™~', whose cross-cut of the central and the commutator subgroup is 
of order p and which contain subgroups of order p"*! of classes n,; and 2 only, 
the commutator subgroup of the latter being of order p* at most. 

The results obtained indicate the large number and variety of subgroups of 
order p* in J, as well as the number of abstractly distinet groups of order p"*? 
which contain the abelian group of order p” and type 1, 1, 1, --- invariantly. 
The complete characterization of the groups of order p? in J is a long and difficult 
task but the methods which we have developed and applied in this paper are 
apparently sufficient to complete it. 


University OF ILLINOIS. 
16 The groups on lines 4 and 7 of the table are differentiated by the condition that in one 


of them the commutator subgroup of U2, S,| is identical with the subgroup generated by 
the commutator of a commutator in G = {H, U,} which is a characteristic subgroup in G. 














GENERALIZED PERFECT SETS 
By G. T. Wuysurn 


1. In an earlier paper! the author has defined generalized derived aggregates 
or K-derivatives for subsets A of a metric space C with respect to an arbitrary 
class K of closed sets in C. Under this definition, by the K-derivative K(A) of A 
is meant the set of all points x such that every neighborhood of z contains a 
subset of A which is not contained in any K-set. The operation of taking K-de- 
rivatives may be iterated, giving successive K-derivatives denoted as follows: 
A = Aj, K(A) = A}, --- , K(Agz”') = Af, --- , and in general Ag = K(A@™') 


or = [|] K(A8) according as a is an isolated or a limit ordinal. 
B<a 
This suggests the following extension of the notion of a perfect set, to which the 


present paper is devoted. A set of points A will be said to be K-perfect provided 
it is equal to its own K-derivative, i.e., K(A) = A. It results at once that, for 
all classes K, every K-perfect set is closed. In case K is the class of all single 
points, then the K-perfect sets reduce to the ordinary perfect sets. 

Other examples are: (1) the Sierpinski triangle curve? is perfect with respect 
to the class of all simple closed curves, the class of all simple ares, or the class of 
all dendrites; but it is not perfect relative to the class of all regular curves; (2) 
the set E consisting of the curve y = sin 1/x together with the interval J = (—1, 1) 
of the y-axis is perfect with respect to the class of all simple closed curves in E, 
(a vacuous class); but relative to the class of simple ares in E, this set is not 
perfect, since its first are-derivative reduces to J and its second are-derivative 
vanishes; (3) in the set F consisting of the curve y? = 2? sin? 1/x together with 
the origin Q, the point Q itself is perfect with respect to the class K of all simple 
closed curves contained in F; in fact, in this case F} = Q, F2 = K(Q) = Q, and 
so on. 

In what follows we shall suppose our space to be separable and metric, and K 
will denote an arbitrary class of closed sets in this space. 


2. THEOREM. Any closed set A is the sum of a K-perfect set and a countable 
number of sets each of which is the intersection of A with a K-set. 

Proof. Let B be the first ordinal such that AZ = AZ*'. Since the space is 
separable, 8 is of the first or second class. Then A is K-perfect and we have 
(i) AwAf+ > [As — Ag*'). 

0<a<3 
Now for any a, each point x of Af — Ag*! is contained in some neighborhood 
Q* such that AX-Q* is contained in some K-set. Whence, by the Lindeléf 


Received February 13, 1935. 
1 See American Journal of Mathematics, vol. 54 (1932), pp. 169-175. 
2 See Comptes Rendus, vol. 162, p. 629. 
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theorem, for each a the set Ag — Ag*' can be covered by a countable collection 
of neighborhoods [Q*] such that for each 7, Ag-Q* is contained in some K-set 
Kf. Thus 


(ii) 2 2-4 IC 2 DK, 

0sa<3B 0Sa<8 i=1 
and since 8 is of the first or second class, the number of sets [K¢] on the right is 
countable. 

Now (i) and (ii) together give 
(iii) A=Ar+ )) DA-Ki, 

OsSa<8 i=l 
which proves our theorem. 

Notes. (1) In case K is the class of single points, the theorem just established 
reduces to the classical result that any closed set is the sum of a perfect set and a 
countable set. 

(2) If A is the whole space, or if all the A-sets are contained in A, or if every 
closed subset of a K-set is likewise a K-set, then all sets of the form A-K are 
K-sets and our theorem takes the following form: The set A is the sum of a 
K-perfect set and a countable number of K-sets. 

(3) Sinee by definition every K-set must be nowhere dense in any given 
K-perfect set, and since by a well known theorem no self-compact set is the sum 
of a countable number of nowhere dense sets, it follows that no compact K-perfect 
set is contained in the sum of a countable number of K-sets. This result together 
with our theorem above gives the following proposition: 

In order that a self-compact set A should be contained in the sum of a countable 
number of K-sets, it is necessary and sufficient that A contain no K-perfect subset. 

3. It is possible for two quite distinct classes of sets K to yield the same 
K-perfect sets. For example, the class of all dendrites and the class of all sets 
which locally are dendrites in a given space yield identical K-perfect sets. Also, 
in general, if a class K, is contained in a class Ke, then any K--perfect set must be 
K,-perfect. Similarly, any set which is perfect relative to the class of all ares 
in a given space must also be perfect with respect to the class of all simple closed 
curves in this space. In studying relationships of this sort we are led to the 
following 

THeoreM. (Given two classes K, and Kz of closed sets. If no K,-set contains a 
K--perfect set, then every K2-perfect set is likewise K,-perfect. 

For let A be any K»-perfect set. Then if A were not K,-perfect, there would 
exist a point z of A and a neighborhood U of z such that A-U is contained in 
some K,-set B. But this is impossible, since B would contain A-U and it is 








easily seen that A-U is K»-perfect. 
Notes. (1) In ease the space is compact, the theorem just given takes the 
following equivalent form: If each K,-set is contained in the sum of a countable 
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number of K2-sets, then every K2-perfect set is also K,-perfect. Thus in particular 
the class of all ares and the class of all are-sums (i.e., continua which are the sum 
of a countable number of ares) in a compact space would define the same 
K-perfect sets. 

(2) We have seen from example (3) in $1 that for some classes K, the K-perfect 
sets may not be perfect in the ordinary sense. However, the theorem of this 
section readily yields conditions under which this is the case. For, taking 
K, as the class of all single points in a space C and K¢ as an arbitrary class K of 
clused sets, our theorem tells us that in order for every K-perfect set to be perfect 
in the ordinary sense it suffices that every point of the set be contained in some 
K-set. 

4. In a recent article? Hurewicz has suggested the following method of taking 
generalized derived aggregates of a metric space X. Let f(x) be a single valued 
transformation defined on X and mapping X intoaspace Y. Then fis said to be 
stationary at the point x with respect to a subset M of X provided that all points 
of M in some neighborhood of z map into a single point under f. Denote by 
X,(f) the set of all points of X where f is not stationary relative to X, by X2(f) 
the set of all points of X,(f) where f is not stationary relative to X,(f), and so on 
with the usual iteration and product taking. In this way we obtain a gen- 
eralized a‘ derivative X.(f) of X with respect to f. 

In this concluding section it will be shown that ‘..ese generalized derivatives 
proposed by Hurewicz are equivalent to the K-derivatives previously treated 
by the author in the article referred to above in §1 in the sense stated in the 
following theorem. 

THeorEM. For any class K of closed sets in a metric space X there exists a 
transformation f(x) defined on X such that X.(f) = Xx for all a; and conversely, 
for every transformation f(x) defined on X there exists a class K of closed sets such 
that X.(f) = Xx for all a. 

Proof. To prove the first part we have only to define f(z) on X as follows: 


S(@z) =a, for xeXg — Xg**); 
f(z) = 8, for zxeXZ, 
where @ is the first ordinal such that X2 = X2*!. Then since 
X = Xg4+ (Xe — XE +--+) + (XR - XEN) + --- (a <8), 


and no two of the sets on the right can intersect, f(x) is defined and single valued 
on X and maps X into the set of all ordinal numbers a, (0 S a S 8). Nowifa 
is any isolated ordinal, then since f(z) = a — lon Xg~' — XX and f(x) = aon 
Xx, it follows that relative to XZ-", f is stationary on exactly the set Xg-' — XE 
and hence is nowhere stationary on exactly the set Xz. This gives Xz; = X.(f) 


3 See Fundamenta Mathematicae, vol. 23 (1934), footnote to p. 54. 
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for all such a@’s, and a simple application of transfinite induction yields this same 
relation for all ordinals a. 

Now conversely, if we are given f(x) defined on X, then if we let K be the 
class of sets [f~'(y)] for all yef(X), we will have X.(f) = XX for alla’s. For if a 
is any isolated ordinal, and z is any point of X.-:(f) where f is stationary relative 
to X.-:(f), there exists a neighborhood V of X such that V-X,_:(f) is contained 
in a K-set f-'(y), whereas if f is not stationary at z relative to X,—:(f), then no 
such neighborhood of z exists. This gives X~; = X.(f) for all isolated a’s, and 
again the principle of transfinite induction yields this relation for all a’s. 


Tue UNIVERSITY OF VIRGINIA. 











RIEMANNIAN MANIFOLDS IN THE LARGE 
By SuMNER Byron MYERS 


1. Introduction. The general problem to be considered here is that of 
determining relations between the local properties of an analytic Riemannian 
manifold and the topological properties of the manifold in the large. In par- 
ticular, we are interested in determining topological properties from a knowledge 
of local properties in the neighborhood of just one point, and conversely, in deter- 
mining possibilities of metrisation of a given topological manifold by means of 
local analytic Riemannian geometries. 

By an n-dimensional analytic Riemannian manifold in the large will be meant 
a complete manifold in a sense to be defined later, equivalent to the “normal” 
Riemannian space of Cartan! and a generalization to n dimensions of the ‘‘ecom- 
plete surface’’ of Hopf and Rinow.? 

The results obtained here are in most cases generalizations of theorems given 
in the two-dimensional case by Hopf and Rinow. A complete summary of 
known results on the general problems stated above, as well as a statement of 
some specific unsolved problems can be found in a paper by Hopf entitled 
Differentialgeometrie und topologische Gestalt, Jahresbericht der Deutschen 
Mathematiker-Vereinigung, vol. 41 (1932), pp. 209-229. Some of the problems 
proposed there (p. 222, lines 14-22, and p. 224, lines 25-29) are solved in the 
present paper. 

In §2 we define complete manifolds. §3 contains a proof that a complete 
manifold whose Riemannian curvature at every point and with respect to every 
plane direction is greater than a positive constant e is compact and has a diam- 
eter less than x/e}. In §4 is proved the fundamental uniqueness theorem—a 
given n-dimensional Riemannian element EF can be continued to (i.e., contained 
in) at most one complete, simply connected n-dimensional manifold. In §5 
we set up certain codrdinate systems in FE and give necessary analyticity condi- 
tions that E may be continued to a complete manifold. We also show how to 
determine from a certain coérdinate system in the element E about a point A the 
points conjugate to A. In §6 we show that under certain analyticity conditions 
an element E about a point A without conjugate point can be continued to a 
complete manifold homeomorphic to n-dimensional space S,, from which fol- 
lows that if a complete simply connected n-dimensional manifold contains a 
point without conjugate point, it is homeomorphic to S,. Finally in §7 we 

Received by the Editors of the Annals of Mathematics, February 27, 1934, accepted by 
them, and later transferred to this journal; presented to the American Mathematical 


Society December, 1933. 
1 E. Cartan, Lecons sur la géométrie des espaces de Riemann, Paris, 1928. 
2H. Hopf and W. Rinow, Uter den Begriff der vollstdéndigen differentialgeometrischen 
Fldache, Commentarii Mathematici Helvetici, vol. 3 (1931). 
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prove that if the universal covering manifold of a complete manifold is not 
compact, through every point A passes at least one geodesic ray without con- 
jugate point to A. 


2. Complete analytic n-dimensional Riemannian manifolds.’ We are con- 
cerned here with topological n-dimensional manifolds (n = 2). These are 
connected separable Hausdorff spaces, in which each neighborhood of the de- 
numerable set of neighborhoods used to define the space is homeomorphic to the 
interior of the (n — 1)-dimensional unit sphere. Only intrinsic properties of 
these manifolds will be used, so that no imbedding in euclidean spaces is neces- 
sary. The words closed and open as applied to these manifolds are synonymous 
with compact and not compact in the usual sense. 

If each of the neighborhoods is provided with a coérdinate system so that 
in the region common to two intersecting neighborhoods one set of codrdinates 
can be obtained from the other by means of an analytic transformation with 
non-vanishing jacobian, the manifold is called analytic. Any coérdinate system 
which is obtainable from one of the above by means of an analytic transforma- 
tion with non-vanishing jacobian is said to be admissible. 

Now suppose that the manifold is metrisable in the following manner. To 
each neighborhood with admissible codrdinate system (x) = (xm, --- ,2,), we 
assign a real analytic positive definite symmetric quadratic differential form 


Jas IX_dx3 (a, B = 1, tie, n). 


The funetions appearing in these quadratic forms are to have the property that 
if (x) and (#) are admissible coérdinate systems respectively in two intersecting 
neighborhoods, and gas(x)dradxg and Gas(#)dé.dé3 are the quadratic forms re- 
spectively assigned to them, then in the intersection of the two neighborhoods, 


Jas(x)dxqdxg = Jas(¥)dE_dF3 


under the transformation between (x) and (#). We define are length along a 
curve as the integral of the square root of the quadratic differential form. We 
now have an analytic n-dimensional Riemannian manifold M. 

If we define the distance between two points as the lower limit of the lengths of 
rectifiable curves joining the two points, the manifold M satisfies the axioms 
for a metric space. Furthermore, the idea of neighborhood resulting from this 
notion of distance coincides with the original topological notion of neighborhood. 

In treating such manifolds in the large we restrict ourselves to manifolds 
which are complete. Our definition of completeness is identical with that given 
by Hopf and Rinow in the two-dimensional case, and is as follows. 

An analytic n-dimensional Riemannian manifold M is said to be complete if it 
satisfies any one of the following four equivalent postulates: 

(1) Every geodesic ray can be continued to infinite length on M. 


3 Statements made in §2, requiring proof, for which no proof is given, are formal gener- 
alizations of corresponding 2-dimensional theorems and proofs of Hopf and Rinow, loc. cit. 
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(2) Every divergent* line is infinitely long. 

(3) Every fundamental sequence’ of points on M converges. 

(4) Every bounded set of points in M has a limit point in M. 

Postulates (1) and (2) have been used in the treatment of analytic Riemannian 
manifolds of constant curvature. Postulate (3) makes M a complete metric 
space in the sense of Hausdorff,’ while postulate (4) (the Weierstrass-Bolzano 
theorem) is more restrictive than (3) for general metric spaces. However, for 
analytic Riemannian manifolds the four postulates are equivalent.® 

Throughout the rest of this paper the word manifold will be used to denote an 
analytic Riemannian manifold. , 

An n-dimensional manifold M which is complete in the sense just defined is an 
entire or non-continuable manifold. By this we mean that M is not a proper 
subset of another n-dimensional manifold M’. However, the class of complete 
manifolds is smaller than the class of non-continuable manifolds. An example 
of an incomplete but non-continuable n-dimensional manifold is the universal 
covering manifold M of the manifold M obtained by removing an (n — 2)- 
dimensional euclidean space from n-dimensional euclidean space. It is under- 
stood that the neighborhood of each point of M is to be provided with the 
euclidean geometry of the neighborhood of M which it covers. Similar examples 
are the universal covering manifolds respectively of the manifold obtained by 
removing an (mn — 2)-dimensional hyperbolic space from n-dimensional hyper- 
bolie space, and of the manifold obtained by removing an (n — 2)-sphere from 
the n-sphere. 

Nevertheless, the class of complete manifolds is not too small for our purposes. 
It contains all closed manifolds, and also all open manifolds which can be regu- 
larly imbedded in a euclidean space and are closed in that space. Furthermore, 
a number of fundamental theorems can be proved for complete manifolds but 
not for the more general class of non-continuable manifolds. 

A first such theorem is the following: 

THEOREM 1. Every two points on a complete manifold can be joined by a curve 
of shortest length, and this curve is a geodesic. 

The examples given above illustrate the fact that this theorem does 
not hold if the hypothesis of completeness is replaced by that of non-con- 
tinuability. 


* By a divergent line on a manifold M is meant the single-valued continuous image of a 
straight line ray if to every divergent sequence of points on the ray corresponds a divergent 
sequence of points on M. 

5 A fundamental sequence of points x; in a metric space is a sequence for which the dis- 
tance p(zj, 2j4:) satisfies the Cauchy criterion. 

® See H. Hopf, Zum Clifford-Kleinschen Raumproblem, Math. Annalen, vol. 95 (1926), 
pp. 313-315. 

Also see P. Koebe, Riemannsche Mannigfaltigkeiten und nichteuklidische Raumformen, 
Sitzungsber. Preuss. Akad. d. Wiss., Phys.-math. Klasse, Berlin, (1927), pp. 184-185 and 
(1928), pp. 349-350. 

7 See F. Hausdorff, Mengenlehre, p. 315. 

8 The proof of this fact, and the proof of Theorem 1 which follows later, are formal 
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3. Relations between curvature and topological properties. The following 
are well known results on space-forms (manifolds of constant curvature). 

(A) For every n and every K there exists a unique® complete simply connected 
n-dimensional space-form with curvature K. According as K > 0, = 0, or < 0 
this manifold is a spherical, euclidean, or hyperbolic space. 

(B) A complete n-dimensional space-form with positive curvature is closed.” 

We give now a statement and proof of a theorem which is a generalization of 
(B) to manifolds of non-constant curvature and at the same time a generalization 
to n dimensions of a 2-dimensional theorem of Hopf and Rinow (loc. cit., p. 224, 
Satz V). This result includes a generalization of the classical Bonnet theorem 
on the diameter of an ovaloid." 

THEOREM 2. A complete n-dimensional manifold M whose curvature is greater 
than a positive constant e at every point and with respect to every plane direction is 
closed and has a diameter less than x/e’. 

Consider any geodesic are g on M. We can set up coérdinates (r) = (xn, 

-, 2,) in the neighborhood of g such that the functions gas(x) (a, B = 
1, --- ,n) appearing in the fundamental quadratic form satisfy the follow- 
ing conditions along g: 


Jas = bag 
(3.1) gas P (a, B,y =1,---,n) 
or, 


while the coérdinates 2, --- , 2,~1 are constant along g and 2, is the are length 
s measured from any point A on g.” 

The points on g conjugate to A are given by the zeros of a determinant whose 
columns are n — 1 linearly independent sets of solutions m(s), --- , mn-:(s) of 
the equations 


(3.2) n; + Rnrni(8)m = 0 G,k = 1,---,"n—1) 


vanishing at s = 0 but not identically zero. The functions Rag,,s(s) (a, 8, y, 6 = 
1, --- , m) are Riemann symbols of the first kind in the coérdinates (x) taken 


along g. 


generalizations of the 2-dimensional proofs given by Hopf and Rinow, loc. cit., pp. 215-221. 
Fundamental in the proof is the fact that every point of a Riemannian manifold has a 
neighborhood in which every two points can be joined by a unique geodesic are of shortest 
length, which has been proved for n dimensions by J. H. C. Whitehead, Quarterly Journal 
of Mathematics, vol. 3 (1932), pp. 33-42. 

* That is, unique except for isometric manifolds. 

10 See H. Hopf, Math. Annalen, vol. 95 (1926), pp. 313-339. 

1! A generalization of the Bonnet theorem to n dimensions has previously been given by 
I. J. Schoenberg, Annals of Math., vol. 33 (1932), pp. 485-495. In the present paper the 
hypothesis of completeness enables us to draw the topological conclusion that the mani- 
fold is closed. 

2 See T. Levi-Civita, Math. Annalen, vol. 97 (1927), pp. 291-320. 
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The curvature of M at a point P on g with respect to the plane direction 
defined by the unit vector (0, 0, --- , 1) tangent to g at P and any unit vector 


(uw, -+- , Uns, 0) orthogonal to g at P is given by 

(3.3) Rak nite (i,k =1,---,n — 1). 
Then according to hypothesis, along g 

(3.4) Rak nitite > € (j,k =1,---,n — 1) 
for all numbers (uw, --- , U,—1) satisfying the relation 

(3.5) b> diet, 


We may write the inequality (3.4) as follows: 


n—1 
(3.6) Ruknitite >@ Dd, u? (@,k =1,---,n—1). 
i=l 
Let us compare the two sets of equations 
(3.7) ni + Rarnim = 0 (i,k = 1,---,n— 1) 
and 
(3.8) n; + en: = 0 (i =1,---,n—1). 


According to the generalization of the Sturm comparison theorem given by 
Morse," we can deduce from (3.6) that the first conjugate point of A on g is at 
a distance less than z/e}from A. Thus any geodesic are on M of length w/e! or 
greater contains a point conjugate to its initial point, and is not the shortest are 
joining its end points. 

Hence the geodesic of shortest length which, according to Theorem 1, exists 
between any two points of the complete manifold M, is shorter than +/e!. The 
diameter of M is thus less than z/e!, and M is a bounded manifold. A use of 
the fourth completeness postulate enables us to conclude that the boundedness 
of M implies its compactness, that is, M is closed. 


4. The uniqueness theorem. By an n-dimensional Riemannian element E 
we shall mean a point and its neighborhood homeomorphic to the interior of the 
(n — 1)-dimensional sphere, and provided with an analytic Riemannian geom- 
etry, that is, with a coérdinate system and an analytic, positive definite, sym- 
metric Riemannian quadratic form. We are concerned with determining the 
topological properties of any complete manifold to which a given element may 
be continued. 

Among all the manifolds the simply connected ones play an important role. 
For if we have an arbitrary manifold M containing an element FE, we can obtain 


13 Morse, Math. Annalen, vol. 103 (1930), p. 66. 
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a simply connected manifold also containing the element E by providing each 
neighborhood of the universal covering manifold M of M with the Riemannian 
geometry of the neighborhood of M which it covers. If M is complete, M will 
also be complete. 

The following theorem, a generalization of Theorem (A) on manifolds of 
constant curvature, is fundamental.“ 

THEeoReM 3. Every n-dimensional Riemannian element E can be continued 
to at most one complete, simply connected n-dimensional manifold, that is, if 
two such continuations of E exist, they are isometric. 

Suppose that we have two complete simply connected continuations M and 
M’ of the element Z. Then the neighborhood N of a certain point A on M will 
be isometric to the neighborhood N’ of a point A’ on M’. Any admissible 
coérdinate system in N and its quadratic differential form can be used in N’ by 
giving points in N’ the same coérdinates as their correspondents in N. 

Let g be a geodesic are issuing from A, and g’ the corresponding geodesic 
are issuing from A’. We can set up the codrdinates (x) of §3 in the neighborhood 
of gon M. In the neighborhood of g’ on M’ we can set up a similar coédrdinate 
system (x), with the property that (x’) = (x) for points in N and N’ correspond- 
ing under the given isometry. 

We will use R.s4s(z) to denote the Riemann symbols of the first kind in the 
coérdinates (x). Then Ryx»i(0, --- , 0, s)uss, (i, k = 1,---,n — 1) is the 
curvature of M with respect to the plane direction defined by the unit vector 
tangent to g at P and the unit vector (wm, --- , u,—1+, 0) orthogonal to g at P; 
that is, the curvature at P of the geodesie surface S determined by the direction 
of g at P and the direction (uw, --- , u,1, 0). Now in the coérdinates (rx) 
the Christoffel symbols are all zero along g, and hence if we move the vector 
(uw, «++ , Una, 0) along g parallel to itself with respect to g and M, the com- 
ponents ™, +--+ , U,—1, 0 remain constant. But according to the theorem of 
Severi we get the same result if we move the vector (wm, --- , U,—1, 0) along g 
parallel to itself with respect to g and S. Thus the same geodesic surface 
S is determined by the direction of g at each of its points and the direction 
(uw, --+ , Unt, 0). Hence R,x»iuiu, is the curvature of the surface S along g. 

We conclude that R,x,:(s)uiu, is an analytic function of s for all values of 
s > 0" and for all (uw, ---,u,-1). Therefore Rx»: is an analytic function of s 
for all positive values of s. Similarly, on the manifold M’ the Riemann sym- 
bols Ri,.,,; in the codrdinates (x’) are analytic functions of s along g’. 

But along the ares of g and g’ lying in N and N’ respectively R,,..; = | en 
Hence Rixni = | for all values of s > 0. 

Now the functions R,,x,,.:(s) and Rixni(8) determine the points on g and g’ 


4 For n = 2, this theorem and the following theorems have been proved by W. Rinow, 
Uber Zusammenhinge zwischen der Differentialgeometrie im Grossen und im Kleinen, Math. 
Zeit., vol. 35 (1932), pp. 512-528. J. H. C. Whitehead has given a generalization of (A) 
in a different direction to locally homogeneous spaces with a Lie pseudo-group. See 
Annals of Math., vol. 33 (1932), pp. 681-687. 

18 Since M is complete, the geodesic are g can be extended to infinite length. 
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conjugate to A and A’ respectively, through equations (3.2). Hence the points 
on g conjugate to A are at the same distance from A as the points on g’ conjugate 
to A’ are from A’. 

Let AB be a smooth segment of g; that is, a segment without multiple points 
and without a point conjugate to A. The corresponding segment A’B’ of g’ 
will, by the result of the preceding paragraph, contain no point conjugate to A’. 
Then there exists an (n — 1)-parameter family of geodesics on M through A 


(4.1) ta = Za(Yr, ss 9 Yn—-1) 8) 


containing g for (yi, --- , Yaa) = (0, --- , 0) and forming a field F” in the 
neighborhood of AB. If A’B’ has no multiple points, it can be imbedded in a 
similar field F’ by means of the corresponding field of geodesics through A’. 
The parameters y,, --- , Y,_, in this latter family can be taken so that geodesics 
through A and A’ corresponding under the given isometry between the neighbor- 
hoods N and N’ of A and A’ respectively are determined by equal parameters 
(Vis ++ 5 Yaa) = (Vy +++» Yor): 

In the field F we can use as coérdinates of a point P n numbers (yj, --- , Yn) 
the first n — 1 of which are equal to the parameters in (4.1) determining the 
geodesic AP of the family (4.1) and the last of which is equa! to the length of the 
geodesic are AP. In F’ we can choose similar coérdinates (y;, --- ,y,). Points 
in F-N and F’-N’ which correspond under the given isometry will have equal 
coérdinates, and hence the Riemannian quadratic forms in the variables (y) and 
(y’) will be the same in F-N and F’-N’, therefore the same throughout F and 
F’. If we make points in F and F’ with the same coérdinates correspond, the 
correspondence will be an isometry between F and F’, and will be a continuation 
of the given isometry between N and N’. 

If A’B’ has multiple points, the family of geodesics through A’ forms a field 
im kleinen. The variables (y’) can be used as coérdinates im kleinen, and by 
making points with equal coérdinates correspond, we obtain a single-valued, 
im kleinen isometric map of the field F on the multiple-leaved field around A’B’. 

Thus the isometric map of N and N’ can be continued along any smooth geo- 
desic arc issuing from A. Furthermore, if P is any point on M which can be 
reached in this manner, the isometry can be continued along any smooth geodesic 
arc issuing from P. Since any geodesic arc, or any broken geodesic arc, is com- 
posed of a finite number of smooth geodesic ares, the isometry can be continued 
from A along any such are. 

Any point Q on M can be connected to A by a geodesic are. Hence the 
neighborhood of any point Q of M can be mapped isometrically on a neighbor- 
hood of a point Q’ of M’. 

We must now show how to continue the isometry along an arbitrary are AP 
issuing from A. This is done as in the 2-dimensional case” by constructing a 
closely approximating broken geodesic with corners on AP. 


16 An improper field. The field breaks down at A. 
17 See Rinow, loc. cit., pp. 516-518. 











46 SUMNER BYRON MYERS 


Finally, an application of the Monodromiesatz shows that the im kleinen 
isometric map of M on M’ is single-valued, and since the réles of M and M’ 
can be reversed, the map is one-to-one. Thus we have an isometry between 
M and M’. 

Corouuary 1. Let M’ be a complete n-dimensional manifold, and M an ar- 
bitrary simply-connected n-dimensional manifold. If M’ and M are continuations 
of the same Riemannian element E, then M can be mapped in a single-valued and 
im kleinen isometric manner on a portion of M’. 

The proof is included in the proof of the theorem. 

CoroLuarRy 2. If two complete n-dimensional manifolds are continuations 
of the same Riemannian element E, then their universal covering manifolds are 
homeomorphic. 


5. Conditions that an element can be continued to a complete manifold. 
Not every analytic Riemannian element can be continued to a complete manifold. 
Some necessary conditions are given in the following theorems. 

THEOREM 4. Given an n-dimensional Riemannian element E around a point A. 
Sei up the geodesic codrdinates (x) of §3 along any geodesic arc issuing from A. 
Then if E can be continued to a complete n-dimensional manifold, the Riemann 
symbols Raxni in the codrdinates (x) taken along g must be analytic functions of the 
arc length x, = s for all positive values of s. 

This has already been shown in the proof of Theorem 4. 

THEOREM 5. Given an n-dimensional Riemannian element E around a point A. 
Set up the codrdinates (y) of § 4 along the neighborhood of any geodesic are g 
issuing from A, thus obtaining a fundamental quadratic form of the type dasdyalys 
(a, 8 = 1, ---,n) inwhicha, = law = 0O(¢ = 1,---,n — 1). Thenif 
E can be continued to a complete n-dimensional manifold, each function aj; (i, 
j=1,--+,n — 1) takenalong g must be an analytic function of the are length 
Yn = 8 for all positive values of s. 

The transformation from the coérdinate system (x) in the neighborhood of g 
to the coérdinate system (y) is given by the equations (4.1) of the (n — 1)- 
parameter family of geodesics through A. Each column of the determinant 
| dx,/dy; | taken along g represents a set of variations of the family of geodesics 
(4.1) along g, and hence is a solution of equations (3.2), since the latter are the 
equations of variation of the geodesics. 

According to Theorem 4, Rx»; is an analytie function of s for all s > 0. 
Hence solutions of (3.2) are analytic functions of s for alls > 0. In particular, 
along g d2,/ay; (j, k = 1, --- , m — 1) is an analytic function of s for all s > 0. 

But along g 
(5.15) a;; = Oe Oe (i,j,k =1,---,n—1). 

dys Oy; 
Therefore along g aj; is an analytic function of s for alls > 0. This completes 
the proof. 
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As in the case of polar coérdinates on two-dimensional manifolds," it can be 
shown that the functions an, --- , @-1,.-1 vanish at A. It follows from (5.15) 
that dz,/dy; (i, k = 1, --- ,m — 1) vanish at A. Hence | dz;/ay; | is a deter- 
minant whose zeros s ¥ 0 define the points on g conjugate to A. But by means 
of (5.15) we see that along g 


| Ox). 2 


| OY; 

We have, then, the following theorem: 

THEOREM 6. The points on g conjugate to A are given by the zeros s # 0 of the 
determinant | aj; | taken along gq. 

THEOREM 7. (Given an n-dimensional element E around a point A. Set up 
coérdinates (y) as in Theorem 5 along an arbitrary geodesic g through A. Then 
if E can be continued to a complete n-dimensional manifold M, a,; will be an ana- 
lytic function of the n variables (y:, --- , Yn) for 0 < yn < K, where K is the first 
value of yn for which | aj; | vanishes on g, and for (y:, «++ , Yn—1) in the neighborhood 
of their values on g. 

According to Theorem 6, y, = K gives the first point on g conjugate to A. 
Hence the geodesics through A form a field in M in the neighborhood of g for 
0 < y. < K. We can use the coérdinates (y) throughout this field, and the 
functions a;; will be analytic throughout the field. 

Corotuary. If | a,; | has no zeros on g, then if E can be continued to a com- 
plete manifold, a;; is an analytic function of (y:, --+ , Yn—1) in the neighborhood 
of gfor0 << yy, < @., 





(5.16) Jay| = 


6. Conjugate points and manifolds in the large. The following theorems 
give connections between the existence of points conjugate to a point A and the 
topological properties of the n-dimensional manifolds to which the n-dimensional 
element around A can be continued. 

THEOREM 8. Given an n-dimensional element E around a point A. Suppose 
that the coefficients a;; in the Riemannian quadratic form for coérdinates (y) along 
the neighborhood of an arbitrary geodesic g issuing from A are analytic functions of 
(y) for (y1, --+ 5 Yu—1) in the neighborhood of their values on ag and for 0 < y, < 2. 
Then if A has no conjugate point, the element E can be continued to a complete 
n-dimensional manifold homeomorphic to n-dimensional space. 

Since A has no conjugate point, according to Theorem 6 the determinant 
| a; | is different from zero for (yw, --+ , Yx—1) near their values on g and for 
0 < y, < ©, and hence the quadratic form a;;dydy; + dy? will be positive 
definite throughout this region of the variables (y). 

These coérdinate systems along the varicus geodesics through A overlap, 
and in a region of overlapping in EF one coérdinate system can be obtained from 
the other by an admissible transformation of coérdinates keeping invariant the 


18 See Blaschke, Vorlesungen wiber Differentialgeometrie, vol. I, 1930, p. 152. 
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Riemannian quadratic form, since all these coérdinate systems were got directly 
by admissible transformations from one original coérdinate system in the 
element E. 

Now the geodesics through A in the element E can be put into a one-to-one 
correspondence with the straight lines through a point in n-space. The initial 
segment of each such straight line ray and its neighborhood can be provided 
with the Riemannian geometry belonging to the corresponding geodesic through 
A and its neighborhood in Z. By the remarks in the first paragraph of this 
proof, this Riemannian geometry can be extended all along the neighborhood of 
the straight line. The relation between the coérdinate systems of two such 
overlapping neighborhoods is determined by the corresponding overlapping in EZ. 

The result is an n-dimensional analytic Riemannian manifold M containing 
the element £, and homeomorphic to n-space. The manifold M is complete; 
for every bounded set of points lies within the interior of a geodesic hypersphere 
of finite radius about A, and hence has a limit point on M. 

TueoreM 9. If a complete simply-connected n-dimensional manifold contains 
a point without conjugate point, then it is homeomorphic to n-dimensional space. 

Let the manifold be called M and the point without conjugate point be called 
A. Then by Theorem 6 the determinant | a;; | formed for coérdinates (y) in the 
neighborhood of an arbitrary geodesic are issuing from A does not vanish. 
Hence, by the corollary to Theorem 7, the hypotheses of Theorem 8 are satisfied, 
and the element of M around A can be continued to a complete n-dimensional 
manifold homeomorphic to n-dimensional space. From the uniqueness theorem 
(Theorem 3) we deduce that M is homeomorphic to n-dimensional space. 

Corouuary 1. If a complete n-dimensional manifold M contains a point A 
without conjugate point, then the universal covering manifold of M is homeomorphic 
to n-dimensional space. 

For the element around A can be continued to the universal covering mani- 
fold of M, which will be complete. An application of Theorem 10 proves the 
corollary. 

CoroLuarRy 2. Through every point A of a complete n-dimensional manifold 
whose universal covering manifold is not homeomorphic to n-dimensional space 
passes a geodesic containing a point conjugate to A. In particular, through every 
point A of a simply-connected, closed, n-dimensional manifold passes a geodesic 
containing a point conjugate to A. 

THEOREM 10. Through every point A of a complete open n-dimensional manifold 
M passes a geodesic which is the shortest line between A and any of its points, and 
hence contains no point conjugate to A. Through every point A of a closed n- 
dimensional manifold M whose universal covering manifold is open passes a geo- 
desic containing no point conjugate to A. 

If M is open, it will contain a sequence of points P; without a limit point. 
Let A be an arbitrary point on M. Since M is complete, the distance p(A, P;) 
from A to P; becomes infinite as i becomes infinite. Furthermore, we can pass 
a geodesic c; of shortest length between A and P,. Let p(A, Pi) = ri. 








we 
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Interior to a neighborhood of A simply covered by the geodesics through A, 
consider a geodesic hypersphere H. Corresponding to the sequence of points 
P; and geodesics c; there will be a sequence of points P ‘ on H at which the geo- 
desies ¢; intersect H. The sequence P; will have a limit point P’on H. Let c 
be the geodesic AP’, Q any point on c, and L the length of AQonc. A certain 
subsequence P; of P; will converge to P’. Let é; be the geodesic joining A to 
P;, and P; be the subsequence of P; on the geodesics @;. Then for sufficiently 
large i the lengths AP; = 7; on the geodesics é; will be greater than L. 

Measure off the length L on the geodesics @; thus getting points Q;. Since é; 
is a geodesic of shortest length between A and P,, and since 7; > L, é; is also a 
shortest line from A to Q,. Hence p(AQ;) = L. 

The points Q; converge to the point Q, because of the continuous dependence 
of the geodesics through A on the points of H through which they pass. There- 
fore p(A, Q:) — p(A, Q), and hence p(A, Q) = L. But L was the length of AQ 
on ¢, so that we have proved that c is the shortest line from A to Q. 

But Q was any point onc. Thus c is the shortest line from A to any of its 
points, and contains no point conjugate to A. 

The second part of the theorem is proved as follows. If M is a closed n- 
dimensional manifold whose universal covering manifold M’ is open, then we 
can apply the first part of the theorem to M’. Hence through every point A’ 
of M’ passes a geodesic c’ without a point conjugate to A’. Now M’ can be 
mapped on M in a single-valued, im kleinen isometric manner. If A is the point 
of M corresponding to A’, and ¢ the geodesic corresponding to c’, then ¢ can 
contain no point conjugate to A. Since every point A of M corresponds to 
some point A’ of M’, the theorem is proved. 

Corouuary 1. If a complete n-dimensional manifold M contains a point A 
such that every geodesic through A contains a point conjugate to A, then the uni- 
versal covering manifold of M is closed. 

Coro.uary 2. An n-dimensional element E about a point A such that on every 
geodesic through A there exists a point conjugate to A cannot be continued to a com- 
plete open n-dimensional manifold. 


HARVARD UNIVERSITY. 











ON THE HOMOLOGY CHARACTERS OF SYMMETRIC PRODUCTS 
By Moses RICHARDSON 


In the first part of this paper, we consider a complex K, subjected to the trans- 
formations of a group of finite order p. We define a new complex k, the so- 
called “domain of discontinuity” of the group, by identifying all points which 
are images of each other under the transformations of the group. We then 
determine the Betti numbers of k, both non-modular and mod r“, z a prime and 
not a factor of p. In the second part, we use the results of Part I to obtain 
explicit formulae for the Betti numbers of 2-fold and 3-fold symmetric products 
of a complex in terms of its own Betti numbers, and we indicate a general pro- 
cedure by which the Betti numbers of a q-fold symmetric product can be com- 
puted. In the third part, we continue the development of the theory of the 
2-fold symmetric product. The methods of Part II yield the Betti numbers 
mod x“ when z is an odd prime but not when + = 2. The Betti numbers 
mod 2 have been found by P. A. Smith.'. By an extension of his methods, we 
determine the Betti numbers mod 2",u > 1. With a knowledge of all the Betti 
numbers modulo powers of primes, the torsion coefficients can be determined.? 


Part I 


1. Consider a simplicial oriented n-complex K. Let G be a group, of finite 
order p, of (1, 1) continuous transformations of K into itself. The transforma- 
tions J = To, Ti, --- , Tp». of @ will be subject to the following restrictions: 

(a) they carry m-simplexes of K into m-simplexes of K; 

(b) no T, (A = 0, 1, --- , p — 1) earries a vertex into an adjacent’ vertex. 
As a result of (b), a simplex can be invariant only if it is pointwise invariant. 

If En, = VoVi --- V» is an oriented* m-simplex of K, we define T\E,, to be 
the oriented simplex T\VoT\Vi --- T,Vm of K. Likewise, if C is the chain 
StF, we define T,C to be the chain 2t;T,E;. Since 


Bm —> Dy (— 1) Vo --+ Vor Vos +++ Ven 
s=0 


Received by the Editors of the Annals of Mathematics, May 25, 1934, accepted by them, 
and later transferred to this journal. 

1P. A. Smith, The topology of involutions, Proc. Nat. Acad. Sci., vol. 19 (1933), pp. 612- 
618. The author is indebted to Prof. Smith for much stimulating guidance received during 
the preparation of this paper. 

2A. W. Tucker, Modular homology characters, Proc. Nat. Acad. Sci., vol. 18 (1932), pp. 
467-471. 

3 Two vertices are called adjacent if they are distinct and if both occur in the symbol 
of the same simplex. 

‘Our notation and terminology will be largely that of S. Lefschetz, Topology, Amer. 
Math. Soc. Colloquium Publications, No. 12, New York, 1930. 
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and 


T, Ba —> >, (— 1)° Tr Vo --+ Ta Vo-a Ta Voss +> Ti Va» 
s=0 
it is clear that T,F(E,,) = F(T)E,). Hence T,F(C) = F(T,C). 


2. To each of the points V;, T:Vi, --- , T>-.Vi we shall associate the mark 
v; and shall write AT, V; = v; (A = 0,1, --- ,p — 1). Suppose V; and V; are 
such that V; # T, V; (A = 0, 1, :-- , p — 1); in particular, this condition is 
satisfied whenever V; and V; are adjacent, by (b), §1. Then the sets 


(Vi, TiVi, late T,-1Vi) 
and 
(Vi, TiV i, siizg) Tp-V j) 


have no common element; hence v; # v;._ It follows that if Vo, Vi, --- , Vm are 


the vertices of a non-oriented simplex | E,, | = | VoVi --- Vm |, then vo, 11, +++ 5 Um 
are distinct and can therefore be taken as the vertices of an m-simplex. If En 
is the oriented simplex VoV; --- Vn, we define AE,, to be the oriented simplex 


AVoAV, --- AVm = Voi +++ Um = Em, Say. If | VigVi, --- Vu | is a k-face of 
| Zn |, then it is clear that | v;,0;, --- v;, | is a k-face of | em |; hence the totality 
of oriented simplexes e} = AE‘, (m = 0,1, --- , n; i = 1, 2, ---) constitutes an 
oriented n-complex which we shall denote by k. Our purpose is to determine 
the Betti numbers of k. 

If C = St:Ei, we define AC to be the chain c = St,AERi = Stet. Since 


ofan — dL (- 1)"v9 +++ U1 Vesa +++ Um, it is clear that F(AE,) = AF(En). 


Consequently, A preserves bounding relations. Thus, for example, if C ~ 0, 


then AC ~ 0. 
Let e» be an oriented m-simplex of k. We have 


en = ATE, (A = 0, 1, 11 oD = 1). 


o-4 . 
We now define A’e,, to be the chain b ® T,E,, on K. And if c = Lt,e,, then 
A=0 


we define A’c to be the chain St;A’e} on K. It is easily seen that if e,,-- Dtie,_,, 
then A’e, — Dt:A’e,_,. Thus A’ also preserves bounding relations. It is to be 
noted that A and A’ are not the inverses of each other. We have instead the 
relations 


p-1 
(2.1) c= = 71, 
A=0 


(2.2) AA’ce = pe. 


Note that everything said so far may be understood to be mod gq without any 
change. For example, A and A’ preserve bounding relations mod q. 
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3. Let I, T*, --- , IT be the cycles of a minimal base with respect to homology 
mod x“, x a prime, of m-cycles of K. All homologies in this section are under- 
stood to be mod x“, and all equations are understood to be congruences mod x“. 
Let ™, 7’, ---, 0", r = R,,(K), be the elements of a minimal base for weak 
homology® and I'rt!, ['r**, .-- , I the elements of a base for zero-divisors. 
Note that I‘, i < r, is an element of order® x“, while I‘, i > r, is an element of 


order z*, a <u. Wehave 


(3.1) T,Ti ~ > a}, ri (i = 1,2,---,s;X =0,1,---,p—D, 
j=1 
where the determinant of each matrix ("a} ;) is +1 and the matrix ("a};) is in 


p-—l 
fact the identity matrix (6;;) of order s. Consider the matrix (x7) = > (a? ;). 
A=0 


We may suppose that the first p rows of (2?) are linearly independent mod x“, 
where p = p(x”) is the maximum number of rows, or columns,’ of (27 ;) linearly 
independent mod r“. Note that p S r since the zero-divisors cannot contribute 
independent rows. 
(3.2) If (su) = (tij)(up), then p(s) S p(u). For, suppose that 

Sit, Sity +++ » Sip +i, 


where p = p(u), were independent columns. We can pick integers 


Ci, Ca, *** 4 Co +1 


p+l 
not all congruent to zero, such that Zz. c, Uj, = 0 for all values of 7. Then 
k=1 
e+1 p+1 = etl 
p Cyr Sin = > Ck D ti “ix = } (= caus) ti; = 0 
k=1 k=1 j i k=1 


for all values of 7. 

We can now prove the 

TueoreM 1. If p is not divisible by x, then R»(k, x“) = p(x™). 

Proof. (A). There exist p m-cycles mod x“ of k, namely, the cycles y' = AT", 
y? = AT, --- , y® = AI’, which are linearly independent with respect to ho- 


p 
mology mod x“. For, suppose that >> t,7' ~ 0, where some ¢; ~ 0. Then 


i=l 


6 p p—1 
> t;A’y' ~ 0, or, by (2.1), pm tj b De T,T' ~ 0. By (8.1) we have 
A=0 


i=l i=1 
2 o-5 
4 Oa, ~0, 
i=l A=0 


5 Following P. Alexandroff Einfachste Grundbegriffe der Topologie, Berlin, 1932, we shall 
say C is ‘‘weakly homologous to zero’’ when C = 0. 

* The order of a cycle C is the least positive integer ¢ such that tC ~ 0. 

7 The maximum number of rows linearly independent mod zx“ is equal to the maximum 
number of columns linearly independent mod x“, since reduction of the matrix to canonical 
form preserves both numbers and is unique. Cf. J. W. Alexander, Combinatorial analysis 
situs, Trans. Amer. Math. Soc., vol. 28 (1926), pp. 301-329. 
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or > t,2, TI’? ~ 0 which implies that . tx, = 0 for all values of 7. But this 
¢=)} 

contradicts the hypothesis that the first. p rows of (x7';) are ana 
(B). Any p + 1 arbitrary m-cycles mod x“, say 6', &, --- , 6°+!, of k are 


linearly dependent with respect to homology mod x“. For we can write A's‘ = 
p-l 


= >> 7, A‘, where A‘ is a chain such that AA‘ = 6%. Since D’ is a eyele, 
A=0 


we have Di~ >> y,;T' (i = 1,2, --- , 9 + 1). Now, by (3.1), 


ad 


T.Di~ DV yi Tr Ti ~ DY yiina), T*. 
i,k 
Thus, 
p-l1 p-1 
LnD~ Dw doe. = Dyznr = Dd 20", say. 
A=0 ih A=0 ik n 


Since T, D‘ = D‘ we have pD' ~ > 2z%.T*. Since zy. = =. yijx”, we can find inte- 
i 
p+l1 
gers ti, te, --+ , ty41, not all zero, such that Zz tizix = 0 for all values of k, by 
1 


(3.2). Therefore p 2t;D‘ ~ Ytizu%T* = 0. Hence, operating with A, we have 

prtAD' ~ 0 or p? tdi ~ 0. Let t be the g.e.d. of th, te, --- , t41. The eyeles 

6', 6°, --- , 6°*! are dependent provided that p?t ~ 0. In particular, since 

t ¥ 0, this condition is satisfied if p # 0 mod x. This completes the proof. 
The following two corollaries are immediate. 

(3.3) If pis not divisible by x, and R,,(K, x“) = 0, then R,,(k, x“) = 

(3.4) If p is not divisible by x, and K is an n-sphere, then 


Rn (k, r“) = 0 (m = 1,2,---,n— 1). 
(3.5) In the non-modular case we need not consider the entire base 
mrt... PF 
for homology of m-cycles. It will in fact be more convenient in the applications 
to follow in Part II of this paper to use only the cycles [', I’, --- , 0", r = R,(K), 
which form a minimal base for weak homology, and to employ the symbol =~ 
throughout. Thus, we write 7, Ti; = } “a; ri, @ = 1, 2,---,r) and 


j=l 
p-l 
(z7;) = > ie (ma? ;). Then, in the non-modular case, Rn(k) = p(x”) where p is 
A=0 
the ordinary rank of (x7?;). The proof follows exactly the same lines as that of 
Theorem 1. The corollaries analogous to (3.3) and (3.4)' also hold in the non- 
modular case. 
8 The corollary analogous to (3.4) in the non-modular case was found by Threlfall and 
Seifert, Topologische Untersuchung der Diskontinuitdtsbereiche endlichen Bewegungsgruppen 


des dreidimensionalen sphdrischen Raumes, Math. Annalen, vol. 104 (1931), pp. 1-70, for 
the special case where n = 3 and G is a finite group of rotations. 
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(3.6) Let R,(K, +) = 0 for all primes +. Let N be a prime such that the 
number ¢,,(N)) of m-dimensional coefficients of torsion of k divisible by N is not 
zero. By the well known relation 


Rin(k, N) = Ru(k) + tm(N) + tma(N), 


we have R,,(k, N) # 0. By (3.3), this implies p = 0 mod N. This proves 
that if R,.(K, x) = 0 for all primes r, then every m-dimensional torsion coefficient 


of k is of the form r{'r3* --- 25%, where m, m2, +--+ , t, are the prime factors 
of p. In particular this conclusion is valid when K is an n-sphere for 
m=1,2,---,n—1. 


(3.7) Let K, be an n-circuit. If G contains a transformation which reverses 
orientation, then the totality of orientation-preserving transformations of @ 
forms an invariant subgroup of index 2. Thus half of the transformations of G 
reverse orientation. Now if R,(K,) = 1, then R,(k,) = 0, for (z7;) = (@1,) = 
(1—1+1-—1-.---) = (0). If, however, G has no orientation-reversing trans- 
formation, and if R,(K,) = 1, then R,(k,) = 1. If pis odd, then k is a cireuit 
for G has no orientation-reversing transformation and R,(k,, 2) = 1. If p is 
odd and K, is a non-orientable circuit, then so is k,. 


Part II 


In this part we shall apply the results of Part I to find certain Betti numbers 
of symmetric products. 


4. Direct and symmetric products. If A is a class of abstract elements, 
the direct q-fold product A K A X --- X A (q factors) is the set of ordered 
q-tuples (x X y X --- X z) where gz, y, --- , z are elements of A. The q-fold 
symmetric product of A is the set of non-ordered q-tuples (x, y, --- , 2) where 
x,y, «++ ,2 are elements of A. The symmetric g-fold product of A can evi- 
dently be obtained from the direct g-fold product by merely identifying the 
element (x X y X --- X z)of AXA X --- XK A with all its images under the 
group of permutations of the z, y, --- , 2. 


5. Subdivision of direct g-fold product complexes. Let K, be a complex 
of simplexes in a cartesian space S,. The direct q-fold product 
K, X Ky, X ++» KX Ky = Kyun 
can be considered as being immersed in a cartesian space 
S,xXS,xX--- XS, = Sy, 


and will evidently be composed of flat convex cells. Let any point X of K, 
have the codrdinates 2, 2, --- , 2), in S,. The codrdinates in S,, of the point 


® See note 8. 








HOMOLOGY CHARACTERS OF SYMMETRIC PRODUCTS 55 


(5.1) XXYX---XZ 

of Kon are (11, Le, +++ 5 Lvy Yr, Yr» *** » Yoy °° » Zty Zep *** 5 2y), OF in Condensed 
notation 

(5.2) (z, | ee » 2). 


Now we take K,, as our basic complex, and a group isomorphic to the sym- 
metric group on q letters as our group G: namely, the group which takes the 
point (5.1) with coérdinates (5.2) into all points obtainable by permuting the 
letters in these symbols. All the points of K,, of the form 


(5.3) XXKXXK-++ KX 


are invariant under the q! transformations of G, and the totality of them con- 
stitutes a point set homeomorphic to K,. Likewise the set J of points (5.3) 
contained in a cell of K,,, of the type 


(5.4) Ei xX EixX.---X Ei 


is homeomorphic to EZ}; and only cells of type (5.4) contain points of the type 
(5.3). Thus J is a u-cell which we shall call E%', and the totality of these cells 
constitutes a complex homeomorphic to K, which we shall call K°. 

The cells of K,, are merely permuted by the transformations T, of G. We 
shall now obtain a simplicial subdivision K‘}) of K,, which will satisfy the re- 
quirements (a) and (b) of §1 with respect to the T,’s. The process of sub- 
division begins with the 1-cells and proceeds to the m-cells only after all the 
(m — 1)-cells have been subdivided. The procedure for m-cells is as follows. 

Let | o' |, | o? |, --- , be the (m — 1)-simplexes on the boundary of the m-cell 
E of Kan. Now: (1) if E is of type (5.4) we introduce an arbitrary point P, 
situated on the u-cell of K° which is imbedded in E, as a new vertex; then we 
replace E by the set of all m-simplexes | Po' |, | Po? |, --- , together with all the 
faces of lower dimension of these new m-simplexes except those on F(E); (2) if 
E is not of type (5.4), we introduce an arbitrary point P in E as a new vertex, 
and proceed as in (1); simultaneously we introduce the points 


T)P (A = 0,1, ---,p — I) 


in T,E as new vertices, and we subdivide the cells T,E similarly. The sub- 
division thus obtained is called K‘’). 

K‘') satisfies requirements (a) and (b) of §1 with respect to the T’s. 

Proof. (a) Any simplex | E,,| = | VoVi --- Vm | is flat, and the T’s are 
evidently linear in the coérdinates of S,,. Thus T£,, is also flat and is there- 
fore completely determined by its vertices T,Vo, T,Vi, --- , T»V m. 

(b) The vertices V and T,V of K‘? cannot be adjacent. (1) Suppose V and 
T\V are vertices of K,,. If they had been joined by a 1-cell, they were separated 
by the insertion of a new vertex on that 1-cell; and if there had been no such 


1-cell, they are certainly not adjacent. (2) If V is not a vertex of K,,, then 
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neither is T,V. Now, when V and 7\V were introduced within the convex 
cells of K,, containing them, they were joined by new 1-cells only to the vertices 
of these containing cells; thus there can be no 1-cell of xe joining V and T\V. 
Now we have a simplicial subdivision K‘') of K,, which satisfies all the 
requirements of Part I. Each convex cell of K,, has been replaced by a set of 
simplexes which we shall orient concordantly with the original convex cell. 
In an m-chain, we shall have each m-simplex of K‘') affected by the same co- 
efficient as affected the original convex cell of K,, previous to the subdivision. 
Evidently, AK‘') = kg, is the q-fold symmetric product of Ky. 
(5.5) The closure of each cell of K*? is a subcomplex of ge. Let some of 
these subcomplexes be subdivided by section” into convex complexes. It is 
clear that we can further subdivide K‘') into a complex of simplexes, say K\’), 


which will again satisfy requirements (a) and (b) of §1. 


6. Two-fold symmetric products. Let K, be a simplicial complex, K2, = 
K, X K,, the direct product complex, K$') the subdivision of K2,, and S, the 
space in which K, is immersed ($5). The group G has the elements J, T where 
T is the transformation which interchanges the points X K Y and Y X X of Kan. 
To obtain the m™ Betti number R,,(k2,) of the 2-fold symmetric product com- 
plex ka, = AK$'), we have only to write down explicitly the matrix (z7;) = 
("a;;) + (6;;) mentioned in (3.5) and to compute its rank. 

Let E, = AoA; --- A, and E, = BoB, --- B, be simplexes of K,. Let A; 
have the codrdinates (xj, x3, --- , 2}), denoted briefly by 2‘, in the cartesian 
subspace S, of S, determined by Ao, Ai, --- , Ap. Likewise, let B; have the 
codrdinates (yj, y}, --- , yi), denoted by y’, in the subspace S, of S, deter- 
mined by the vertices of EZ,. 

Lemma. T(E, X E,) = (— 1)" E, X E,. 

Proof. The orientation of the cell Z, X E, is uniquely determined by the 
sign of the determinant of the homogeneous coérdinates (x» = 1) of the vertices 
of the simplex" 


(6.1) Ao X By Ai X Bo--- Ap X Bo Ao X Bi --+ Ao X By. 
The orientation of E, < E, is likewise determined by the simplex 
(6.2) By X Ao Bi X Ao --- By X Ao Bo X Ai --- Bo X Ap. 


Now the transform T(F, X E,) of E, X E, has its orientation determined by 
the transform of the simplex (6.1), namely 


(6.3) By X Ao Bo X Ai --- Bo X Ap Bi K Ao--+ By X Ao. 


The determinants of the coérdinates of (6.2) and (6.3) in S, X S, are, in con- 
densed notation, 


10 Lefschetz, loc. cit., p. 67. 
"t Lefschetz, loc. cit., p. 224. 
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a. a. + 
Tr 1 y® 2z! 
1 y? 2x? and 1 y® 2 
ts # | 1 »y =z 
l ¥~ 2» |1 yt 2? 


We can evidently transform one of these determinants into the other by pg inter- 
changes of rows, which proves the lemma. An immediate corollary is the cor- 
responding relation for chains, i.e., T(C, X C,) = (— 1)"*C, X C,. By §5, this 
formula holds for K$'). 

Consider the set of cycles a} (i = 1, 2, --- , R,(K,)) constituting a minimal 
base for weak homology of s-cycles of K,. The set of cycles ai X a}_, forma 
minimal base” for weak homology of m-cycles on Ke,. If m = 2s, there are 
some m-cycles of the form ai X a! = A}, which are transformed by T into 
themselves, except perhaps for orientation, since T(ai X ai) = (— 1)" ai X ai. 
These are evidently R, (K,) in number. All other cycles of the base are trans- 
formed by T into different cycles of the base. We can therefore rename the 
cycles of the base as follows: 


s es, iad re, M, e, ee Te, A', A’, sto 9 , a" 
(k = Ry (Kn); h + 2g = Rn(Ken)) , 
where fi = Tri, TA‘ = A‘ = (— 1)* A‘, and h = O unless m = 2s. We are 


— vm 


now able to write down the matrix of the weak homologies TT, = ="a,; C1, where 
we shall arrange the cycles in our matrix table in the order (6.4) horizontally 
and vertically beginning with the upper left hand corner. If m # 2s, we have 


0] 
(™a;;) = ( ) P 
I 0 


(6.4) 


and if m = 2s, 


0 1 0 
("a,) =| 2 0 0 . 
0 0 (-1)T’, 


where J and I’ represent identity matrices. Bearing in mind the orders of these 
submatrices, we compute easily the rank of the matrix (z7;) = ("ai;) + (4), 
which, by (3.5) is equal to R,, (ken). Thus, 


® Lefschetz, loc. cit., p. 228. 
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TueoreM 2. The non-modular m-dimensional Betti number of the 2-fold sym- 
metric product ke, of K,, is given by 


(3 Rn (Kon) (m # 2s) 
(6.5) Rn (ken) = ‘3 [R, (Ke,) — R, (K,)] (m = 2s, s odd) 
(4 [Rm (Ken) — R, (K,)] + R,(K,) (m = 2s, 8 even) 


where Ko, = K, X Ky. 

Since p = 2, it is easily seen that formulae (6.5) give the Betti numbers mod 
m“ provided x is an odd prime, where all Betti numbers in the formulae are 
understood to be mod x". 


Examples. (1) Let A, be a 1-sphere H;. For H, we have Ro = R; = 1. 
For the torus HW, X H, we have Ryo = R; = 1, Ri = 2. For the Mébius strip 
A(H, X HM) we have Ry = 3 [1 — 1] +1=1,R, = 3 [2] =1,R2=3 [1-1] =0. 
(2) Let K, be a 2-sphere H,.. For H, we have Ryo = R, = 1, Ri = 0. For 
H, X H.we have Ry = Ry = 1, Ri = R; = 0, R; = 2. For the complex projec- 
tive plane A(H. X Hz) we have Ry = R, = R, = 1, Ri = R; = 0. 


7. Two-fold symmetric product of a circuit. First, note that after the 
subdivision of §5, we can name the m-simplexes of the complex K%') as follows: 
DD... BD, ,.---,& &', Be", .--, Re’, chee EH aw THE 
and D°* denotes a simplex of the subeomplex K°. The bounding relations of 
these simplexes can be written as follows: 


Di 2 i; DE, + 20 DE, + F545 DI4,, 
(7.1) Di > = ni; Di_, + 3 6; Di_, + 2 f:; D8, , 
Di‘ — = 6; Dai, , 
where the coefficients can take only the values + 1, — 1, or 0 and where not 


both e;; and n;; are + 0. 
On ks, we have the bounding relations 
07 


dy, > = (ej + ni) h-y + Didnt, 


dy’ > 2 6; dp/,, 


(7.2) 
where d' = A D‘ and d% = A D"%, the d being cells of k2 = A K°. 

Now let K, be an absolute n-cirecuit. The direct 2-fold product A», is an 
absolute 2n-circuit which is orientable if and only if K,, is orientable.” 

Tuerorem 3. If K,, is an absolute circuit, then, for n = 1, ke, is a relative 2n- 
circuit modulo its subcomplex k°, and, for n > 1, ke», is an absolute 2n-circuit. 

Proof. On the subdivided complex KS), we have 


Dd F(D;,.) + L F(D;,) = 0 mod 2. 


13 Lefschetz, loc. cit., p. 231. 
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By (7.1) this becomes 
pa (ei; + ni) Ddn—-1 + (ej + nu) DE ,-1 + 26; DEJ_,] = 0 mod 2. 
ij 


Hence, 
DF di.) = Do (es + m4) dna + Si d2h-1) = LD Sy d2i_, mod 2, 
. i tq] 


where evidently the cells d}/_, exist only when 2n — 1 S n;i.e., when n = 1." 


Thus k», is an absolute 2n-cycle mod 2 for n > 1, and a relative 2n-cycle mod 2 


modulo k° for n = 1. 
We have yet to show that no subset of the 2n-cells of kz, forms a 2n-cycle 
mod 2. Suppose there were a subset d},, ---,d3, (¢ < » + »v) such that 


> F(di,) = 0 mod 2, i.e., 
i=] 

D [es + ni) d3,-1 + Sj 424-1] = O mod 2, 
then it would follow that 


} F(A’ dj,,) = F(D},, + bee + D3, + Di, + = + D3.) = 0 mod 2, 


i=1 
which would contradict the hypothesis that Ke, is a circuit. This proves the 
theorem. 

TueoreM 4. If the absolute circuit K, is non-orientable, so is kon; if Ky, ts 
orientable, then kz, is orientable or not according as n is even or odd, 

Proof. If K, is non-orientable, R,(K,) = 0, so that, by (6.5), Ren(ken) = 0. 
If K,, is orientable, R,(K,) = 1, so that, by (6.5), Re»(ke.) = 1 or 0 according 
as n is even or odd.& 

Example. The Moébius strip is an example of Theorems 3 and 4 for n = 1. 
The “edge” of the strip is k}. The strip is a relative 2-circuit modulo its edge, 
and is non-orientable. 


8. Three-fold symmetric products. Let K, be a simplicial n-complex, 
K;, = K, X K, X K,, the direct 3-fold product, KS)? the subdivision of K3, 


which must be made in order to satisfy the requirements of Part I, and k;, = 
AK!) the 3-fold symmetric product. Here G is of course isomorphic with the 
symmetric group on 3 letters. We have 


T.E,XE,XE, = E,XE,XE,, 
T.E,XE,XE, = (— 1)?" E,XE,XE,, 
T-E,XE,XE, = (— 1)"*" E,XE,XE,, 
T:E,XE,XE, = (— 1)" E,XE,XE,, 
T.E,XE,XE, = (— 1)” E,XE,XE,, 
TsE,XE,XE, = (— 1)terte E,XE,XE,. 


(8.1) 


1 The case n = 0 is obviously devoid of interest. 


1% Cf. (3 7). 
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The exponents of —1, which we shall call the orientation exponents of the 
transformations (8.1), are obtained by methods analogous to those of the 
Lemma of §6. 

For example, let us obtain the orientation exponent of 7), say. Let E, = 
AoA, «++ Ap, Ey = BoB, --- By, E, = CoC; --+ C,, and let the coérdinates of 
A, B;, Cy be, in condensed notation, x‘, y’, 2*. 

The simplex determining the orientation of E, X E, is 


By X CoB: XK Co --+ By KX CoBo X Ci «++ Bo X C;; 
thus the simplex determining the orientation of E, X E, X E, is 
Bo X Co X AoBi X Co XK Ao -++ By X Co KX AoBo X Ci X Ao + 
By X C, KX AoBo X Co X Ai -++ Bo X Co X Ap. 


The simplex determining the orientation of T;E, X E, X E, is the T,-transform 
of the simplex which determines the orientation of E, X FE, X E,. Writing 
out the latter simplex, and applying 7; to it, we find the desired simplex to be 


Bo X Co X AoBo X Co X Ai «++ Bo X Co X ApBi X Co X Ao ==: 
B, X Co X AoBo K Ci X Ao +++ Bo X Cy XK Ao. 


(8.2) 


(8.3) 


The determinants of the coérdinates of (8.2) and (8.3) are 








H y 2 2 1 yY 2 2 
tf ££ # a ae 
is * # If Ff 
tre # [t_rse? £# 
, and 

ly &¢ # itis Ff # 
tf f # tre? # 
ts Pf ff Lf fF #| 








Since these determinants can be transformed into each other by pq + pr inter- 
changes of rows, we have the desired orientation exponent. 

The relations (8.1) hold also for chains of KS'). Now we consider the set of 
m-cycles ai X a} X a!(p + q + 7 = m) which constitutes a minimal base for 
weak homology of m-cycles on K'). Since the formulae (8.1) tell us the precise 
effect of any 7, on any cycle of this base, we are able to write out the matrix 
(x7), and to compute its rank, as we did for the 2-fold symmetric product. 
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We omit the details of this process. The result is as follows: 
THEOREM 5. The m-dimensional non-modular Betti number of the 3-fold sym- 
metric product ks, of a simplicial complex K,, is given by 


3 m (Kan) — R(K,,) — R;(K,) pals “ itor RAK,) (m * 3s), 
Rm (kan) = 3[Rn( Kon) = R.(K,)] -L RK,) — Ri(K,) — R(K,) = P= > RAK,) 
(m = 3s), 


where l is the highest odd integer = m/2. 

Since p = 6, the same formulae yield the Betti numbers mod x“ provided x is a 
prime > 3, where now all Betti numbers in these formulae are understood to 
be Betti numbers mod rr“. 

Example. Let K, be a 1l-sphere H;. On K;, = Hi X Hi X H, we have 
Ro = R; = 1, R, = R, = 3. On Kn = A(A, > H, x H,), we have 


9. q-fold symmetric products. Consider a cell of the form 
(9.1) E,.XE.X:-:-- XE, (q factors) 


Let us call any transformation which interchanges two adjacent cell-symbols in 
(9.1) an “inversion.’”’ For example, the transformation that takes (9.1) into 
E, X E, X --- X E,is aninversion. From a consideration of the structure of 
the determinants involved in the computation of the orientation exponents (§8), 
it is easily seen that any inversion applied to (9.1) will introduce a factor of — 1 
with an exponent equal to the product of the dimensions of the cell-symbols 
interchanged. Since any transformation of the symmetric group on q letters 
can be produced by successive inversions, its orientation exponent can be deter- 
mined. It seems to be impossible to write a general expression for these ex- 
ponents in terms of q; the difficulty of generalization seems to be at least partly 
group-theoretic. However, for a given integer g > 1, we can write out the 
transformations of the symmetric group on q letters, and compute the orienta- 
tion exponents of each. These exponents give us exact knowledge of the effect 
of each T, upon any cycle. Now, given a definite complex K,, we can write 
down the cycles of a base for ~ of m-cycles on Kn. Then we can write out the 


q!-1 

q! matrices ("a> ;) and compute the rank of (27;) = } a ("a> ;). Thus, we can 
X=0 

find the Betti numbers of the q-fold symmetric product k,, for a given K, and a 


given q. 
Example. Let K, be a 1-sphere and gq = 4. Then on K,, we have 


R. = Rw 1, Ro Ry = 4, = 6. 
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It is easy to pick out a basal set of cycles for each dimension. Computing the 
orientation exponents of the 24 transformations of G, writing out the 24 matrices 
("a*;) for each dimension, and so on, we find that on ky, we have 


Ro = Ri = 1, Rp = Rs = Ry = O. 


Part III 


We shall now determine the mod 2" Betti numbers R,,(k2,, 2") of the 2-fold 
symmetric product k2, foru > 1. All homologies and equations in the following 
sections will be understood to be homologies and congruences mod 2“, u > 1. 
Unless otherwise indicated, all cells, chains, ete., will be of dimension m. 


10. Let W', W?, --- , W" be the cycles of a base for weak homology of m- 
cycles and Z', Z*, --- , Z*, the cycles of a base for m-dimensional zero-divisors 
of a given complex K. 

If C',C?, --- , D', D®, --- , ete., are chains of the same dimension, the symbol 
[C, D, ---| shall denote a linear combination of these chains with integer co- 
efficients not all zero. If the coefficients of such a linear combination are either 
0 or 1, not all zero, we write {C, D, ---}. If the coefficients of a linear com- 
bination are allowed to be all zero, we write [C, D, ---]’ or {C, D, ---}’. If the 
same symbol appears more than once in an argument, it does not necessarily 
represent the same linear combination at each occurrence. 

(10.1) There can exist no relation of the form 2X ~ {W} + [Z]’. 

Proof. Certainly X ~ =A,W‘ + [Z]’. Let ¢ be the l.c.m. of the orders of 
the Z’s. Since our modulus 2“ is a power of a prime, it is easily shown that ¢ 
is not congruent to zero. Now 


(10.2) 2X ~ 2t(A,\W' + A.W? + --- + AW’). 
Suppose there were a relation of the form 2X ~ = a;W‘ + [Z]’ where the a’s are 
0 or 1, not all zero. Then 
(10.3) 2X ~ t(a,W' + aW? + --- +a,W’). 
Hence 2¢ ~ 0. From (10.2) and (10.3) we obtain 
0 ~ (2A; — a,)W' + --- + (2A, — a,)W’. 


Therefore (2A; — a;) = 0 for all values of 7 But some a; = 1. Therefore 
some 2A; — a; is odd, and ¢t must be congruent to zero. This is a contradiction. 
If there are no zero-divisors on the given complex, the proof is essentially the 
same. 


11. From this point on all chains, ete., shall be of Ke, or the subdivision Ky‘; 
(Part II) unless otherwise stated. 

If a chain has” no cells of K°, we shall attach an asterisk to its symbol, 
as X*. If a chain has only cells of K°, we attach a zero to its symbol as X°. 


1 A chain is said to ‘“‘have’’ a cell if the cell occurs in the symbol for the chain with a 
non-zero coefficient. 
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If TX = X = eX, |e| = 1, the chain X will be called invariant. Sometimes 
an invariant chain will be called positively or negatively invariant according as 
e=-+lor—1. If X = X, then X is of the form X* + X* + X°; andif X = 
—X, then X is of the form X* — X*. If H — C, where H and C are both posi- 
tively or both negatively invariant, we write C ~ 0. These special homologies 
obey the same rules as ordinary homologies. 


(11.1) There can exist no relation of the form 
L+L+ {Ww} + (ZY) ~0, 


where the cycles W%, Z% form bases, as in §10, for K°. 
Proof. Suppose there were a relation 


(11.2) H+H+H->L4+L 4 {W% 4+ [Z) ~0. 
In any case we can write L + LZ = L* + L* + 2L°, so that (11.2) becomes 
(11.3) H+A+ H°—>L* + L* + 21° + {WwW} + [Z%’. 


Let H + H — L* + L* + X°, say. If a cell of K} occurs in F(H), it occurs 
in F(H) with the same coefficient, so that X° = 2Y°, say. Therefore 
(11.4) H+A—L* + [* + 2Y°. 
Let L° — Y®° = U®. Then from (11.3) and (11.4) we have 
H® + 2U° + {W®} + [Z°)’ ~ 0, 


contradicting (10.1). 
(11.5) IfH+eH—>C+4C,|\e| = 1, then F(C) ~0. 
Proof. Let L = C — F(H). ThenL—F(C). Now 


F(C) + &F(C) = F(F(H + eH)) = 0. 
Thus F(C) is invariant. Also 
L+eh=C+€cC — (F(H) + F(A)) = 0. 
Hence L is invariant. Therefore F(C) ~ 0. 


(11.6) IfC + C ~0, then the cycle AC either is ~ on kz, to a zero-divisor of k°, 
or is ~ 0 on kan. 

Proof. By hypothesis, H* + H* + H®+~C+ C. Let H* >C — D and 
let H#® > J* Then H* + A* + H®°5C+C-(D4+D)4 P%=C4+ 6. 
Hence J° = D + Dand 2AD = AJ®. But AH® > AJ® ~ 0 on k°; therefore 
2AD ~0onk®. Thus AD either is a zero-divisor of k° or is ~ 0 on k°. But 
AH* — AC — AD. Hence AC ~ AD on ken, which completes the proof. 


12. Leta’ = DtiE*% (i = 1, 2, --- , R,(K,)) be the cycles of a base for weak 
homology of s-cycles of K,. Then 


Ai, = ai Xai = Dotitjes x E8 = > tities x E24 D (ti)2Et x Es. 
a,p ax a 
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(12.1) Associated with each A}, (i = 1, 2, --- , R.(Kn)) there exists on KS}, 
or a suitable subdivision of KS!) a sequence (‘A35, ‘A3!_,, --- , *A2") of cycles 
and a sequence (‘X},, *X3,-,, «++ , *X*,,) of chains such that 

‘Aj = iX% + &XF, |e] = 1; FCX}) = 72, (gj = 28,28 —1,---,8 +1) 
and ‘A? = Wi + Wi + W°*, where the cycles W°* form a base for weak ho- 
mology of s-cycles of K°. 

Proof. Let us drop the superscript 7 temporarily and consider a definite Ao,. 
Let E* X E* be an invariant cell of K., occurring in the symbol for As, with a 
non-zero coefficient. Let SJ, be the flat subspace of S., ($6) which contains 
E* X E* and let (xf, 2, --- , 2%, yf, yz, --+ , yf) be a cartesian coérdinate 
system in Sf, so chosen that T interchanges the points (z, y) and (y, x) of S3,. 
Let | ¥f, | be the set of non-oriented 2s-simplexes by which the subdivision K’$') 
replaces the non-oriented convex cell | Ef X E¢ |. Thespace S},_,, defined by 


the equation xf = y{, contains all the invariant points in the closure Cl | Yf, | of 
|yS, |. It is clear that S},_, subdivides | yf, | by section into two sets of non- 


oriented convex cells, | ¢f, | and | 3, |, which are interchanged by T and are 
such that the closure of each set is the closure of a 2s-cell. Do this for every a. 
By (5.5) we can further subdivide K;') into a complex K%) of simplexes such 
that conditions (a) and (b) of §$1 are satisfied with respect to T. Let yf, and 
$$, be the chains obtained from | yj, | and | $f, | by taking the chain sum of 
their simplexes oriented concordantly with Ef X E%. For the sake of definite- 
ness, let s be odd. Then ¥{, is negatively invariant,” and yy, = $7, — $,. 
Now let 
Xt. = LD tap ET X ES + Lei o5.- 


a<fs 


Then Ao, = X3, — X3, = Adi,say. Since Cl| $f, | is the closure of a 2s-cell, 
F(¢{,) is a simple circuit. Thus, in particular, the 2s-simplexes of F(@¢,) in 
S$,-, oeeur with the coefficient one; hence, they occur in the symbol for 
F(X},) with the coefficient #2. Let ¥f,-, = F(@,) and let | ¥3,-, | be 
the set of the non-oriented simplexes of ¥f,_,. The space S{,_., defined 
by the equations zf = yf, #} = y%, contains all the invariant points in 
Cl | ¥, | and subdivides | ¥f,_, | by section into two sets | ¢f,-, | and 
| 6,, | of non-oriented convex cells, which are interchanged by T, and are 
such that Cl | ¢f,-, | is the closure of a (2s — 1)-cell. Introduce this 
subdivision for every a. By (5.5), we ean again subdivide KS?) into a com- 
plex K;’,; of simplexes so that conditions (a) and (b) of §i are satisfied 
with respect to T. Now, let ¥f,-, and $f,-, be the chains obtained from 
|¥f,—, | and | @f,_, | by taking the chain sum of their simplexes properly oriented. 
Since F(X3,) — F(X},) = F(A!) = 0, F(X.) is positively invariant. Let 
F(X%,) = A2!_,. We have F(Xi,) = r(z ta ts EX X E*) + OC Se. 
a<p 
17 If sis even, ¥f, is positively invariant and yj, = #3, + ¢],- The proof proceeds 


with no essential change. 
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Since ¥{,_, is invariant and A}‘_, is positively invariant, ¥{,_, must be posi- 
tively invariant. Thus we can write 


Asses = Veers + Poona + 282 (680-1 + GS e-1) - 


Let X3.—, = Ys.-. + SE &.-,, 0 that O83... = X3.., + FS... Mae 
Cl | $3 ,_, | is the closure of a (2s — 1)-cell, F(¢f,_,) isa simple circuit. There- 
fore all the (2s — 2)-simplexes of F(¢z,_,) contained in S{,_, occur in the 
symbol for F(¢f,_,) with the coefficient one. Hence they occur in the sym- 
bol for F(X} ,_,) with the coefficient t2. We continue this process until we have 


2°s * 
Asti = > Re+1- 


The space S*, defined by the equations z= = yf (q = 1, 2, --- , 8), contains 
all the invariant points in Cl | yz, | and subdivides | ¥%,, | by section into two 
sets | ¢%,, | and | ¢%,, | of non-oriented convex cells which are interchanged by T 
and are such that Cl | ¢%,, | is the closure of an (s + 1)-cell. We introduce this 
subdivision for every a. By (5.5), we can further subdivide our complex into 
a complex K$') of simplexes which satisfies (a) and (b) of §1 with respect to T. 
Now, F(¢%,,) is a simple circuit. Thus, in particular, all the cells E°* (or the 
smaller simplexes by which they have been replaced during the successive sub- 
divisions) of K° which are on F(¢%,.,) occur in the symbol for F(¢7,.,) with the 
coefficient one. Hence they occur in the symbol for F(X*,,) with the co- 
efficient ¢2._ Thus we can write 


F(X341) = X35 4+ X54 20 Et = Ai’, say. 


But > #2£°* = 3 (2 — t.)E°* + >t,.E°*. Since t2 — t, is even, we can write 
>t E8* =U°+0° +51. E°*. LetW, = X* + U? and W® = 51, E**. 
Then A?* = W, + W, + W°. The symbol for W° has the same coefficients 
as that for a,. Since K, and K°® are identical in structure, the cycles W°* form 
a base for weak homology of s-cycles of K°. 

(12.2) The cycles Aj* (s = 0,1,---,n;h = 8,8 +1, ---,28 — 1) of 
(12.1) satisfy the relation 2A?* ~ 0. 

For, X}4, — A?* by definition, and A?‘ = ¢ Aj’, |¢«| = 1. Therefore, 


Xi41 +e Xi, > 2A,* ~0. 


Consider now a base for zero-divisors of dimension m of Ke,, like that of 
Lefschetz (loc. cit., p. 229) remembering that here Ko, = K, X Ky. Recalling 
the properties of our transformation 7’, it is easily seen that the cycles of this 
base can be renamed 2‘, 2 = TQ‘, and 0‘, where TO‘ = ',|«| = 1. The O’s 
are the cycles of the form bi X bi (m = 2s), where ci,, — ¢'b! on Ky. 

(12.3) Associated with each cycle 0; , of Kon, there exists on Kon, or a suitable 
subdivision of Ken, a sequence of bounding cycles (03°, ‘O3%_,, --- , 02") and 
a sequence of chains (‘t},, €2,-1, --+ , €%4,) such that, for each value of i, we have 


‘e;* = 7 + € 7, |e] = 1; FC) = 5!, (j = 2s, 2s — 1, --- ,8 +1) 
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and ‘97° ~ ¢ Z°* on K° where the cycles Z°' constitute a base for zero-divisors 
of dimension s of K°. 
Proof. We drop the superscript 7 temporarily and consider a definite 
O., = b, X b, where c,4,; — £6,. Consider the bounding relation 
Cs+1 x Cs41 — t b, x Cs+1 + (-—1)**# £ Cs41 xX b,." 


For the sake of definiteness let s be odd. Then ¢,4: X ¢s4: is positively in- 
. . * -* 4 
variant and we can write ¢,4: X ¢si1 = M2042 + 92042. We can choose 7,» 
* a 7k ~: 
so that no.42 — £0. X& Cs41 — Yo,4,- Since 


F(n? +2) + F(a: , +2) = F(es41 x Cost) 
we have 
He o+2 a F Cs44 Xx b, + Tecse . 


Thus Y},., is negatively invariant and can be written as 93,4; — 72..,- Now 
F(¥3.41) = F(ob. X eos) = Pb, X 1b, = O85, say. Evidently 63: is nega- 


‘ * 
tively inv ariant, and can be written as , — £&,. Choose M2 o+1 so that 
1 +1 came fo Po er Since P(ns «+1) — F(A. +1) = f. —_ E sy We have 
aig +17 az) . — Y3,. Hence Y%, is positively invariant and can be written as 


m2. + %:,.. Now "F(¥,) = F(t},) = @2'_,, say. Since 03’_, is positively 
invariant, we write @3!_,= &,-, + &3,-,. Choose 73, so that 
i. 3 1 aad Y3,-1- 
Since F(n2,) + F(@a2.) = &4-1 + &,-1, we have 
ia. > F241 + Y2e-1. 
Thus Y},_, is negatively invariant. We proceed in this way until we have 
Yi+9 = ne+2 = five — F(é?,4) = a < = 0741, say, 


where 7*,, is chosen so that n*,, — &*,, — Y,4,. Now ft4. — 84, — Yyas. 
Thus Y,,, is positively invariant. Finally we write Y,,, — F(é*,,) = 02°, 
say. Let us trace the effect of this process upon a single convex cell E%,, K E%,, 
occurring with a non-zero coefficient in ¢,.; X ¢.41 where ¢,4; = Dt.H%,,. The 
totality of invariant points in Cl| E%,, xX E%,, | constitute the closure of 
an (s+ 1)-cell. Now, the separation of Y{ into n; + 4, |€| = 1, can be accom- 
plished by subdivision by section by means of flat (A — 1) spaces S¥_,, as in 
(12.1). Now Cl| Y,_:! is seen to be composed of points common to Cl | F(n;) | 
and Cl| F(z) |. Hence Cl| Y,4; | consists entirely of invariant points; there- 
fore Y,,; can be denoted by Y°,,. Now, Y°,, = 282 aE yt, by the same argu- 
ment as in (12.1). Then Y°,, = V°,, + Vos, + 2t.4°%,, asin (12.1). We 
have therefore F(Y°,,) = 02" = 2F(V°,,) + F(2t.E°%,). But the chain 
symbol for F(2t,.4°%,) has the same coefficients as that for ¢b,, and can be de- 


18 Lefschetz, loc. cit., p. 227. 
19 Tf s is even, the proof is essentially the same. 
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noted by ¢Z°. Since K, and K° are identical in structure, the cycles Z°‘ form 
a base for zero-divisors of dimension s of K°. Evidently, each ‘62° ~ ¢'Z°'. 

The cycles ‘Aj* arising (12.1) from the cycles A},(s = 2n, 2n — 1, ---; 
i = 1,2, --- , R,(K,)) will be denoted generically by A,. The cycles ‘02° aris- 
ing (12.3) from the cycles 0}, (s = 2n,2n — 1, ---;7 = 1,2, ---) will be denoted 
generically by 6, except for h = s. 


13. We shall need the following lemmas. 
(13.1) If D + «D,\ «| = 1, is a cycle, then D+ <D~ [+ f,A,2 4+ &, O}’. 
Proof. Let e = 1. We have 
(13.2) D+Dw~ (ati + af‘) + [A]! + 26,0! + 6,8) + [ol’. 
Applying T and subtracting the resulting homology from (13.2) we obtain 
0 ~ S(a; — a,)(Té — T+) + [A]’ + 2; — 6) (Q‘ — &) + [Oy 


Hence a; = d;. Also either 6; = 6; or b; — 6, is a multiple of the order of 2. 
In the latter case, we have (b; — 6,)Q' ~ 0, or 6.Qi ~ b,Q‘. Thus in either case 
we can rewrite (13.2) as 


D + D~ Sax(ti + TM) + [A)’ + 2b,(2' + B) + [e)’. 
This completes the proof. If « = —1, the proof is essentially the same. 
(13.3) If Dn + eDn, | €| = 1, is a cycle, then 
Dm + Dm = [Pm + Fm, Amy nm + my Onl’ + [An}’ + [On]! + ZR)’, 


where no A, occurring with a non-zero coefficient is of the form Wn + Wn + WS. 

Proof. By induction. 

(A). By (13.1), the theorem is true for m = 2n, since for this highest dimension 
cycles of type A, 6, and Z° do not exist, and ~ means only =. 

(B). Assume the theorem for the dimension m + 1 S 2n. Case I: let « = 1, 
m = 2s,s odd. By (13.1), there exists a chain H,,,; such that 


(13 .4) Ht > Dn + Dm + [Pn + Pry Amy Qm + Qny Om]! 
Since s is odd, A,, and 0,, are negatively invariant. Hence 
Ant = Ans -—F 2[A., Om)’. 


But 2{A,,, 0,,]’ must be zero for otherwise we would have 2[A,,, @,,.]’ ~ 0 which 
is impossible since the A’s and @’s are elements of a base for homology. There- 
fore Hy4.1 — H+: is a eyele, and by the induction hypothesis 


Aaya == Russ Cut [T'41 = Pestte Qm41 — Omaal’ a f Anis)’ 
+ [Omsi}’ + 2Zn+1)’ 


since there are no cycles As,.; Or Q2,4;. None of the cycles A,,.; or 0,41 Oc- 


(13 .5) 
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curring with non-zero coefficients in (13.5) can be of the form X + X, and 
2(Z°..,] = 0, since the terms of (13.5) must be negatively invariant. Therefore 
Am41 = uae _ muss and Omit = Em+1 _ E nit Now let 


Csr = (Pmt, Qmoil’ + {Xmsi}’ + [Emsil’, 
where the coefficients of the terms on the right are the same as in (13.5). Now 
(13.5) becomes Hinsi — Ainar ~ Cmar — Cm, OF 
(H msi — Cn) - (H mss - Cm+1) ~0. 

By (11.5), F(H nai — Csi) ~ 0, or 

F(H mis) ~ F(C mis). 
By §12, F(Xmu1) = A, and F(En41) = O, or ¢Z>. Thus, 
(13.6) Dm + Dm + [Pm + Pry Amy 2m + Bm On)’ ~ [An]! + [Oml’ + [Znl’- 


By (12.2), [A,,]’ ean be replaced by {A,,}’. Therefore, no A,, occurring in (13.6) 
with a non-zero coefficient can be of the form W,, + W,, + W, for otherwise, 
remembering that the cycles W°‘ form a base for weak homology on K® (12.1), 
we would have a contradiction of (11.1). There remains to be proved only 
that the expression [Z°]’ in (13.6) is of the form 2{Z°]’. We can write (13.6) in 
the form C,, + Cn + [Z2]’~0. That is, 


Vers + Voss + Vous Cn + Cn + (20) = Co + Ce + WCE + (Z8N. 


Now let Ve,., —~ Lo + LS. Thus Va, + Va. ~ 2. + Ke + 2s. 
Let V°., ~J°. Now, 21° + J° = 20° 4+ ([Z2)’. ButJ? ~OonK°. Thus 
2L° — 20° ~[Z3)’. Let Lb —C2 = US. Now 


2U., a [Z2]’ = A,Z°' 4- A.Z°? + eee, 





But the Z°’s form a base for zero-divisors on K°, by (12.3). Therefore the 
A’s must be all even, for U2 ~ 3B;Z2' so that 2U2 ~ 23B;Z°' ; hence 2B; = Ax. 
Thus [Z°]’ is of the form 2[Z°]’. This completes the proof for Case I. The 
other cases (namely: « = —1, m = 2s, s odd; « = +1, m = 2s, s even; and 
¢ = +1, m odd) present no new difficulties and are proved in essentially the 
same way. 


14. Let yi = AD‘. If m = 2s, we have A}, = X}, + X}, according as 
sis even or odd. Let 63, = AX}, if sis even, and let 6}, = 0 if s is odd. 
(14.1) If sis even, 6;, is a cycle and is not null. 

For Xi, — ‘a2{_, = ‘X],-, — ‘X],-, by (12.1). Therefore 


2e-1 
AX}, =p A‘a3?_, = 0. 


Thus 63, is acycle. Furthermore AX;, is not null. For, suppose AX;, = 0. 
Then A’AX}, = A}, = 0, a contradiction. 
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(14.2) The cycles y' and those cycles 5‘ which are not null constitute a minimal 
base for weak homology of m-cycles of ken. 

Proof. The cycles y‘, 6‘ + 0 are linearly independent with respect to ho- 
mology. For, suppose there were a relation 2t,y' + 2s;5' ~ 0. Applying A’, 
we have 2t,(f* + I‘) + 2s,A‘ ~ 0 which contradicts the hypothesis that the 
cycles I‘, I’, A‘ form a base on Ko,. 

There remains to be proved that every m-cycle d of ke, satisfies a relation of 
the form d = [y, 4]’. By (13.3), 


A‘d = D+4+D~([ +f, A,2 +48, 0)’ + {A}’ + [6]’ + 2[2’, 


where A, A, 0, 6 can be written as X + X,x2 + %, ¥ + Y,y + 9 respectively. 
Let 
C= D+ [Fy + [X) + [2] + [YV + {2}’ + ly)’ + (27. 

Evidently C+ C ~0. By (11.6), 
(14.3) d ~ [y]’ + [6)’ + [AQ)’ + [AY]’ + {Ax}! + [Ay]! + [AZ*)’ + 2°, 
where 2 is either null or a zero-divisor of k°. It is easily seen that all the terms 
on the right of (14.3) are = 0 except the y’s and the 6’s. Thus d = [y]’ + [6]’ 
which completes the proof. 

Thus, R,.(k2n, 2"), u > 1, is the number of cycles y‘ plus the number of cycles 
6* not null (14.1). Therefore, 


THEOREM 6. The numbers Ru(ken, 2“), u > 1, are given by formulae (6.5) 
where all the R’s are now understood to be Betti numbers mod 2“. 


BROOKLYN COLLEGE. 




















CONCERNING CERTAIN REDUCIBLE POLYNOMIALS 


By H. L. Dorwart 


1. Introduction. In a joint paper' by Oystein Ore and the author, it has 
been shown that polynomials with rational integral coefficients which take the 
values + p (parational prime) for m integral values of the argument must take 
the same value +p or —pfor m > 5, and consequently have the form 


(x — a) (a — az) --+ (@ — Gm) h(x) + p. 
In the same paper it has also been shown that integral polynomials of the form 
(1) f(z) = a(z@ — a) --- @—a,) +p 


for n > 6 are irreducible in the rational domain if n is odd, and if n is even they 
may have only two factors of the degree n/2.2_ A new proof of this result is 
contained in a recent paper by A. Brauer.* In this paper, Brauer also raises the 
question whether or not these reducible polynomials can exist for every even n. 
A numerical example of eighth degree for the prime 2879 has been given by 
Pélya,* and one of tenth degree for the prime 10079 is contained in Brauer’s 
paper. However, neither of these writers has obtained any general results 
on the subject. 

We shall here find an expression for the necessary and sufficient conditions 
for the reducibility of these polynomials. From this result follows first the 
theorem of Brauer that the sum or difference of two such factors is a constant. 
Furthermore, it reduces the problem to well known problems in Diophantine 
equations for which partial solutions exist, and these solutions in turn give 


Received by the Editors of the Annals of Mathematics February 27, 1934, accepted by 
them and later transferred to this journal. Presented to the American Mathematical 
Society, December 26, 1933. 

1H. L. Dorwart and Oystein Ore, Criteria for the irreducibility of polynomials, Annals of 
Math., (2), vol. 34 (1933), pp. 81-94. 

? That this theorem does not hold for n = 6 is shown by the following class of polynomials 


r(x + 1)(z — 1)(z — 2)(a — a)(x — B) — p 
= (x? — x — 1] [xt — 22° — (p+ 1)z?+ (p+ 2) 24+ p]) 


for primes of the form a? — (a + 1), where a is a positive integer > 2and8 = 1 — a. 
* A. Brauer, Bemerkungen zu einem Satze von Herrn G. Pélya, Jahresber. Deutschen Math. 
Ver., vol. 43 (1933), pp. 124-129. 
‘Georg Pélya, Verschiedene Bemerkungen zur Zahlentheorie, Jahresber. Deutschen 
Math. Ver., vol. 28 (1919), p. 40. 
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various new decompositions for our polynomials. The new form of the problem 
also seems to indicate that decompositions exist for arbitrarily high degrees. 


2. Necessary and sufficient conditions. Since we are considering only even 
degrees, let n = 2m. Next, let k(x) be a factor of f(x) which takes +1 for 
M@, +++ ,Qm. Form > 5, it will have the form 


k(x) = b(t — a) --- (x& — an) + 1. 


But k(x) must take +p for a,4:, «++, @n, and the conditions to be satisfied are 
b(a; — a) --- (@i — an) = +p — 1 (i =m+1,---,n). 
The other factor, say I(x), must take +p for a, --- , Gm, i.e., 


I(x) = c(x — a) --- (@ — an) + p, 

and must take +1 for an4:, --- , @n. Hence the conditions 
c(a; — a) --- (@i — an) = 41 Fp (i =~m+1,---,n) 
must also be satisfied. These conditions can exist simultaneously with those 


for k(x) only if b = ¢ = Va, and if the minus sign is chosen in front of the 1 
and the signs in front of the p are reversed, i.e., k(x) and I(x) must take the values 


| a, oe an Am+ly wingiae- a, 
k(x) | +1 +p(—p) 
U(x) | —p(+p) -1 
and the reducibility conditions are 
Va(a; — a) --- (a; — an) = +p — 1, (¢=m-+1,---,n). 
A similar situation results when it is assumed that k(x) takes —1 for ay, -- + , Gm 
ete. Hence we have the necessary and sufficient reducibility conditions for 
m > 5,i.e.,n > 10. It can easily be shown that these conditions also hold for 
n=10. For this degree, as stated in the introduction, decomposition is possible 
only in two factors of equal degree. Each factor must take +1 five times and 
+p five times. However, it has already been shown’ that it is not possible 
for such a factor to take five values +1 unless it takes only either +1 or —1 
five times, in which case we have the situation discussed above. We can there- 
fore say: 
THEOREM 1. The necessary and sufficient conditions for the reducibility of the 
polynomials (1) of even degree n = 2m forn > 8 are 


(2) Vala; — a) --+ (a; — an) = |p +1} (i =m+1,---,n), 











5 Dorwart and Ore, I.c., p. 85. 
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and the decomposition can be made in any one of the four equivalent forms 
[Va(z—a@) +--+ (@— Gn) + [Vale —a) --- (@ — an) + 2D] 
[Va(x — a) Om) + I[Va(z — ams:) +++ (2 — aa) F 1] 
[Va(z — ansi) +++ (@ — an) F piiva(z — a) --- (@ — an) + 
[Va(x — ams) +++ (@ — an) F pilVa(e — anys) +++ (@ — an) ¥ 1], 


with proper attention to signs. 
3. Equivalent problems. From Theorem 1, evidently a must be a perfect 
square and +a must be a divisor of |p +1]. Let|p+1] = Va-d. Then 


the conditions (2) reduce to 


-_“- 
y 
| 


(3) 


(4) (a; — a) --- (aj —a,) =d (i =m+1,---,n). 
Let o1, o2, --- ,¢m be the elementary symmetric functions of a, --- , Qn, 
and pi, p2, --- , Pm be the elementary symmetric functions of an4:1, --+ , Gn. 
Then conditions (4) become 

(5) a? — ay ' + o,a7* — --- + (—1)"om —d = 0 


(¢=m+1,---,n), 
which are easily seen to be equivalent to 


(6) o1 = Pi, 2 = Pr, wees Tm—1 = Pm—-1; | om — Pm | = d. 


For a set of integers satisfying the first m — 1 of these conditions, the last one 
determines d, which in turn for a given »/a determines p. In fact, a well known 
theorem of Dirichlet® states that there will be an infinite number of primes p 
available. 

A new wording of the first m — 1 conditions of (6) gives rise to 

TuroreM 2. The reducibility conditions of Theorem 1 are essentially equivalent 
to the problem of finding two equations of m* degree differing only in the constant 
term, each having m distinct integral roots, and the m roots of the first equation all 
distinct from the m roots of the second equation. 

As Dickson has noted,’ this problem came up in the early attempts to find 
rapidly converging series convenient for the computation of logarithms. A 
paper by E. B. Escott* contains most of the earlier results and shows how to 
compute numerical examples for m = 3, --- , 7. 


4. Furthermore, it is known’ that the problem of Theorem 2 is equivalent 
to a special case of the problem of Equal Sums of Like Powers of Diophantine 
analysis, i.e., 

THEOREM 3. The reducibility conditions of Theorem 1 are essentially equivalent 
to the problem of finding the distinct integral solutions of the system 


® See Dickson, History of the Theory of Numbers, vol. 2, p. 415. 
7L.c., footnote 6, p. 714. 
§ Quarterly Journal Math., vol. 41 (1910), pp. 141-167. 
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DYLa= Dd ai (k= 1,---,m—1). 
i=1 j=m+1 
General solutions of this problem have been found’ for m = 3, 4 and numerous 
papers” give special solutions and numerical examples for m = 5, --- , 8. 


These in turn furnish reducible polynomials of the type (3) for n = 8, 10, 12, 14, 
16. The following examples involve the smallest primes for degrees 8, 10, 12 
that this writer has been able to find. 


a(x — 1)(x — 2)(a — 4)(x — 7)(a — 9)(a — 10)(a — 11) +- 179 
= [x(x — 4)(x — 7)(x — 11) + 179][(x — 1)(x — 2)(x — 9)(x — 10) — 179}. 
(x? — 1)(2? — 5*)(2? — 7*)(z? — 8?)(x? — 9?) + 5039 
= [(z — 1)(@@ — 5)(@@ + _7)(@ + 8)(@ — 9) + 5039) 
[(z + 1)(@ + 5)(@ — 7)(@ — 8)(@ + 9) — 5039). 
(2? — 1)(a? — 5*)(2? — 6*)(2? — 9?)(a? — 10?)(2? — 11°) + 100799 
= [(x? — 1)(z? — 9?)(a? — 10°) — 100799] 
[(a? — 5*)(a? — 6*)(a2? — 11%) + 100799]. 


5. Application of method. In conclusion, we shall show that our methods 
can also be used to determine the integral polynomials of degree n which 
take + the same integer N 2n times. They are necessarily of the form 


(7) a(x — a) --- (x —a,) + N, 

and the conditions to be satisfied are 

(8) a(a; — a;) --+ (ai — an) = +2N (i =n+1,---,2n). 
By the reasoning previously employed, these are equivalent to 

(9) o1 = Pl, o2 = p2, coe On-1 = Pn-1; |on — pn| = 2N/a 


or 


(10) Ee 2 aj (k=1,---,n—1), 


lon — pn| = 2N/a. 


TueoreM 4. Integral polynomials of degree n which take + the same integer 
N 2n times can exist only for those values of N for which the conditions (9) or (10) 


can be satisfied. 
Examples of these polynomials are: 


a(x — 3) +: 1 = (x — 1)(z — 2) - 1, 
a(x — 4)(x — 5) — 6 = (x — 1)(a — 2)(x — 6) + 6G, 
a(x — 4)(x — 7)(x — 11) + 90 = (x — 1)(x — 2)(a — 9)(x — 10) — 90, ete. 
WILLIAMS COLLEGE. 


® L. E. Dickson, Introduction to the Theory of Numbers, pp. 49-58. 
10 L. ¢., footnote 6, pp. 705-713. 











ON SOME CHARACTERIZATIONS OF 2-DIMENSIONAL MANIFOLDS 


By Easertus R. vaAN KAMPEN 


1.1. Object. A large number of papers have been devoted to the problem of 
finding topological characterizations for 2-sphere, 2-cell or 2-dimensional mani- 
folds (finite or infinite) of different type. Through complicated cross-citation 
on the one side, improvements in the available methods on the other side, the 
study of these papers seems to be at present so much harder than necessary for 
anybody not already thoroughly acquainted with the ideas used, that the 
publication of a systematic, simplified exposé of the attained results seems to be 
the only way of giving these results the place they deserve in the theory of point 
sets. The results could of course be simplified and extended in several direc- 
tions. In an appendix we prove that the 2-dimensional generalized manifolds 
of Cech and Lefschetz are ordinary manifolds. 

1.2. Outline of contents and methods. The Theorems I to V” of this 
paper are very closely related in formulation and proof. This formulation can 
be reduced to the following scheme. A compact or locally compact Peano space 
contains at least one curve of one of a few simple types; every curve of that type 
separates and no closed subset of such a curve separates the space; then the space 
is homeomorphie with some type of 2-dimensional manifold. In this way we 
treat in I and III the 2-sphere, in II the closed 2-cell, in IV the 2-dimensional 
manifold without boundary, in V the open (infinite) 2-dimensional manifolds. 
The investigation of the set of conditions in IV for a 2-dimensional manifold 
without boundary was suggested by Zippin. We could have given a characteri- 
zation of the 2-dimensional manifolds with boundaries by suitably combining 
the conditions of land IV. As the result is less elegant and its formulation and 
proof do not need any additional idea, we leave this to the reader. 

The proofs show of course the effect of the similarity in statement. In later 
proofs many arguments have been left out simply because they have already 
occurred before. In the proof of I the most important part is the cutting up of 
the space by a linear graph in arbitrarily small pieces. Different ways of doing 
this have been used by Moore, Gawehn, Radé (3). We finally used directly a 
method of approximating a sum of ares by a linear graph suggested originally by 
Zippin for the proof of a lemma. The whole argument has been formulated 
in such a way that it can be used without any change several times more. 

Theorems VI and VII contain characterizations by means of Vietoris chains of 
the compact types of 2-dimensional manifolds. Theorem VII was proved by 


Received by the Editors of the Annals of Mathematics February 10, 1934, accepted by 
them, and later transferred to this journal. 
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H. Whitney (14). The theorems are very easily reduced to preceding theorems. 
We suppose knowledge of the combinatorial notions and theorems used. 

In the rest of the paper we give an account of the consequences that can be 
drawn for Peano spaces from different forms of various parts of the theorem of 
Janiszewski. Some of the theorems given were proved by Kuratowski (8) and 
Zippin (9). The proofs in that section are held rather short, but they are all of 
classical type so that more elaboration seemed superfluous. 

1.3. Review of the literature.' In (1) Moore gave three systems of 
axioms for plane topology, proving in (2) that the spaces determined by his 
systems were really homeomorphic with the plane. In (3) Moore and Kline 
announce that certain conditions, of which the important ones are part of or 
closely related to the Jordan curve theorem, are sufficient to characterize the 
2-sphere among point sets situated in 3-space. Their proof does not seem to 
have been published. In (5) Miss Gawehn proves independently that a slightly 
modified set of conditions will define 2-dimensional manifolds without boundary 
among arbitrary Hausdorff spaces. 

With (6) the line of attack undergoes a definite change. There Kuratowski 
announces a system of axioms for spherical topology of which the principal part is 
formed by the theorem of Janiszewski. His proofs will be found in (8). In the 
system of axioms given by Woodard in (7) following more closely the scheme of 
Moore in (1) the most important axiom shows some similarity to the Janiszewski 
theorem too. In (9) Zippin investigates what kind of Peano continua satisfy 
the Janiszewski theorem. His results are that in compact (locally compact) 
locally connected, connected spaces satisfying the Janiszewski theorem, the non- 
degenerate cyclic elements are homeomorphie with a 2-sphere (a region on a 
2-sphere). A systematic account of the results in this line will be found from 
9.1 on in this paper. 

Again a change takes place. In (10) Wilder announces and in (11) he proves a 
characterization of the sphere for the purely utilitarian purpose of characterizing 
the domains determined in 3-space by a sphere. He uses again elements of or 
related to the Jordan curve theorem. Attacking the problem on its own merits, 
Zippin then finds in (12) considerably simpler results capable of extension to 
regions on the sphere. He treats the subject in two different ways (pp. 333-340 
and pp. 341-349 of (12)). The results he arrives at by the second treatment 
cannot be considered as final and are not considered in this paper. The results 
of the first way of treatment will be found in the theorems I, I’ and V’ of this 
paper. In (15) Zippin gives a characterization of a closed 2-cell closely analo- 
gous to the first treatment of the sphere in (12). His result will be found in 
Theorem II of this paper. In the meantime Roberts (13) had given a char- 
acterization of 2-dimensional manifolds without boundary and Whitney (14) 
had given a characterization of the closed 2-cell using an entirely different and 


1 Numbers in parentheses refer to the list of literature at the end of this paper. Less 
common terms will be explained in sections 2.1 to 2.4. 
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very powerful condition (namely the existence of a certain type of chain). See 
for his result theorem VII of this paper. 


2.1. All spaces mentioned in this paper will be separable, metric spaces. We 
call a space compact, if every infinite number of points in it has a limit point in it; 
locally compact, if each point has a neighborhood with compact closure; connected, 
if the space is not the sum of two closed and open subsets that have no point in 
common; locally connected, if each point is in arbitrarily small connected open 
sets. 

2.2. A locally compact, connected and locally connected space we call P-space 
(Peano). 

A P-space is arewise connected. Any connected open subset of a P-space is 
again a P-space. If a P-space H is closed in a P-space K, the sum of H and any 
number of components of K—H is again a P-space. 

2.3. A P-space is called cyclic if it has no cut points, that is, if it is not dis- 
connected by the removal of one point. Any two points on a cyclic P-space 
K are on a simple closed curve in K; any three points on K are in arbitrary order 
on an are in K, 

If a non-degenerate point set H in a P-space K is not separated on K by any 
cut point of K,then H determines uniquely a maximal cyclic subset of K, the 
cyclic element determined by H in K. Such a cyclic element C is a P-space, 
closed in K, contains all ares in K with end points in C and each point of K — C 
can be separated from C by a cut point on C.* 

2.4. If an are is not determined by a small Greek letter, we may name it by 
writing down in the correct order all letters representing points on that are that 
have been named. If @ or pqr is a closed arc, < a > or < pgr > is the cor- 
responding open are. 

We say that an are spans a point set if it has the two end points and nothing 
else in common with that point set. 


3.1. THeorem I. A compact P-space D satisfying the following three conditions 
is homeomorphic with a 2-sphere: 

Ia. D contains at least one simple closed curve. 

Ib. Every simple closed curve of D separates D. 

Ie. No closed arc of a simple closed curve of D separates D# 

The proof of this theorem has been so constructed that the last part (4.1) to 
(4.5) can be used without any change in the proof of later theorems. 

3.2. The following condition is equivalent to Ic: 


2 We consider here only non-degenerate cyclic elements. For proofs of the theorems 
mentioned see G. T. Whyburn, On the cyclic connectivity theorem, Bull. Am. Math. Soc., 
vol. 37 (1931), pp. 429-433. We have substituted the simpler term cyclic for cyclically 
connected. 

3 Ia and Ie could be replaced by the slightly stronger condition: No closed arc of D sepa- 
rates D. This can be proved by the methods used for Id and If. 
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Id. Every component of the complement of a simple closed curve a of D has all 
points of a as limit points. 

It is trivial that Ie follows from Id. The converse is proved as follows. If 
any component of D — a did not have all points of a as limit points, it would be 
separated from the rest of a by a closed are containing all those limit points. 

Ie. D is cyclic. 

This follows from Ia and Ie and implies of course Ia. It is equivalent to the 
statement that the cyclic element (see 2.3) of D containing a certain simple 
closed curve is equal to D. If this were not true, the cyclic element would 
contain a cut point of D through which passes a simple closed curve, in contra- 
diction with Ie. 

3.3. Take a simple closed curve J in D. D cannot contain three arcs dy, \2 and 
u spanning J with the following properties: < \, > and < 2 > are in different 
components of D — J. yw does not meet d; and its end points are separated on J 
by those of \;, (i = 1, 2).4 

J +, + A» contains a simple closed curve J’ not meeting uw, such that 
J +r. + A + uw — J’ consists of two open ares in J connected by u. Each 
component A of D — J’ must contain points of the components B, and By, of 
D — J containing < \; > and < d» > (see Id). As B, and B, are different, A 
must contain points of J. But all the points of J left over are on one component 
of D — J’. This gives a contradiction to Ib. 

If. Every simple closed curve of D separates D into exactly two components. 

In any component A of D — J we can draw a spanning are of J of which the 
end points are on two given open ares of J. For A plus the open ares is a con- 
nected set because of Id. It is a P-space for it is a connected open subset of 
the closure of A (2.2). Accordingly it is arewise connected and If follows 
because we could now draw three ares like \;, A: and uw if we had three compo- 
nents available. 

If can of course replace Ib. If + Idis the Jordan curve theorem. Ia + If + 
Id is equivalent to Ia + Ib + Ic and so Theorem I is equivalent to the following: 

THEOREM I’. A compact P-space satisfying non-vacuously the Jordan curve 
theorem is homeomorphic with a 2-sphere. 

3.4. If a, 8 and y are three arcs with common end points, then D — (a + 8 + y) 
is the sum of three components having a + 8,8 + y, a + y as their boundaries. 
The component separated by a + 8 from < y > and two analogous ones are 
separated in D — (a + 8 + vy) and have the correct boundaries. Any addi- 
tional component E would have to possess boundary points in the interior of 
a, 8 and y for otherwise one of the three simple closed curves would separate D 
into three components. The contradiction of 3.3 can now be found using 
a + 8 as simple closed curve, an are in E from a point of < a > to a point of 


* The addition of simple drawings here and at several other points might have simplified 
the presentation. However, nobody who is sufficiently interested will have any trouble 
supplying them himself. 
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<8> as u, y as \;, and a spanning are of a + 8 in the component with the 
boundary a + £ as do. 


4.1. A simple closed curve J divides D into two components. We will prove 
that the closure C of any one component is now homeomorphie with a 2-cell, 
such that J corresponds to the boundary of the 2-cell. Theorem I is then a 
trivial consequence. 

A subdivision of C by means of a graph G is called a C-complez [C] if the graph 
G=J+ > «a; can be constructed by doing n times the following step: add 


toJ + > a; aspanning are a,, of J + > a;inC. The 0-, 1-, and 2-cells of 
[C] are the 0- and 1-cells of G and the components of C — G. The boundary 
of a 2-cell consists of all 1-cells in the interior of which the 2-cell has a limit point. 

If a C-complezx [C] is given, we can find a subdivision of the 2-simplex C’ by means 
of polygons such that the resulting complex [C’} is isomorphic with (C]. 

The word isomorphic means that a one-to-one correspondence between the 
cells of the two complexes can be established such that the relation on the bound- 
ary of is invariant under that correspondence. 

This can be proved by induction on the number of spanning ares used in 
constructing the graph G defining [C]._ We assume the theorem is proved for G, 
defining [C],, and we will prove it for G. = G, + a, defining [C],, where a is an 
are in C spanning G,. The 2-cell A of [C], containing < a > has for its bound- 
ary a simple closed curve, divided by a@ into two ares 8; and 6. Corresponding 
to these we have in [C’], the ares 8; and 8; and a2-cell A’. In A’ we can con- 
struct a polygonal 1-cell «’ joining the end points of 8; (or B;). This divides A’ 
into two 2-cells B, with boundaries 8; + a’, (i = 1, 2). But, according to 
3.4, A is divided by a into two components with boundaries a + 6), and a + 2, 
so that the isomorphism has been extended to [C.]. 

If a subdivision of C’ into a C’-complex [C’] is given, we can find by the same 
method an isomorphic C-complex [C] provided that each spanning are used in the 
construction of [C’] has its end points in the interiors of two 1-cells of the complex 
at that stage of construction. If we did not make this restriction, we would 
have to prove accessibility of points of simple closed curves in C in order to find 
the are corresponding to some are in C’. It is possible to do this, but entirely 
superfluous. 

The closure of each component of D — G is cyclic. See for the proof Ie in 3.2. 

4.2. A pair of points p and q in C can be separated by a spanning arc of J. 
If p is not in J, we can find a spanning are of J through p. If it meets q, we can 
easily change it so that it does not meet g. Then if q is not in J, we can find a 
spanning are through q and change it so that it does not meet the spanning are 
through p. Now p and q are on a simple closed curve containing two subares of 
J separating p and g. A spanning are in C of that simple closed curve between 
points of those subares will separate p and q. 

We now construct a finite number of arcs, not necessarily forming a graph, and 
dividing C into arbitrarily small pieces. For a given 6 > 0 we cover D by a finite 
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number of closed sets V;,i = 1, --- , n of diameter less than 6/2. Because V; is 
compact we can find for any point p of C — V; a finite set of spanning arcs of J 
such that p is separated from any point of V; by at least one of those ares. The 
set of points p separated from any point of V; by one of those ares contains a 
neighborhood of p, so that we can find a finite set of such finite sets of ares, 
such that if V;-V; = 0, any point p of V; is separated from any point g of V; by 
one of those ares. Doing this for all pairs of sets V ; having no points in common, 
we find a finite set of spanning ares of J, a --- a», such that any pair of points, 
taken out of any pair of sets V; having no point in common, is separated by one 
of those ares. 

4.3. We construct a sequence of C-complexes [C]; defined by graphs G; contained 
in J + Za; and approximating J + 2a;. They will depend on a sequence of 
numbers €;, €: > €:4: > 0, €; > 0. Gp is equal to J and equal to Gj. If the 
graph G/ has been defined and j < p, we take for Gi*' the sum of G/ and all 
sub-ares of a;+;, spanning G/, such that the end points of each sub-are cannot be 
joined in G‘ by an are of diameter less than ¢; (for instance, G) = J + m if is’ 
not too big). The number of such arcs is finite because G? is locally connected, 
so that G‘*' is really a graph. If G/ has been defined and j = p, we put 
G2 = Gi = Goa. 

The graphs G; have the property that for a certain m, G,, contains a spanning 
arc of J separating any pair of points taken from any pair of sets V; having no 
point incommon. If this were not true, we could find a sequence of such pairs of 
points p:, g; such that G; contains no are separating p; and g;. For some 
sequence of integers v;, p,; and q,,; will both converge. We call the limits p and 
q. They will be in some sets V, and V; having no point in common, so that 
there will be an arc a separating them, with end points z and y. No G; will 
contain an are separating them. For any such are would separate p,,; and q,; 
for some »; > 7 and be contained in G,,, contrary to our assymption. 

We join p and gq to J by two arcs 7; and 72 not meeting a; and determine a 
number k such that « is less than the distance from 7; + y2 toa. If Uisan « 
neighborhood of a in C, then x and y must be in one connected set of U’ = U- G,. 
For if U, + U, is a separation of U’ between z and y, U, will contain a last 
point r of a and U, will contain a first point s after r of a. Then G, must 
contain an are of diameter less than «, between r and s and this are must be in 
U’, which is absurd. Then U’ must contain an are 8 = ry and 8 must contain a 
spanning are of J separating the end points on J of y; and 72, and accordingly 
separating p and q. 

4.4. The C-complez [C} defined by G,, is of mesh less than 6, for any two points 
on the closure of the same 2-cell of [C], must be on the same or adjoining sets 
V ;, so that their distance must be less than 6. 

We construct a polygonal subdivision [C’],, of C’ similar to [C},, and a polygonal 
subdivision [C’] of [C’]m (taking care that any new end point is in the interior of 
some old 1-cell) of mesh less than 4, finally a subdivision [C]; of [C],, similar to 
[C’]s. 

We have seen how to construct for C and C’ similar subdivisions [C]; and [C’], of 
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mesh less than 6. But then we can construct a sequence of such pairs of similar 
subdivisions [C]s, and [C’]s,, where 6;—> 0, for we can repeat the process applied 
to C, for the closure of any 2-cell of [C],,. 

4.5. The sets of 0-cells of all [C]s;’s and [C’],,’s form two one-to-one corresponding 
everywhere dense point sets in C and C’. This correspondence is uniformly con- 
tinuous both ways. Let « > 0 be given; find n such that 26, < ¢, now find 6 > 0 
such that two points of distance less than 6 in C or in C’ are in or on the boundary 
of the same or adjoining 2-cells of [C|;,, or [C’]s,. If such a é did not exist, we could 
find two sequences of points p; and q; convergent to the same point p of C 
(or C’) and not in adjoining 2-cells. We can assume that all p; and all q; are 
on the closure of the same 2-cell of [C]s, (or [C’]s,.) because there are only a finite 
number of such 2-cells to choose from. But the point p belongs to the closure of 
both 2-cells so that they were adjoining after all. 

If two vertices of any subdivision of C (or C’) have a distance less than 4, 
their corresponding vertices in C’ (or C) are in or on the boundary of the same or 
adjacent 2-cells of [C’],,, (or [C]s,,), so that their distance is less thane. This makes 
the correspondence uniformly continuous. 

Now the correspondence of the two sets of vertices can be extended to a 
topological transformation of their closures. But these closures are identical 
with C and C’, so that C and C’ are homeomorphic. This can of course be 
extended immediately to prove that D is homeomorphie with the 2-sphere D’. 


5.1. Turorem II. A compact P-space C containing a simple closed curve J 
and satisfying the following three conditions is homeomorphic with a closed 2-cell: 

Ila. C contains an arc spanning J. 

IIb. Every arc of C spanning J separates C. 

IIe. No proper closed subset of an arc spanning J separates C.® 

Section 5.2 is closely analogous to 3.2 and 3.3. In 5.3 and 5.4 we prove that 
each component of the complement of a spanning are of C contains a point of J. 
In 5.5 we prove that C — J can be considered connected, which makes C cyclic 
and in 5.6 we prove that each part of C determined by a spanning arc has all the 
properties we supposed for C. After this point the proof of Theorem II is 
identical with the sections 4.1 to 4.5 of the proof of Theorem I, and may be 
omitted. 

5.2. Let a be an are spanning J. Every component of C — a has every point 
of a asalimit point (see 3.2). 

C cannot contain three arcs dy, 2 and yu with the following properties: d, and dz 
span J + a and their interiors are contained in different components of C — a. 
u spans a and does not meet d;. One end point of d; is on a between the end points 
of « and separated on J + a by the end points of u from the other end point of X. 
These other end points of ; are separated on a by each end point of u if they are on a. 


5 Here as analogously in Theorem I conditions Ila and Ile can be replaced by the 
following slightly stronger one: C is not disconnected by the sum of two arcs that do not 
meet and each of which has one end point in common with J. 
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If such ares Aj, \; and y» existed, we could find an are 6 spanning J, consisting 
of Ai, A: and 0, 1, 2 or 3 ares on a, depending on whether the first end points of A; 
mentioned coincide or not and on whether the other end points are on < a > 
or not. Every component of C — 6 would have to contain points of a (see 3.3), 
but all remaining points of a are on one component of C — 6, so that C — 6 
would be connected. It follows that C — a consists of exactly two components 
(see If in 3.3). 

5.3. From now on till a contradiction is proved we will suppose that C — a has 
a component A, not containing a point of J. Let the end points of a be called 
x and y. 

A’ = A — xis cyclic.* < a > does not contain a cut point of A’ because we 
can draw an arc in A’ having its end points on two given open intervals of a 
(see If in 3.3). So a@ must belong to a cyclic element of A’. If this is not equal 
to A’, it contains a cut point z of A’ through which passes an are zzy. But 
then the subset x + z of xzy would disconnect C in contradiction with IIc. 

We will say that an arc 8 covers t if 8 has end points x and y, contains a subare 
xz of a, is contained in A, and if ¢ is contained in the component of C — 8 con- 
taining C — A. Each point t of A’ is covered by at least one arc. Because A’ is 
cyclic, it contains an are zly spanning <a> + y. In the component of 
C — xzty not containing C — A we can construct an are < sry >, son < 2t >. 
Then zzsry covers t. 

If U is an open subset of A containing z and U does not contain y, then each 
point of the (compact) boundary A” of U can be covered by some are, and each 
are covers an open subset of A’. Accordingly we can find a finite set of ares 
a --+ @, covering all points of A’’. In the next section we will prove a con- 
tradiction starting from this statement. 

5.4. We define a sequence of graphs G; approximating < a > + Za; analogous 
to the sequence of 4.3. There must be an m such that for each point p of A” 
there is an arc contained in G,, covering p. Otherwise we could find by the same 
method as used in 4.3 a point p in A” covered by a but not covered by any are 
contained in any G;. Join p to a point of a by an are y not meeting a. Then 
some G; must contain an are ry not meeting y and that arc must cover p. 

We prove that G; contains an arc 8; covering all points of G; — 8;. Remember- 
ing how G; was constructed, we only need to prove that if any graph G contained 
in a + 2 a; contains an are 6 covering G — 8, and if y is an are in a + 2 a; 
spanning G, then G’ = G + 7 contains an are #’ covering G’ — 6’. If 6 covers 
< y >, we may put 6’ = 8. If not, < y > is contained in the component of 
C — 6 not meeting J and it must span 8. Its end points determine a subare 
y’ of B and we may put 6’ = B+ <y>-— <y'>. 

The arc Bm of Gm covers all points covered by any other arc 8’ of Gn. Tf Bn (B’) 
is the component of C — 8, (C — 6’) not meeting J we must prove B,, > B’. 
Because C — B,, C £8’, the only alternative is B,, - B’ = 0. The ares B, 


5s The symbol A is used to denote the closure of A. 
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and 8’ must have some subare xz of a in common because all original ares a; 
must have such a subare in common. Along zz we would have three point sets: 
B,,, B’ and C — A in each of which we could draw an are with end points on any 
two open subares of zz. This is impossible according to 5.2. 

The are 8,, would now have to cover all points of A”, and this is impossible 
because 8,, must contain points of A”. The statement, of which the proof is now 
complete, can be formulated thus: C cannot contain two ares which span J, 
which have no point in common and whose pairs of end points are separated 
on J. 

5.5. Every point of J is a limit point of any component M of C — J which 
contains a spanning arc of J. If not, then there exists a maximal subare < 8 > = 
< pq > of J such that no point of it is a limit point of M (@ ¥ J because M 
contains a spanning are of J). M + J — < 8 > contains a cyclic element 
N >p+ q, for if J — 8 contained a cut point of M + J — < 8 >, M would 
not be connected. The simple closed curve « in N through p and q contains an 
are y = pgspanning J. For if it contains an are < 6 > = < pq > meeting J, 
5 plus the components not containing < 8 > of C minus any subare of 6 span- 
ning J contains J — 8, so that y = e — <6 >mustspan/. Now p+ q would 
be a subset of a spanning are separating C which is impossible. 

It follows immediately that every component of C — J different from M 
has exactly one limit point on J. If we take these components away, C will 
satisfy the additional condition that C — J is connected. We will prove that 
C is homeomorphic with a 2-cell under this condition, and then it follows im- 
mediately that no components except M can have formed part of C — J. Under 
the additional condition C is cyclic (see Ie in 3.2). 

5.6. If A is a component of C — aand <> the part of J it contains, then A 
has all the properties we assumed for C with a + as exceptional simple closed 
curve. That A contains a spanning are of a + 2 and is cyclic is easily proved. 
We have to prove: 

Ib. If Bis anarcin A spanning a + d, then A — Bis not connected. If both end 
points of 8 are on J the separation of C by 8 defines immediately a separation of 
A by 8. So we assume that at least one end point of Bisona. There is an are y 
spanning J, contained in a + 8 and containing 8. The part of a not on y is a 
subare of a that we call 6. We assume that 8 does not separate A. Then we 
ean find an are pq in A from a point pon < 6 > toa point qgof a — 6. The are 
8, the are pq and an are in C — A from a point on @ between p and ¢ 
to a point of J are three ares in the contradictory position of 5.2, so that Ib 
follows for A. 

Ic. If ¢ is a subare of an arc B in A spanning a + X, then B — < € > does not 
separate A. Defining y and 6 as before, we can join any two points of A — 7 
by an are in C — (y — <e>). All parts of that are in C — A can be replaced 
by subares of 4, so that the two points can be joined by an are in A — (8 
— <ée>). 

From this point on, the proof of Theorem II is identical with that of Theorem 
I from 4.1 on, and may be omitted. 
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6. THeoreM III. If we restrict all simple closed curves mentioned in the formu- 
lation of Theorem I to pass through a fixed point p of D, D is still homeomorphic 
with a 2-sphere. 

Id will still be true for simple closed curves containing p. Ie can still be 
proved in the same way as before. The contradiction at the beginning of 3.3 
will still hold if we force J’ to pass through p by the additional condition that 
p is on \; + 2, or p is separated on J by the end points of \; and ; from the end 
points of uw. If is still true for simple closed curves on p. It is now readily 
possible to free conditions Ib and Ic from the restriction that the simple closed 
curve must pass through p. 

Ib. Let J be a simple closed curve on D not passing through p. Draw a 
spanning are y of J through p dividing J into ares a and 8. Call the com- 
ponents of D — (a + y): Ai D < B > and A2; the components of D — (6 + y): 
B, > < @ > and B,; then B, C A; and Az C B,, so A2- Bz = 0 and A; + B, = 
D — y. A,-B; and Az + B are separated parts of D — (a + 8B) — <y>. 
We will prove that A,-B,; and A, + B, + <> are separated parts of 
D — (a + 8). Obviously < y > has no limit points on A, or B,, so we only 
have to prove that A,-B, has no limit points on <y >. If a component 
A; of A,-B, had a limit point on < y >, it would have to have limit points 
on < a > and < 6 > because otherwise a + + or 8 + 7 would separate D into 
at least 3 components. Now a graph with the contradictory properties of 3.3 
could be constructed. The simple closed curve is a + y. For \; we can take 
an are in A; C A, from a point of < y > toa point of a; for A» an are in Ag 
from a point of y to a point of a such that p is separated on a + y by the end 
points of A, and A, from the end points of 8. For the are u we can take ~. 

Ic. The component containing p (Az + B, + < y >) determined by a simple 
closed curve J in D has every point of J as a limit point. So we can draw a 
spanning are of J through p and points in two given open subares of J. If we 
want to prove that the closed subare a of J does not separate D, we choose these 
open ares on J — a. Then a turns out to be a subare of a simple closed curve 
through p and cannot separate D. 


7.1. THeorEM IV. A compact P-space B satisfying for a certain number 
€ > O the following three conditions is homeomorphic with a 2-dimensional manifold 
without boundary. 

IVa. B contains at least one simple closed curve of diameter less than e. 

IVb. Every simple closed curve of diameter less than « in B separates B. 

IVe. No closed arc of a simple closed curve of diameter less than «in B separates B. 

TueoreM V. If B is a P-space, such that for every compact subset F of B there 
is a number er > 0, for which the following three conditions are satisfied, then B is 
homeomorphic with a 2-dimensional infinite manifold. 

Va. B contains a simple closed curve J of diameter < €,. 

Vb. A simple closed curve in F of diameter < ey» separates B. 

Ve. No closed subare of a simple closed curve in F of diameter < ep separates B, 

The almost identical proofs of these theorems will be given simultaneously. 
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7.2. For each non-cut point p of B and sufficiently small 6 > 0, we can find a 
number (6) > 0, such that all points of which the distance to p is = 6, are in one 
component of the set of points of which the distance to p is = n(5). Otherwise 
we could find two converging sequences of points gq; — q and r; > r and a 
sequence of numbers n; converging to zero, such that the distances p — q; and 
p — r;are 2 6 and that any are joining q; and r; comes within a distance n; of p. 
This contradicts the fact that p and q can be joined by an are not meeting p. 

7.3. A simple closed curve B within a distance n (€/2) of a non-cut point p of B 
separates B into two components the closure of one of which is of diameter < € and 
homeomorphic with a closed 2-cell From 7.2 it follows immediately that exactly 
one component of B — 8 contains points at a distance = ¢/2 from p. Accord- 
ingly all simple closed curves in the complement of that component are of 
diameter < ¢ so that they separate B. The method of 3.3 now shows that the 
number of components of B — 8 is two. (Take yu in the big component of 
B — 8.) The method of 3.4 shows that an are in the small component of B — 8 
spanning 8 separates that small component into exactly two parts. (Take 8 of 
7.3 as a+ y of 3.4.) The method 4.1 to 4.5 is now applicable and shows that 
the closure of the small component is homeomorphie with a 2-cell. 

7.4. We call a point of B regular if it has a neighborhood homeomorphic with 
a 2-cell. We construct first an infinite manifold covering the set C of all regular 
points of B. 

We can find a sequence (finite if C is compact) of open 2-cells M, --- M, --- , 
covering C and then a similar sequence N, --- N, --- ,N, C M,, still covering 
C. We put the complex K, equal to the 2-cell N; with boundary. Suppose a 


connected complex K,,_; has been constructed covering > N;; we will con- 
i<m 


struct a connected complex K,, covering b> Nx. 


ism 

In M,,-(C — K,»-,) there is only a finite number of regions meeting N,,. 

Each such region has a finite number of subregions contained in M,, — Nn 
and having limit points on the boundaries of both M,, and N,,. In each of 
the smaller regions U we can find an are a, spanning both K,,_; and the bound- 
ary of U, and separating in U the boundaries of M,, and N,,. We define K,, 
as the sum L,, of K,,_, and all ares a, plus the 2-cells separated by L,, from 
the boundary of M,,. We exclude the trivial cases where K,,-1 does not meet 
N,, or its boundary. 

As no interior cell of K,,_; is ever subdivided and each point of C is regular 
this process leads to an infinite manifold covering C (if C is not compact, other- 
wise of course to a finite manifold). 

7.5. The rest of the proof will consist in proving that B = C or in other words 
that every point of B is regular. 

Every point of the given simple closed curve J (IVa or Va) is limit point of 
B — J and is a non-cut point of B.’ 


* In the case of Theorem V we take e, instead of « where F is the compact closure of a 


sufficiently small neighborhood of p. 
7 See Id in 3.2. These are the only properties of J that we will use. 
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B contains simple closed curves in arbitrary neighborhoods of any point p of J. 
Take a sequence of ares in B from a point not on J to a sequence of different 
points on J converging to p (see If in 3.3) and take 7 > 0 such that the closure 
of the » neighborhood of p is compact. We can find a subsequence of subares 
piq: of these ares such that: the p; are on J and converge to p; for a certain 4, 
0 < 6 < n, 9: is the first point on the are starting at p; of which the distance to 
pi is 6/3; the q; converge to a point q. 

If g is not on J, we can find a number m such that for i = m, there is an are 
p p: on J of diameter < 6/3 and an are q q; in B of diameter S 6/3 not meeting 
J. Then fori > m pm Pi + Pi di + VET + Um + Im Pm Will contain a simple 
closed curve contained in the 7 neighborhood of p. 

If g is on J, we need a specification of 6 left out until now. All points on J 
within a distance 5/3 of p must lie on a subare of J within a distance 7/3 of p. 
There is a number m such that for i = m there is an are q q; of diameter S 6/3 
not meeting p;. Then piqi + iq + the subare q p; of J will contain a simple 
closed curve contained in the n neighborhood of p. 

From 7.3 and 7.5 it follows that B contains regular points. 

7.6. Suppose B contains a point that is not regular. Then we can find a non- 
regular point p in B that is an end point of an are a consisting of regular points. 
We only need to take an end point of an interval of regular points on an are in 
B joining a regular and a non-regular point. pis on the cyclic element meeting « 
of any neighborhood of p. So pis on arbitrarily small simple closed curves and 
accordingly p is not a cut point of B. 

We can find a neighborhood V of p such that every simple closed curve in V deter- 
mines a 2-cellin V. We take a neighborhood U of p of diameter < 7 (€/2) (see 
7.3) and define V as the sum of U and all open 2-cells determined by simple 
closed curves in U. It is obvious that any simple closed curve 8 in V deter- 
mines a 2-cell contained in V if 8 is contained in the sum of U and a finite num- 
ber of the 2-cells added to U. But this is the case for every 8. For U and the 
2-cells meet 8 in open sets covering 8 and £ is already covered by a finite number 
of such sets. 

7.7. The component FR of the set of all regular points in V determined by an 
are of regular points in V having p as end point (a@ of 7.6) is homeomorphic 
with an open 2-cell. This follows from 7.4; compare Theorem V”. 

We can find an open set W containing non-regular points, such that RC W C R. 

The cyclic element determined by R in V is equal to R-V and each point of 
(R — R)-V is accessible from R. For each limit point of R in V is in that 
cyclic element and each point g of that cyclic element is on a simple closed curve 
in V together with any point in R, so q is on a closed 2-cell meeting R. 

We take away from V the cut points of V on R-V and all parts of V sepa- 
rated from R.V by the cut points. The rest W is an open set (of course satis- 
fying R C WC R) containing at least one non-regular point. 

For R — R is a connected set containing at least one continuum of non- 
regular points and the cut points on R-V have no limit point on V. The last 
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statement follows because the cut points on R-V cannot be cut points of B so 
that the parts separated from R-V must have limit points on the boundary 
of V. Now if the cut points had a limit point on V we could find a limit point 
in V — R-.V of a sequence of points in different components of V — R-V 
and in that limit point B could not be locally connected. 

7.8. We prove now that the existence of such an open set W implies a con- 
tradiction. 

Any are 8 in R with end points in R — Rseparates W. The open are < 8 > 
separates R into two parts. If these parts had common limit points on W, we 
could find an are in W not meeting 8 and with end points in different parts of 
R—<£8>. This are could be completed to a simple closed curve in W cross- 
ing 8 once® but then one end point of 8 would be interior to the 2-cell in W deter- 
mined by that simple closed curve. So 6 divides W into two parts. 

If we take two non-regular points q and r in W on the same component of 
non-regular points in W, we can find an are < 8 > = < qr > in R such that 
8 is part of a simple closed curve in W. We will prove that 8 separates B in 
contradiction with [Ve or Ve. If both parts of W — £ had limit points on 
R — W, we could find an are 8’ crossing 8 once and having its end points on 
R—W. Then < 8’ > would separate W between g and r without containing 
non-regular points in contradiction with the assumption that q and r are on a 
connected set of non-regular points in W. 

7.9. We draw attention to the following corollaries of Theorem V that follow 
from V by combinatorial considerations. 

Tueorem V’. A P-space space B satisfying the following three conditions is 
homeomorphic with a region on a sphere. 

V’a. B contains at least one simple closed curve. 

V’b. Every simple closed curve in B separates B. 

V’e. No closed arc of a simple closed curve in B separates B. 

The complement of the region on the sphere can always be taken as a totally 
disconnected point set. 

Tueorem V”. A non-compact P-space satisfying the following three conditions 
is homeomorphic with an open 2-cell. 

V”a. B contains at least one simple closed curve. 

V"b. Every simple closed curve in B separates B and at least one of the com- 
ponents has a compact closure. 

V”c. No closed arc of a simple closed curve in B separates B. 


8.1. We now go over to the type of characterization introduced by Whitney 
(14) for the closed 2-cell. The homologies and cycles occurring are meant in 
the Vietoris sense. No specification is necessary about the modular character 
of the eyeles. Any type will do. We do not give an introduction to the com- 
binatorial topology used. 

® This means that 8 and the simple closed curve have one point in common of which 


a neighborhood can be transformed into the interior of a circle in such a way that parts of 8 
and the simple closed curve are transformed into diameters of the circle. 
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THEeoreM VI. A compact P-space D is homeomorphic with a 2-dimensional 
manifold if it contains irreducibly a 2-cycle and is separated by each simple closed 
curve of diameter less than 5 > 0. 

THEOREM VII. A compact P-space C is homeomorphic with a 2-cell if it con- 
tains a simple closed curve J of which the fundamental 1-cycle is irreducibly homol- 
ogous to zero in C and is separated by each arc spanning J. 

8.2. These theorems reduce almost immediately to preceding theorems by 
means of the following well known 

Lemma. Suppose A and B are compact. Let C;,— Ty, be a chainin A + B 
and its boundary, and let U and V be arbitrary neighborhoods of the intersections 
of their carriers with A -B. 

Then it is possible to find chains C.— ,_, in A, Ci. — rs. in B, Ci. in V such 
that: 

Cr —T1— Tins sa or ’ 


C,- 6 ~C, «Ci wOhv. 


The upshot of this is that, after arbitrary small changes in the neighborhoods 
of their intersections with A-B, the chains C, and T,._; can be separated into 
parts contained in A and B. 

8.3. Under the assumptions of Theorem VI no simple arc or point separates D. 
Suppose the contrary. Then we could find two compact sets A and B such that 
A+B = D and A-B = a, where ais an are or a point. We can, according 
to the lemma, suppose that the cycle I, supposedly existing in D, is the sum of 
two chains C; and C; in A and B. If C;—>T, and C;— —T,, then P, is in @ 
and so homologous to zero ina: Cf >T,. Now, = (C, — Cf) + (C; + Ch) 
where both parts are cycles respectively in A and B. This contradicts the sup- 
position that IT, was irreducibly contained in D. It follows (see 3.2) that every 
component of the complement of a simple closed curve in D has every point of 
that simple closed curve as limit point, so that Theorem VI follows from Theorem 
IV (see footnote 7). 

Under the assumptions of Theorem VII we can by a method analogous to that 
used just now prove that C is not disconnected by the sum of two ares having 
no point in common and each having one end point in common with J. Now 
Theorem VII follows from Theorem II. However, the shortest proof of Theo- 
rem VII is much simpler than that of Theorem II, for the most complicated 
part of that proof can be replaced by simple consequences of the lemma. The 
reader is referred for this to Whitney’s paper (14). 


9.1. We now start the investigation of P-spaces satisfying parts of the theorems 
of Janiszewski. In order to emphasize the difference between the conditions in 
Theorems VIII and X, and Theorem XI and section 11, we do not use the word 
continuum. The proofs are held very short. For more details the literature 
should be consulted.® 


® See (8) and (9) and references given there. 


a 
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TueoreM VIII. Ina P-space K the following properties are equivalent: 

a. If K is the sum of two closed and connected sets, their product is connected. 

b. If R is a component of the complement of a closed and connected set in K, 
then the boundary of R is connected. 

c. If A and B are closed, do not meet and do not separate (p from q in) K, then 
A + B does not separate (p from q in) K. 

d. If a and b are in closed sets A and B, A-B = 0, then there is a closed and 
connected set in K — (A + B) separating a and b. 

A P-space with these properties is called unicoherent. 

9.2. a implies b. If R is chosen as in b, R and K — R are closed and con- 
nected, R + (K — R) = K,and R.(K — R) = R— R. So from a it follows 
that R — R is connected. 

b implies c. Suppose A + B separates p from gq. Call R the component of 
K — (A + B) containing p and S the component of K — R containing g. Then 
the boundary of S is according to b a connected subset of A + B, separating 
pfrom qin K. If A and B are closed and do not meet, that boundary is con- 
tained in A or B, so that A or B separates p from q in K. 

c implies d. Suppose A and B closed and separated, a in A, 6b in B. 
K — (A + B) contains a closed set separating a and b, and that contains an 
irreducible closed set C separating a and b. C must be connected according to c. 

dimpliesa. Suppose K = K, + Ke, K, and K, closed and connected, K,- Kz = 
A + B, A and B separated. We can find a closed and connected set C in 
K — (A + B) separating a point in A from a point in B. C would have to meet 
K, and K; in separated sets of which it is the sum, and that is impossible. 

In c the bracketed words can be left out. Suppose A and B are closed, do not 
meet and do not separate p from q. Form A’ by adding to A all components 
of K — A not containing p + q, and form B’ by leaving out parts of B contained 
in those components. Then form A” and B” by the same process with A’ and 
B’ instead of B and A. Now A” and B” do not separate K so that according 
to the weaker form of e A” + B” containing A + B does not separate K so that 
A + B does not separate p from qin K. And this last statement implies the 
stronger form of ec. 

9.3. Tueorem XI. Ina P-space K the following four properties are equivalent: 

a’. If K is the sum of two closed and connected sets of which the product is com- 
pact, then their product is connected. 

b’. If R is a component of the complement of a closed and connected set in K, 
and the boundary of K is compact, then it is connected. 

ce’. If A and B are compact, neither separates p from q in K, and A-B = 0, 
~~ A + B does not separate p from q in K. 

. If aand b are in compact sets A and B, A-B = 0, then there is a compact 
Pini setin K — (A + B) separating a and b. 

We leave out the ak because they are very similar to those of These 
VIII. Obviously if a P-space is unicoherent it has the properties of Theorem XI. 
In a compact Peano space all eight properties are equivalent. 
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10.1. THzoreM X. Ina P-space K the following four properties are equivalent: 

a. If the closed and connected set C does not separate K, then C is unicoherent. 

b. If a closed set C separates K and C is the sum of two closed sets C, and C2 
that do not separate K, then C,-C2 is not connected. 

c. If a closed set C separates p from q and is the sum of two closed sets C, and Cz 
that do not separate p from q, then C,-C2 is not connected. 

d. Each non-degenerate cyclic element of K is homeomorphic with a 2-sphere. 

10.2. Of course, c implies b. We prove that b implies c. Take sets C, C,,C2 
satisfying the conditions of c. Form C; by adding to C; all components of 
K — C, not containing p + q, and form C, by subtracting from C, its inter- 
section with the sum of those components. Cj} does not separate K,C{ + C; > 
C, + C2 and C{-C) = Ci-C2 Now form Cy by adding to C; all com- 
ponents of K — C; not containing p + q and form C; by subtracting from C;{ its 
intersection with the sum of those components of K — C; that do not contain 
p + q and do not belong entirely to C{. Then C; + Cc: > C; + Ci so that it 
separates pfromq. Neither Ci nor C; separates K (for C{ this follows because 
any point taken away from C{ was in a connected set with points not belonging 
to C}). Finally C.-C; — C{-C} consists of regions in K of which the bound- 
ary belonged to both C{ and Cj, so that the number of components of C{- C} 
is not more than the number of components of C;-C; = C,-C,. We ean 
apply b on the new C{ and C; finding ¢ for the sets C; and C2. 

10.3. a implies c. Suppose the closed sets C; and C; do not separate p from 
q and C;,-C: is connected; we prove that C,; + C2 does not separate p from q. 
We can find ares B,; and B, joining p and qin K — C, and K — C2. Call B the 
complement of the component of K — (B, + Be) containing C,-C:. B is uni- 
coherent according toa. B-C, and B-C:2 are closed and separated and neither 
separates p from qin B. So B-(C; + C2) does not separate p from g in B and 
then C; + C2 cannot separate p from q in K. 

10.4. c implies a’: If the compact and connected set C does not separate K, then 
C is unicoherent. a’ is a weaker form of a, identical with a if K is compact. 

We suppose that the compact and connected set C is the sum of two compact 
and connected sets C; and C2 and that C.-C, is the sum of two separated sets 
A and B and we prove that C separates K. K is unicoherent (see Theorem 
VIIIc). Accordingly points a in A and b in B can be separated by a compact 
and connected set M not meeting A + B. M intersects C, and C2 in separated 
sets M,and My. Take two neighborhoods N,; and Nz of M, and M; in M, N,-N2 
= 0. If Cdoes not separate K we can find a compact connected set N in K — C 
containing M — (N, + Ne). Now neither N, + N nor N2 + N separates K 
between a and b, but their sum does because it contains M and their product N 
is connected. This contradicts c. 

10.5. c implies d. If K satisfies c, then each non-degenerate cyclic element 
L of K satisfies c. For if a set does or does not separate p from q in L, it does 
the same in K. From c it follows that no closed are separates L because a 
separating arc would have to contain an irreducible connected separating set 
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and this cannot be an are according to ¢ and not a point because L does not have 
cut points. JL satisfies a’ because it satisfies ¢ so that each simple closed curve 
separates L. It follows first that L is homeomorphic with a region on the sphere, 
and then, because we can now prove that no open are separates, that L is 
homeomorphie with a sphere. 

10.6. A 2-sphere L has propertiesaandb. For a compact space a and b follow 
from ¢ by 10.4 and 10.2. So we prove ec. Suppose the two closed sets C; and C2 
do not separate two points p and q and have a connected intersection. We 
prove that C, + C2 does not separate p and q. Join p to q by two polygonal 
ares B, and B,in L — C, and L — C2. The complement B of the component of 
L — (B, + B2) containing C,-C2 is a 2-cell and we only have to prove that this 
2-cell satisfies VIIIc. This follows as the reader can verify immediately by 
proving VIIId. 

d implies a. We must prove: if all non-degenerate cyclic elements of a 
P-space K have property a, then the space itself has property a. A connected 
and closed set C not separating K does not separate any cyclic element L of K, 
and its intersection with LZ is closed and connected. We still have to prove: 
if a closed and connected set C in K has unicoherent intersections with each 
cyclic element of K, then C itself is unicoherent. Suppose C is the sum of two 
closed and connected sets C; and C2. That C,-C2 is connected follows because 
its intersection with each cyclic element of K is connected and because if two 
points belong to C,;-C:2 all cut points of K between these two points belong to 
both C, and C2. That means they belong to C,-Cs. 


11.1. The following conditions on a P-space K similar to those in Theorem 
X do not have quite such a simple relationship. 

a’. If the compact and connected set C does not separate K, then C is uni- 
coherent. 

b’. If a compact set C separates K and C is the sum of two closed sets C, and 
C, that do not separate K, then C,-C2 is not connected. 

ce’. If a closed set C separates p from qg and is the sum of two closed sets C; 
and C; that do not separate p from q, then C,-C: is not connected. 

d’. Each non-degenerate cyclic element of K is homeomorphic with a region 
on a 2-sphere. 

c’ and d' are equivalent and imply a’ and b’. The proofs are similar to those 
of sections 10.4 to 10.6 and are left to the reader. Theorem IX is used instead 
of Theorem VIII. a’ does not imply either one of the others as shown by a closed 
2-cell from which one boundary point has been removed. It remains an open 
question whether or not b’ implies any of the other properties. 

11.2. a’ and b’ together are equivalent to c’ or d’. We give a short sketch of the 
proof that a’ + b’ implies d’. 

Suppose that K satisfies a’ and b’. A cyclic element L of K cannot have a 
local cut point p, for otherwise we could find in a sufficiently small neighborhood 
of p two compact sets, not separating K, not having a common point, but of 
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which the sum separates K. If we take away from L all cut points of K on L 
that separate non-compact sets from L, then the rest is a cyclic p-space M satis- 
fying a’ and b’. M is open in K because the cut points taken away cannot 
have a limit point. M is connected and cyclically connected because otherwise 
we could find a local cut point of L. M satisfies a’: if a compact and connected 
set C does not separate M, the cut points of K in C will separate from M a com- 
pact point set D. C + D does not separate K and C is unicoherent if C + D is. 
M satisfies b’: if a compact set C separates M it separates K. For if it did not 
we could find a common limit point in K of the separated parts of M — C; that 
point would be a local cut point of L and that is impossible. 

From b’ it follows that no are separates M and from a’ that every simple 
closed curve separates M, so that M is homeomorphic with a region on a sphere. 
The complement of that region can be supposed totally disconnected. To any 
sequence in M converging to a point of L — M there must correspond a con- 
vergent sequence on the sphere for otherwise that point of L — M would be a 
local cut point of M. So L too is homeomorphie with a region on the sphere. 


APPENDIX 


1. We will prove that the generalized manifolds of E. Cech and 8. Lefschetz 
do not include other spaces than manifolds in the 2-dimensional case.” A con- 
nected 2-dimensional generalized manifold M has the following properties: 

a. M is a Peano space (C, Axioms A and Gp; L, p. 487, III). 

b. M is an open 2-cireuit (C, 17 and 17.5; L, p. 487, I). 

c. M is locally 1-connected (C, Axiom G,; L, p. 488, 5th line; the statement 
there that the condition is included in IV is not correct). 

d. For each point x of M there is a 2-chain p, such that for any 2-chain 72 in 
M of which the boundary does not meet x there is a rational number m such 
that re — mp, is homologous to a chain not meeting x (C, Axiom E; L, p. 487, II). 

We will prove that these conditions imply that M is an open 2-dimensional 
manifold. 


2. As in 8.3 we can derive from a and b that M is not separated by a finite 
number of points or a closed are. So M contains a simple closed curve a and 
the closure of the complement of a contains a. The reasoning of 7.5 now proves 
that M contains arbitrarily small simple closed curves. Remembering Theorem 
V and condition ¢ we see that M must be a manifold as a result of the following 
lemma: 


16 FE. Cecu, Théorie générale des variétés et de leurs théoremes de dualité, Annals of Math., 
vol. 34 (1933), pp. 621-730—“‘C’”’; S. Lefschetz, On generalized manifolds, Am. Journal of 
Math., vol. 55 (1933), pp. 469-504—“‘L”’. We will give our proof on the basis of L. C 
uses a different definition of homology and does not explicitly assume that the spaces con- 
sidered are separable metric. We will not prove in detail that passage from the one treat- 
ment to the other is possible, but cite the paragraphs of C where properties corresponding 
to the ones used can be found. It is to be remarked that in both papers the field of rational 
numbers is used as field of coefficients. 
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If the covering 1-cycle p, of an s.c.c. a in M is homologous to zero in M, then 
a separates M. Suppose the 2-chain ps has p, as boundary and q is the covering 
2-cycle of M. In each point x of M — a, both pe and gz determine a rational 
multiple of the chain p, postulated in d and the second multiple is different 
from zero. Otherwise g2 would be homologous to a cycle not meeting z. So in 
each point x of M — a we can determine a rational quotient m, of pz and qe. As 
we can replace pz by pe — ng2, where n is any rational number, we can replace 
m, by m, — nforallxof M—a. Sowecan suppose that for a certain point z 
the number m, is equal to zero. From d we can then conclude that p, is still 
homologous to zero in some proper subset of M, for the chain p, determines then 
the zero multiple of p, in the point z. Furthermore we see that if m, = 0, then 
m, = 0 for all points of some neighborhood of z so that the set of points z in 
which m, has a certain constant value is open in M. 

We take a subset N of M in which p, is irreducibly homologous to zero. In 
order to prove that @ separates M, it is sufficient to show that N, = M — N 
cannot have any limit points on Ne = N — @. For then N, and No, neither of 
which can be vacuous, are separated by a. 

Suppose z is a limit point of N, contained in Nz. Then the number m, for 
the chain p, — p; in N is equal to zero because any neighborhood of z contains 
points of N, in which the number is obviously zero. So pe is homologous to a 
chain r, not meeting x. As M is 2-dimensional it cannot contain a 3-chain 
essentially different from zero, so that a 3-chain r; exists in the carrier of rz — pe 
with boundary rz — po. Now we add to py the boundary of the part of r; in a 
neighborhood of x that does not meet rz. Then the resulting 2-chain is con- 
tained in a proper subset of N and has p; as boundary so that p; was not trre- 
ducibly homologous to zero in N. This contradiction proves that N; and N2 
are parts of N separated by a. 
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HEAT CONDUCTION IN A SEMI-INFINITE SOLID OF TWO 
DIFFERENT MATERIALS 


By ArRNoLp N. Lowan 


Consider the unidimensional flow of heat in a semi-infinite solid extending from 
x= —atox= «. Assume that the section extending from z = —ator = Ois 
initially at some given temperature f,(z) and has thermal diffusivity k,, while the 
remaining solid is initially at temperature fo(7) and has thermal diffusivity ke. 
If the boundary x = —a is permanently kept at the temperature 7, what is the 
subsequent thermal history of the solid? 

A solution of this problem with the aid of contour integrals is given by Carslaw! 
in the special case f(r) = f(z) = 0. The case of nonvanishing initial tem- 
peratures could be dealt with by the general method of Green’s functions, but as 
far as the author is aware, the complete treatment of the problem by this method 
is not to be found in the literature. The method to be employed here is essen- 
tially that presented in a number of earlier papers,” to which the reader is referred 
for the derivation of some of the results to be subsequently used. 

For the sake of simplicity, we shall assume that JT) = 0. It is clear that this 
implies no loss of generality. The mathematical formulation of the problem 





is as follows: 


2 
(1) 2 r(2,t) — k, & Tz, 1) = 0 ~a<2<0, 
at Ox? 
(2) lim 7,(z,0) = fi(z), 
(3) T,(—a, t) _ 0, 
O mm F 
(4) — T(r, t) — kz —. T(z, t) = 0 0<r<-e, 
at Ox? 
(5) lim T2(z, 0) = fe(x), 
t--0 
—_— SP ee 
(6) K, — T(z, t) = Ke — T2(z, t) ~= 0, 
Ox Ox 
(7) T,(0, t) = T:(0,2). 


Received by the Editors of the American Journal of Mathematics, September 4, 1934, 
accepted by them, and later transferred to this journal. 

1 H.S. Carslaw, Mathematical Theory of the Conduction of Heat in Solids, 1926. 

2A. N. Lowan, Cooling of a radioactive sphere, Physical Review, vol. 44 (1933), pp. 
769-775, cited as L1. 

Heat conduction in a semi-infinite solid, Amer. Jour. Math., vol. 56 (1934), pp. 396-400, 


cited as L2. 
On the problem of the heat recuperator, Phil. Mag., vol. 17 (1934), pp. 914-933, cited as L3. 
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If we designate by ¢(t) the common value of the two members of (6), where we 
assume provisionally that ¢(¢) is a known function, then the system A, consisting 
of (1), (2), (3) and the boundary condition 


(6’) K, 2 T(2,t) = of) z= 0 
Ox 


may be solved by the method presented in L1. Similarly, the system B, con- 
sisting of (4), (5) and the boundary condition 


(6”) K, 2. T(z, t) = ot) z=0 
Ox 


may be solved with the aid of the result obtained in L2. If the solutions of the 
systems A and B are substituted in (7), we obtain a Volterra integral equation, 
which may be solved by the method employed in L3. 

We proceed to solve the system A. Let us make the substitution 





(8) T(x, t) = u(x,t) + 7 (t). 

It is then readily seen that the function u(z, t) must satisfy the system 
(9) 5 ula.) — hy Sule, ) = Eo) = le, 0, (say) 
(10) lim u(x, t) = f(z) — =F" (0) = Fila), (say) 
(11) u(—a,0) = 0, 
(12) ~ u(z,t) = 0 z= 0. 


Reference to L1 and L2 shows clearly that the system C, consisting of equa- 
tions (9) to (12), may be said to be the mathematical formulation of the problem 
of the flow of heat in a radioactive slab, with the radioactivity function ¢,(z, ¢). 
Making use of the results of L1 and L2, the solution of the system C may be 
written down at once in the form 


u(x,t) = 2 Yn(x) ene F,(&) yn(&) dé 


—_ 


+ p> yn(z) eta! [ yn(E) { [out n) ethan an} dé, 


n=0 


(13) 


where the summation extends over the characteristic values and the correspond- 
ing normalized characteristic functions of the homogeneous differential equation 


(14) y" +r = 0 


in conjunction with the boundary conditions (11) and (12). 
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Clearly 
(15) An = (2n + 1) x/2a, yn(z) = V2/a cos dz. 


In view of (13) and of the significance of the functions F;(x) and ¢,(z, ¢t) from 
(9) and (10), equation (8) becomes 





T\(z, t) = Si - 2 e(t) + >> Yn(x) e**s an Fil) yal) dé 


n=0 


(16) =D) pine [e+ nto a 


n=0 


. ik p> yn(a) eH! / E+ 0 nl { [ * lly) mt» in} dk. 


If the last integral is integrated by parts and we make use of the identity 


ztam Dy vale) [+ a) ya, 


(16) ultimately becomes 
Tilz,t) = >) yalze™*! | ful) yal) at 


a7) 
+2 Dy Naeem [ "+ a) yal) a [ ela) OE dy, 


This is the complete solution of the system A. For z = 0 (17) yields 


(18) T,(0, 1) = A,() + [ oln) My (t — 2) dn, 
where 

(19) Ai) = >) yao) lb) yal®) a, 

(20) M(t) = 7 :> Nv yn(0) e e =" ice 3 (é + a) yn(&) dé ° 


We now proceed to solve the system B. If we make the substitution 
(21) Tr (2,1) = oz, + Fo, 
2 


it is clear that the function v(z, ¢) must satisfy the system of equations 
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(22) $ oz, ) - ks & ole, = — FeO = ole, 0, (say) 

(23) lim v(x, t) = faz) — EK e(0) = F.(z) , (say) 

(24) s r(x, t) = 0 r=0. 
Ox 


As in the previous case, the system D of the last three equations may be said 
to be the mathematical formulation of the problem of the flow of heat in a semi- 
infinite radioactive solid. 

This problem has been treated in L2 for the most general case where radiation 
takes place at the boundary plane. The boundary condition (24) may be 
obtained from that in L2 by putting the coefficient of heat transfer h = 
Accordingly, the solution of D is obtained from that of L2 (by putting in the 
latter h = 0) in the form 


oe, = Fro {om | - Se] 
— exp | - ets 2} oF: dé dp 


(25) tal a | ae | (t—»)> % {exp E atet i 





= v(x, t) + w(2z, i), say. 


Consider the double integral 


aF 2 (z@+p+ 4 
I,= [ dp [3 —>~ exp | - Ahet dé e 
If the second integral is integrated by parts, we ultimately get 
_ = | _ (e+e)? ] [ | ee 
(26) I, = - 140) | exp —_— = = dp + F,(€) exp| — = Vet dé. 
Similarly we get 
7 ° en) _ (e+e)? oo [- =e] 
(27) J, = — f(0) / exp i a j dp — / F.(€) exp “is dé, 


where J; is the double integral obtained from J, by replacing in the exponential 
tby —£. In view of (26) and (27) and of the significance of F2(x) we get 
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a ° (x + ¢)? (x — )? 
v,(2, t) = 2 chi / BAe) { exp| - ~Fhet “| + exp| - |} dt 


(28) 
0) [* (x +9) (r- 9 
geval {oel-SP] +-°[- Sar] 


By analogy with the above manipulations, which have yielded (28), it is easily 


seen that the second term in (25) may be written 


oo eee "edt [ («2% ) 
v(x, t) = ~o ok [ie ay wren exp\—aa—» 


(x — £) 
+on(— ara =») | ~ 


If the first integral is integrated by parts, (29) becomes 


_ = tak ' (x + §)? 
ee o~" J 2-Vxki(t — 0) f »(- aka) 





(29) 














: (0) = [* + 0°) . ( ~—o) 
(30) +25 Vas J e{exn(- ta J) "\- “as f* 
1 ‘aff? _etae lex (- ute) 
+ 3K, we / ¢(n) an Pe ea exP\ — aEG— 


(x — £)? ) 
+on(— kama) |p 
In view of the well-known identity® 


: 1 . 2 — ¢)? 
(0 fe) = tin a J £0 {om (— SEP) + n(- GaP) pa, 


the first term in (30) is = —z¢g(t)/Ke. Furthermore, the second term of (30) is 
identical with the second term of (28), except for its sign. We, therefore, get 
from (21), (28) and (30) 


T.(z, t) = mya [ fe(€) {e xp(- : Gs " exp(- ira) dé 
. 1 dé (x + £) 
ing i xa ow aif Vt — -[ ex (- tht — ») 


xp (= 8 
+e0(- jaa») |} 


* Carslaw, loc. cit. (footnote 1), art. 18. 
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This is the complete solution of the system B. For x = 0, (32) yields 








(33) T2(0, 2) = As(t) +f ¢(n) 5, Mal — ») dn, 
0 
where we have put 
(34) Ald 0 ~teee [ne exp(- £) dé 
V whet 0 Akt . 
, 1 “ ¢ ( “) 
(35) Ms() K.Vah le Vie” teat] * 


Substituting (17) and (32) in (7) we get 
(36) A,(t) — As(t) + [oom {Mat —1)- > M2(t — nb dy = 0. 


This is a Volterra integral equation for the unknown function ¢(¢). 
As previously stated, a solution of (36) may be obtained by means of the 
method employed in L3. Let us operate on (6) by the Laplace operator defined 


by 


(37) Lleol = [emo at = v0), say 
0 
With this definition of the operator L, let 

L {Ai(t)} = AT(p), L {A.(t)} = AP(p), 
(38) L{M,(t)} = M¥(p), L {M,(t)} = M¥(p). 
Also let 
(39) N2(t — n) = z. M,(t — n). 

on 


In view of the developments in L3 (pp. 918, 919) we have 
t 
(40) L {| ¢(n) Milt — ») in} = L{y(t)} - L{ Mi} = y(p) M7 (p). 
0 


Similarly 


L (ff ¢(n) No(t — n) in} = Li{p(t)} - i e~”* N2(r) dr 


(41) z 
y(p) / e-”* No (r) dr. 
0 


From (39) it is clear that 


(39’) Nils) @ = ~ Mi(r) , 
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and, therefore, with the aid of identity (8) in L1 


_L {om = — pL{Mx(r)} + M20) = — pMi(p), 


since comparison between (35) and (31) shows clearly that M.(0) = 0. Equa- 
tion (41), therefore, becomes 


(41’) L {[ ¢(n) No(t — n) in} = — py(p) M?(p). 


The result of operating on (36) by the Laplace operator is, consequently, 
A}(p) — Az(p) = y(p) {Mi(p) + pPM3(p)}, 
whence 
Al(p) —A 
(42) x(p) = A109) — As) 
M}(p) + p M3(p) 


We now proceed to the evaluation of the “starred’’ terms in (42). From (19) 
and (20) we get at once, since L {e-*} = 1/(p + a), 


ol 








* E, 
(43) Aj(p) = Di ka? + 4 
(44) M*(p) = Sr ee 
where 
0 
(46) Fe= Ey i © + a) ys) ag = 2 
Ky 


From (34) we get 


(47) A}(p) = an fo(é) {fo a exp (- i) a} dé. 


Consider the identity‘ 





m -* —2Vip 
48) i e? : = _ ae 
( 0 eo Vp 
The value of the second integral in (47) is obtained at once from (48) by 
replacing \ by #/(4k2). Thus, finally 





4 J. R. Carson, Electric Circuit Theory, 1926, p. 39, formula (9). 











HEAT CONDUCTION IN A SEMI-INFINITE SOLID 


(49) A;(p) = —— Fe J2(8) exp (~ 4/2 ) ae. 


In entirely similar fashion 


1 ni ) 
(50 M3(p) = =e | e (- PY a 
) 2 (p) KeVig Jy f4/ 7) % 
In view of (43), (44), (49) and (50), equation (42) becomes 


oo E, 
Di +P isp f #8 2 (- 4p) ae 
(51) y(p) = "= 
D 
pe te KVis - | eexn(- Bae 


If we make the substitution § = ~/k2/p 1, the last equation yields 


i pre. — p” [2(4/® ») e~" dn 
Sf bas + p : - _ . 


(52) py(p) = * 2. «.~_ 




















say. 
Consider the expression 
e pF, 2 k, bo p 
53 —< weer = . 
©) = Lee tp aK, Q1iQn + 1) e/a + p 


If we make the substitution p = k,q?/a?, we get 


’ Vk = 2q as Vk 
(53’) s(p) = p> CES, Eo aie cheek 





where we have made use of the well-known identity® 


22 
_— 2 (Qn + 1) x/2P — 2 





In view of (53’), (52) becomes 


ae > ee 4p -[ h(y/® ") din _ Y(p) 





(52’) py(p) = = 7)" 
tanh 4/ SP + 4/72 ™ 


5K. Knopp, Theorie und Anwendung der unendlichen Reihen, 1922, Chap. 12. 
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In the language of the operational calculus, the expression Y(p)/Z(p) is the 
“operational solution’’ corresponding to the function g(t) defined by (37). As is 
well known, the formula for inversion of (37) is 


» a Y(0) _Y¥(pi) ePit 
- = 70+ Laren” 


where the summation is extended over the roots of the transcendental equation 


- ap , Ki | /ke _ 
(55) Z(p) = tanh 4/2 +E =o, 


provided the latter has no zero or repeated roots, conditions which are clearly 
satisfied. 

We evidently have Y(0) = 0. Furthermore, Z(p) > 0 for p> 0, as is at once 
apparent from the original form of Z(p) (equation 52). Accordingly, it is seen 
from (55) that g(t) — 0 as t — & which is, of course, obvious from physical 
considerations. Formulae (54), (17) and (32) contain the complete solution of 
our problem. 


Yesuiva Cottece, New York Ciry. 

















ON PROPERTIES OF REGIONS WHICH PERSIST IN THE 
SUBREGIONS BOUNDED BY LEVEL CURVES OF THE 
GREEN’S FUNCTION 


By Lester R. Forp 


1. Let the unit circle | z | < 1, which we shall call Q, be mapped by 
w=f(2), f0) =9, 


in a one-to-one and conformal manner on a region S in the w-plane. Let S, 
be the map of | z| < r < 1, the circle Q,. 

The regions S, have been extensively cultivated. It is known that if S is a 
convex region, then S, is convex also. The simplest proof of this is due to 
Radé.' If S is star-shaped with respect to the origin, the like is true of S,.* 

These results raise the question of more general properties of S which hold 
in the subregions S,. A generalization which includes the properties just 
mentioned is given here. The method of proof is suggested by Rad6’s paper. 


2. The property 7. Let T(w, we, --- , wn) be analytic in w,, we, --+ , Wr 
when these variables range over S, and let T(0, 0, --- ,0) = 0. We shall say 
that S has the property T if when w, we, --- , w, lie in S so also does wo, where 


wo = T(wr, ws, +++ 5 Ws). 


As an example, S is convex if any point wo on the line segment joining any 
two points w; and we of S is in S: 


Wo = T (wi, We) = tu; + ie! - t)we, 0O<t<l. 


Again, S is star-shaped from the origin if any point wo on the line segment join- 
ing the origin to any point 7 of S is in S: 


Wo = T (w) = tw, 0O<ti<l. 


Some of the simplest functions T define properties that have not been studied 
and lead to interesting regions. Consider T(w:) = }w,. S has the property 7 
if the midpoint of the line segment joining the origin to any point of S lies in S. 
An instructive region with this property is what remains of the unit circle 


Received, February 11, 1935; presented to the American Mathematical Society, July 


30, 1934. 
1T. Radé, Bemerkung tiber die konformen Abbildungen konvexer Gebiete, Math. Ann., 
vol. 102 (1930), pp. 428-429. The theorem goes back to E. Study, Konforme Abbildung 
einfach-zusammenhdngender Bereiche, Leipzig, 1913, p. 110. 
2 W. Seidel, Uber die Randerzuordnung bei konformen Abbildung, Math. Ann., vol. 104 
(1931), p. 204. 
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|w| < 1 after the removal of all points on lines drawn parallel to the imaginary 
axis and in the first quadrant from the points 1/2, 1/4, --- , 1/2*. 


3. Persistence of the property JT. We now establish the principal result of 
the paper. 

Tueorem. If S has the property T so also has S,. 

We are to prove that if w, --- , w, lie in S, then wo, which we know to be in 
S, is in S,; or, what amounts to the same thing, if the corresponding points 
21, +++ , Zn lie in Q, so also does 2p. * 

Let z’ lie in Q, and have a greater absolute value than any of the quantities 
21, -*+ , Zn; that is, 
lzx| < \2"| = wt 
Let ¢ be the function inverse to f, so that 

z = ¢(w) 
maps S on Q and S,on Q,. We form the function 
F(z) = ¢{ Tlf(eiz/2’), «++ » f(enz/z")]}. 

We show that for z in Q F(z) is analytic and has a value lying in Q. If z is in 
Q, so also is z,2/z’, and f(z,2/z’) is in S. Then T is also in S, since S has the 
property T; and hence ¢(T) is in Q. We have then 

| F(z) | <1. 
It is clear that F(z) is analytic in Q, since in the preceding sequence we have 
always analytic functions of analytic funetions. Finally, we have 
FO) = ¢ {TIfO), --- ,f/M]} =¢ {T@, --- ,0)} = ¢O) = 0. 
We now have all the conditions necessary for the application of Schwarz’s 
lemma; whence we have for z in Q 
| F(z)| < 2. 
In particular 
IF@) |< le] <7; 


that is, 


le (TIF), «++ ,f@n)]} | = |e {T (ws, +++ , wad} | 


|e {wo} | = | zo] <r. 


Hence 2p is in Q,; and the proof is complete. 

A large number of applications of this theorem, using various functions T, 
come readily to mind. The author has not attempted a systematic study of 
properties of this type. 


Tue Rice INstiruTe. 











GENERALIZATION OF TWO THEOREMS OF HARDY AND 
LITTLEWOOD ON POWER SERIES 


By Orto SzAsz 


1. Let 
P(z) = Do a, 2’ = a + ar + we? + . . 
0 


be a power series convergent for0 < <1. It was proved by J. E. Littlewood 
in 1911 that the existence of 


(1) lim P(x) = s 


z—1 
and the condition 


(2) na, = O(1), n— © 


imply the convergence of the series > a, tos. In 1914 Hardy and Littlewood 


(1)! succeeded in replacing the condition (2) by the “‘one-sided”’ condition: 

(3) na, = — K, K 20, n= 1,2,3,---. 

Finally R. Schmidt in 1925 replaced this condition by the more general one, viz., 
(4) lim inf(@,4; + --- +a,) 20 as m/n—1. 


Another generalization of (2) is: 


n 


(5) > v | a, |? = O(n), n> Oo, p>; 
1 


it can be derived from (4) as Hardy and Littlewood have observed. A direct 
proof that (1) and (5) imply convergence was given in my paper (2). A similar 
generalization of (3) is 


n 


(6) > v? (ja, | — a)? = O(n), nro, o> i. 


1 
On writing (3) in the equivalent form 
(3’) n(|a@n|— an) S$ 2K, 
we see that (3) implies (6); hence we get a generalization of Hardy and Little- 
wood’s theorem if we prove 


Received December 26, 1934. 
1 See the list of references at the end of this paper. 
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TreorEM I. Conditions (1) and (6) imply the convergence of the series , a, 
0 


to 8. 
To prove this, it is sufficient to show that (6) implies (4), OF what is the same, 


(4’) lim sup (— Gnu — °°" 7 dn) £9 as m/n—l, 
and then to apply R. Schmidt’s theorem. 


Now — 2a, = \a,| — > hence 


m 


Sas Dilal-o- Man) —%)* 5 » 
n+l 


n+l n+l 
and by Cauchy-Hélder’s inequality 


> (| ay | _— a,) < + pP (| a, | _ a.)?) _¥ yp?’ 1/p’ , p’ = /(p _ 1) . 


n+l 


Thus by (6) 


S} (a 1-0) 8 (n= O(m"*) . 


n+l 
On putting herem S (i+ §)n,0 <4 < 1we get 


- y > a, = gue’ al? O(n"?) = O(s"!?’) 9 as 6-0 
y= n+l = . 


from which (4’) immediately follows. 
In the following lines I give & simple direct proof of Theorem I; it is based on 


some auxiliary theorems which may be of interest in themselves. 
A corresponding theorem for Dirichlet’s series can be proved in a similar 


manner, generalizing a theorem given in my paper (3). 
The generality of condition (6) increases as p decreases, since 


. . ° " 
(7) (1) s(1De): a, >, O<p<aq: 


1 1 


2. Inmy paper (2) I proved 
THeoreM II. If (1) holds and if 


(8) > va, 2 — Kn, 9 = 1,2,3,°°°: 


then > a, 18 summable (C, 1) to the sum 8. 
0 























GENERALIZATION OF THEOREMS ON POWER SERIES 107 
Here is a simpler proof of this theorem. On setting 
Ya, = As, >A, = A‘), Y va, = (n + 1) Ay — AW = ty, 
we have by (1), asz— 1, 
P(2)/(1 — 2) = p> Ae~ds-a, 


P@)/ — 2)? = AM 2 ws/(1— 2), 


oo 


(9) [rosa _ pdt = > apenne [ava _ptes/(1—2). 


Hence 





1 1 . 1 . 
> (4-4 40") =D qi"? =o(1/(1 — 2)), 


or 


> (+; on)e~Kia-2), z—l1. 


1 


Using a well known theorem of Hardy and Littlewood, of which Karamata gave 
an elementary proof, we derive from this and (8), 


n 


>> 1 
) (+ 5) ~ Km, n> @, 
or 


(10) z 4 v, = o(n). 
By (9) 


1 = =f" P(t)/(1 — t)? dt = ag + > (4, {Ay - 2 at”, ) 2’ —> 8. 


On setting here 





1 1 
a. a .. * (1) (1) a) _. 
4s 5 AW, = 3 (Ay? — — 4-1) — 6a” 24D" 


we have by (10), 





> vu, = o(n), 
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whence, by Tauber’s original theorem, 


1 
——A')-+3, nom. 


n+1 
I am going to prove now 


Tueorem III. Jf > a, is summable (C, 1) to s and if (6) holds, then >> a, 
0 0 


converges to s. 
We use the identity 











Pa =. __” ( 1 am 1 Aw,) 
Sees #534055 °,C—~«~ ca 
(11) , 
1 
_ —k+1) ays. 
ne 1 2 (v + ) k 
Now 
— DO - b+ VD ase S DUO — K+ D (Lanse | — ante) 
k=1 k=1 
(12) 


’ 
Sv Dl arse | dase) 
k=1 


and using (7) and (6), 


n+v n+ 1 
Da =a) s | Sha = ao? f 
° n+l n+l 
(13) - 


= O(v'-YP(n + v)"?(n + 1)-). 
Being given an arbitrary «> 0, by assumption, we have 


14, —1am,|<eforn > N@, 71,238,005 
n+v+1 n 


choose v = [ne] and n> e~', then by (11)-—(13) 





(14) 


lim sup A, — s S ee? + Of”), 


ns 


hence 


lim sup A, S 8. 




















GENERALIZATION OF THEOREMS ON POWER SERIES 109 


Similarly from 


ten cb, ag, = MEH (AY _ AB) 
eae pt lini n—yv 





(15) 1 » 
+ a 2 (v — kK + I)an-egs 
it follows 


lim inf A, 


no 


IV 
7) 


and this proves Theorem III. 
Since, by (7) and (6), 


- > ~ p3 »(Ja,| —a,) < nue (> »(|a,| — a)” = O(n), 


Theorem II asserts that >> a, is summable (C, 1) to s, and by Theorem III, 
0 


we 
> a, converges to s; this proves Theorem I. 
0 


3. It may be observed that (6) is equivalent to the following condition: there 
exists ag > 1 such that 


Ign] 
(6’) > (|a,| — a,)? = O(n'), no, 
For from (6) it follows 


2n 2n 
> (ja,| — a)? S n-? > v*(\a,| — a,)? = O(n). 


Conversely on putting n, = [ng~’], v = 0,1,2, --- , 


n 


" y-1 Ny—1 
(| a,| — a)? = Do p> kr(jax| — ax)? S Dont. DY (lax| — ax)?, 
1 ¥ tn, ¥ ltn, 
and using (6’), 


> (a, | — a)? = (= m) . O(n > r’) = O(n). 


¥ 


A generalization of (6) and (6’) is 


(16) a a,| — a,) = O(w(5)), w(s) > O0ass— 0. 


n+l 
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For from (6) it follows 


n(1+8)] 


p fel~a) x i > la, | - a) 
= 4 ; (> v?(\a,| = a,)°)"” (né)'-Y? < (1 + 6)”?5'-Y2 O11) 0 ash 0. 


The same argument as in §2 leads to the more general 
TueoreM IV. Conditions (1) and (16) imply the convergence of > a, to s. 
In the first place, on setting n, = [n(1 + 6)-’] we have : 
Eel aa| — a) SE r10le)) = O00); 


+ny 


~ >a, $Y x\a,|- a) =D 


1 ¥ 


oo 
hence by Theorem II, >> a, is summable (C, 1) tos. Now 
0 


=F 6-8 + Dawns YO-8 + Mal —ad Se dal-@ 
l n+l 


k=1 


v O(w(e)) , v=([ne], n>e“; 


hence by (11), (12) and (14) 


lim sup A, S s. 


Similarly from (15) it follows 


lim inf A, = s; 


n-—-2 


this proves the theorem. 


4. Hardy and Littlewood proved that (1) and the convergence of the series 
>» | a,| **!, p> 0, imply the convergence of >-a,; the case p = 1 was treated 
0 


by Fejér. I prove the following generalization: 
Tueorem V. The conditions (1) and 


> v(la,| — aot! < ow, p>d, 


1 


oe 
imply the convergence of >. a, tos. 
0 
This follows immediately from Theorem I; for 


2n 


2n 
> (|a,| — a,)°*! S n- > v’(ja,| — a,)et! = o(n-*), 
n 


n 
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hence (6’) is satisfied with p= p+41>1. At the same time it is clear that 
Theorem V is of the “‘o-type.”’ 
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LINEAR ALGEBRAS WITH ASSOCIATIVITY NOT ASSUMED 
By L. E. Dickson 


1. The complete structure of linear associative algebras was known to depend 
upon the division algebras. When the reference field F is an algebraic field, 
H. Hasse has recently proved that every normal' division algebra is cyclic. 
This perfection of the theory of associative algebras justifies attention to non- 
associative algebras. 

Known examples of non-associative division algebras are Cayley’s algebra of 
order 8, and the writer’s? commutative algebras of orders 3 and 2n ($15). Many 
new division algebras of order 4 are given here by Theorems 2 and 3. 

In §§$7-11 we determine all types of algebras of order 3 having a principal 
unit (or modulus) denoted by 1. Except for special values of the parameters, 
these algebras are simple. It is known that every associative simple algebra 
of order 3 is a division algebra. 

Thus the structure theorems for associative algebras fail in general for non- 
associative algebras. Similarly for other properties. Consider the algebra A 
of order 4 with ef = és, e2€; = 3, and all further ee; = 0. For X = x + 
Yaz.e;, evidently (XY — x)(X — x)? = 0, so that A has the left rank 3. But 
its right rank is 4 since 1, e:, e7 = es, ej ¢: = és; are linearly independent. Al- 
gebra (37) with 13 parameters also has left and right ranks 3 and 4. 


Part I. Rank 2 


2. In case the field F has a modulus p, assume that p * 2. 
Lemma l. Jf 1, u, vare linearly independent with respect to F, and vw? = a+ cu, 


v? = b + dv, then 
w+vu=du+e+yf, finF. 

Write ¢ fora + b + cu + dv. Then 
(u+v)? =t + w + vu 


(u — v)? = ¢ — w — vu 


r + s(u +0), 
R + S(u — v). 


Il 


Addition yields s + S = 2c, s — S = 2d. Subtraction gives Lemma 1. 


Received March 25, 1935. 

1 If only the numbers of F are commutative with every element. 

2 Linear Algebras, Cambridge Tract No. 16, p. 14, p. 69 (p. 17 for the characteristic 
equations); On triple algebras and ternary cubic forms, Bull. Amer. Math. Soc., vol. 14 
(1907-8), pp. 160-169, p. 169; Linear algebras in which division is always uniquely possible, 
Trans. Amer. Math. Soc., vol. 7 (1906), pp. 370-390; On commutative linear algebras in 
which division is always uniquely possible, ibid., pp. 514-522. 
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3. After adding scalars (numbers of F) to the initial units, we obtain a basis 


1, €1, «-- , €n, Where e? = a;. By Lemma l, 
€ ie; a eeci = bi; (i ¥ ) . 
We get e,e; from the latter and 
ee; = Ci + } CijKek (i < D ° 
k=1 
Using summations for 7 = 1, --- , n, let 
y 4 = £ a ZT Ci; Y = 7 a Ly iei, XY = Py - DPee;. 
Let =’ denote summation for 7,7 = 1, --- ,n with? <j. Then 


Po = En + Trias + V'bijaiyyi + Vey; — Viyvdei, 
Pr = Eye + nte + 2 (ry; — Tiyideiin (A =1,---,m). 


The right determinant A(X) is defined to be the determinant of the coeffi- 
cients of n, 1, --- , Yn in Po, Pi, «++, Px. Multiply the first column by —é& 
and the (j + 1)-st column by z; (for 7 = 1, --- ,m) and add. The sum is 
the value of P; for 7 = —t,y; = 2;. Fork 2 1, P; evidently vanishes. Since 
Y becomes — X’, where X’ is the conjugate of X, Py becomes the negative of 
the norm of X. 

THeoreM 1. The right determinant A(X) and left determinant A'(X) of any 
algebra of rank 2 are both divisible by the norm N(X). 

The quotient is obtained at once from the cofactor of any element in the 
first row (ef. §5). 


4. Division algebras of rank 2. We assume that if any product of two 
factors is zero, then one factor is zero. 

Lemma 2. Jf 1, u, v are linearly independent in F, then 1, u, v, uv are linearly 
independent in F. 

We can choose m and n in F such that 

U=u—™m, V=v—m, U? =a, V2 = k. 
By Lemma 1, UV + VU = 2c. Take e = U,e, = V — ca"U. Then 
e? = @, e3 = b, €:€2 + 2; = O. 

Ifa = k*, k in F, then (e; — k)(e: + k) = 0, e: = + fk, whereas 1 and e 
are linearly independent in F. Hence 
(1) a ~ square in F, b * square in F. 

If 1, u, v, wv are linearly dependent in F, the same is true of 1, U, V, UV 
and of 1, é:, é2, €@2. Hence ee: = r + se; + tes, where r, s,¢ are in F. Then 
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r+ st rt + as 
(-O(a+ot%a4 ) =o, 





?e—a 


whereas neither factor is zero. This proves Lemma 2. 
Since we may take ee: as the fourth basal element es, 


2 2 
(2) e; = 4, e2 = b, €1€2 = €3, €2@) = —e3. 


Write ef = c; + 2m,e; fori = 3. Apply Lemma 1 with (u, v) = (a, e:), 
(é2, €:), (e:, €;) in turn. We get 
(3) ee: + eit: = gi + 2mie, €2€i + C2 = hy + 22 (¢ = 3), 
ee; + ee; = ti; + 2me; + Wnje; (i,j = 3,12 ~ j). 


Write x = + Ure; Squaring x — E, we get 
n 
= 2x(¢ + p rm) —wN ’ 
j=3 
N= # + 2EDx jm; = ax; - baz _ Der? — Dg jr ; ~_ Dh xox; _ Lt ijt 2j;, 


where the summations are fori = 3,7 23, whilei <jin >’. Thus (2) and (3) 


imply that every element x of the algebra satisfies a quadratic equation. Evi- 
dently N is the norm zz’ of x. Also, 


(4) 2 is scalar if and only if § = — > 2jmM; . 
fa 
We may choose a basis satisfying (2) and e} = scalar. Proof is needed only 
when m; * 0. Use the basis 
1, 1, EB, =r= é a Tries; E; = aks, tee 
where (4) holds. Then 
Qh: + @H, = 2ax, + > 9:2; 


i=3 
becomes zero by choice of 2. Let 


Qe; = k; + Lie; (a = 3) ° 
Then 


n 


E; = s + &e; + xee3 + bs (> riew) 6 $s = ax+ > zk. 
j=1 \i=3 i=3 
By (4), Ej is scalar if 
§ a mM3(2X2 a >» XiCis) + > > m (3 ru) =0. 
i=3 j=4 


i=3 
This and the former condition hold if, for example, 


n 
a=0(24), w%=2, m= —g;/a, mgt, = 93 — 2ks —2 D> mez. 
g@s 
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Lemma 3. There exists a basis satisfying (2) and (3) with m; = 0. 


5. Case n = 3. Employ (2) and 

a €:€3 = Co + C16) + Coes = C3€3, C223 = dy dyes + dye» + d3€3, 
(5) . 
3 = f, 30, = J — C103, €3@2 = h — €€3, 


which follow from (3). As in Section 3, A(x) is 
lg ax, (9 — Co) 23 bre aa (h — dy) Xs Colt + dors + firs | 





|X E — C123 —dyr3 an + d\r2 | 

| ’ 
a — Cor; & — dor; Cot, + dors 
3 —Xo — C3X3 YX, — d3x3 C301 + dst + E 


which is the product of 
(6) —N(zr) = —& + axi + br> + fri + gaits + hxers 
and the quotient® by — zr; of the minor obtained by deleting the first row and 


last column. This quotient is 
— £ — estx, — dstre + (ce: + d2)&r3 + Cart + (dz — ¢i)rit2 


—dyx} + (esd, — cods)aits + (rds — esdi)xers + (cod: — dide)z3. 

Similarly, the left determinant A’(z) is the product of (6) by the function 
derived from (7) by changing the sign of &. 

TueoreM 2. The algebra R over F defined by (2) and (5) is a division algebra 
if and only if neither (6) nor (7) is zero for values of &, x1, 2, x3 in the field not 
all zero. The forms (6) and (7) are identical if and only if R is the algebra S 
defined by (2) and 

e; = —ab, €\€3 = Co + dea, e341 = — 613, 
(8) 
€2€3 = do — be, €3€2 = —€2€3. 
In R the product of the norms of any two elements is the norm of their product if 
and only if R is the algebra Q defined by (2) and (8) with co = dy = 0, whence Q 
is the generalized quaternion algebra and obeys the associative law. 

In the products of (6) and (7) by —1 and —4, respectively, we complete 
the square on &, then on 2, and finally on z2. We obtain forms having only 


square terms with the coefficients 
(6’) l, —a, —b, —f + g’/ (4a) + h?/(4b) ; 
(7’) 1, —A, —B, D + C?/B, 


3 Or the quotient by x2 of the minor obtained by deleting the first row and third col- 


umn, etc. 
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where 
A =c§ + 4e2, B = dj — 4d, — U?/A, U = 2(a — de) — esds, 
W = ey¢s + 2ced3 — cso, C = esd; — eds + ded; + UW/A, 
D = A(erd2 — cody) — (ey + de)? + W2/A. 


When F is the field of all real numbers, the condition for a division algébra 
is that the numbers (6’) and (7’) be all positive. 

When F is any field, 2? — ay? — bz? + mv? is not zero for values of x, --- , w 
in F not all zero if and only if a is not a square in F, b is not represented by 
x? — ay’, nor —m by 2x? — ay? — bz’, for values in F of the variables. The 
final condition is redundant‘ if m = ab. 

The case cs = djs = 4 = d2 = g = h = 0,f = —ab, yields the 

CoroLuaRy. The algebra defined by (2) and 


° 
€\€3 = Co oa C2, €223 = dp _ de, é&3 = —ab, 63) = —€1€3, €3€2 = —C2€3 


is a division algebra if and only if a and c are not squares in F, b is not repre- 
sented by x* — ay’, and d is not represented by x? — cy®. Whence = a,d = b, 
this algebra is S of Theorem 2. 


6. Normalization. Employ a new basis of R: 


(9) 1, Yi, Es, E; = E\E,, E; and E; scalar. 
By (4) 
(10) Ey = ZT Ci, EB, = Ly ie; (i = 1, 2, 3) . 


By Lemma 2, (9) is a basis if and only if the x; are not proportional to the y;. 
The condition for Z,£, + E2.E,; = 0 is C(xi, y:) = 0, viz., 


(11) 2t + g(tiys + rsy:) + A(rays + Tay2) = 0, t = ary + breye + frsys. 
We get FE; = fo + =fiei, where 
fo = t + comys + (9 — co)rsyi + doxeys + (h — do) rays, 
(12) fi=el+daM (i = 1,2), fs = esl + d:M +N, 


L = xys — @sy, M = xroy3 — ayo, N = ry2 — Xoy. 


We require that Ej be scalar, viz., fo = 0. Next C(x, f;) = 0 is the condition 
for E,\E; + E;E,; = 0. We now have three linear homogeneous equations in 
Yi, Y2, ys. The determinant D of their coefficients is a quartic form in the 2;. 
Assume that D = 0 has solutions not all zero in F. Then our three equations 
hold if the y; are the cofactors of the elements of the third row of D. For these 
values (quadratic functions of the x,) of the y;, the condition C(y;, f;) = 0 


*L. E. Dickson, Algebren und ihre Zahlentheorie, Ziirich, 1927, p. 47. 
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for E:E; + E;E, = 0 becomes an equation in the x; of degree 5. This has 
solutions in common with D = 0, but not necessarily in F. Hence in general 
we may normalize algebra R so that g = h = 0. 

Consider the normalization of algebra S defined by (2) and (8). Here (11) 
and fy = 0 become 


(13) ary + breye — abrsy; = 0, ol + aM = 0. 

When (13) hold, the new basis (9) satisfies equations (2) and (8) written in capital 
letters if and only if 

(14) A = ax} + br} — abzj, B = ay; + by; — abyj, 

(15) AB + ab(al? + bM? — N*) = 0, 

(16) Cy = ab(ael — 1,.M — 23N) + (aN + br3M) + d)(x2N — ax3L), 


while Dy is derived from (16) by replacing x; by y;. Using the definitions (12) 
and (14), we find that the left member of (15) reduces to the square of the 
first sum in (13). Hence we may discard (15). 

To make Cy = 0 for solutions of (13), we have three linear homogeneous 
equations in the y;; the determinant of their coefficients is a quartic form in 
the x;, which must vanish. 

For the special case co = dy = 0, Co and Dy are identically zero by (12). Hence 
every normalization of a generalized quaternion algebra is made by the new units 
(10) and E; = E\E>, where the x; are not proportional to the y; and satisfy the 
single equation (13,); the new parameters are (14). 


7. Triple algebras of rank 2. By the first two sentences of §3, 
€\€2 = C 40 de, a fea, ee; = 9g — de, _ fer. 


é,; =a, e 


If d = f = 0, we have (17) with k = 0. If d and f are not both zero, we 

may interchange the e’s, if necessary, and take d = 0. Write 
E, = de, + feo, E, = des, 
E,\E, = c + bf/d + KH, E.E, = g + bf/d — mm. 

Hence every triple algebra of rank 2 is equivalent to® 
(17) e? =a, eh = b, eer =c+hke, exer = g — ke (k = Oor 1). 

Every transformation of units for which the E? are scalar is 
(18) EB, = re, + ses, E, = te, + wee, D = rw — st ¥ 0. 


Then B,\E, = kDe, + sealar. Let (17) hold in capital letters. Then kDe, = 
KE,, whence kD = Kr, Ks = 0. Hence an algebra (17) with K = 0 is not 
equivalent to one with k ¥ 0. 


5If k = 0, we may take c = Ounlessa = b=c+qQg = 0. 
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IL.k =1. Then K = 1,8 =0,w=1,r #0. Then £.E, = G — E,, 
G = r(g + ta), E,\E, =C _ Ei, C= r(e + ta). 

I,. a = 0. We make G = 0 by choice of ¢t. Hence we may take g = 0. 
Then G = 0 requires ¢ = 0, FE, = rey, FE, = e2. Then 


E? os ra, E} = b, E\E; = Tc + E,, E.E, => -— F\. 
If c = 0, take re = 1. Thus 
(19) e? =a, es; = b, €i@2 = C+ &, é@ = —e@, (c = Oorl) 
, 


with no further normalization if c = 1. But if ¢ = 0, we may remove any 
square factor from a. 

I, a=0. ThenG=r9,C =rc,A =ra,B=b+t(c+gQ). Ife+g #0, 
we may take b = 0 and a non-vanishing one of candgequaltol. If c+g=0, 
c #0,wemaytakec = 1. Ife = g = 0, we can remove a square factor from a. 
No further normalization is possible. 

For any e in algebra (19), (1, e) is a sub-algebra which is not invariant. 
Every sub-algebra of order 2 lacking 1 has a basis in which the pairs of coeffi- 
cients of e; and é: are not proportional and hence a basis r + e, s + 2, with 


2 


c= 2r, r(s —_ 1) = 0, r = @, st = b. 


Eitherc =a =r=0,b=s,ore=b=s8s=1,r=1/2,a=1/4. It is in- 
variant by 

Lemma 4. Jf S is a sub-algebra of order n of an algebra A of order n + 1 
and if A has a modulus 1, but 1 is not in S, then S is invariant in A. 

For, A = (1, 8S), S? <= S. Hence AS < S,SA SS. 

If c = a = 0, (19) has the single invariant sub-algebra [e,] of order 1, other- 
wise none. 


A simple algebra is one having no proper invariant sub-algebra. Hence (19) 
is simple unless c = a = QDore = b= 1,a = 1/4. Algebra (19) is associa- 
tive if and only ifa = ¢ = 0,4) = 1. 

Part II. Triple algebras of rank 3 

8. Employ the new basis 
(200) 1, B=a+ba+ce, Fe =e + fer+ ge, D=bg — cf = 0. 
The commutative case shows the existence of a relation 
(21) ELE _ E\E, = Deve, _ €1€2). 

We may choose e; so that 1, e:, e] are linearly independent in F. Hence we 
may take 
= @2, e\e2 = h oa jer + kes, 


(22) 
m + ne; + per, 2, = F + sey + leo. 


tee om Oo 
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For any new basis (20) we will have Ej? = E, if 

e = @ + be(h + r) + cm, 

(23) f = 2ab + be(j + s) + en, 
g = ac + B + be(k +) + ep. 


Let (22’) denote the multiplication table for £,, E2; it is of the form (22) with 
each letter replaced by the corresponding capital letter. Using also (21), we get 


(244) R—-H+(S—J)E4+ (T — KA)E, = Dir —h+ (8s —Jat+ ( — Bel. 


Solving (26), we get 
(25) De, = ce — ag + gE, — ck, De, = af — be — fE, + bE». 
Elimination of e; and e2: between (24) and (25) gives 
(26) S-J=gs-j-ft-W, T-K=-cs—j+b¢-2). 

We can always’ make S = J. Proof is needed only when s # j. By (26), 
S = Jif 

g = fu, u = (t — k)/(s — j). 

By (23), this holds if 2a(e — bu) equals a known quadratic form in b,c. This 
condition is satisfied by choice of a in terms of b and c if ec — bu # 0. Then 
D = — fle — bu) ¥ 0 if f * 0; we must therefore avoid the values for which 
f and g in (23) are both zero. 

Hence we may take s = j. This is not altered if we replace e, by e, — k/3, 
which yields K = 0. Hence we may take 
(27) s= Le k=0. 

Apply transformation (20) subject to (23). By (24),S = Jif ft =0. There 
are two cases. 

9. Lett #0. Thenf = 0,D = bg #0. By (23,2), 
(28) —2a = 2cj + c*n/b. 


S=J=e+g9j + gen/b, K =a+c(p — j) — en/b. 
Eliminating a by (28), we see that K = 0 only when 


(29) c=0 or 2p — 4j — 3cn/b = 0. 


* But we can make JT = K only when a certain invariant is not zero, C. C. MacDuffee, 
Invariantive characterizations of linear algebras with the associative law not assumed, Trans. 
Amer. Math. Soc., vol. 23 (1922), pp. 135-150, p. 147. In his equation below (27), the final 
product should be (bz — e1 — di)(e1 — di)(e2 — dz)? — bi(e2 — d2)’, while ec should be a3. 
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Now 
bT = ab + be(p — j) + Bt — cn 
reduces by (28) and (29) to 
(30) T = bt. 


By choice of b, we may take T = 1. To preserve this normalization t = 1, 
we must take b = 1. Since 


(31) N = gn/b, P — 2J = —g(p — 2j), 
no algebra of one of the following four types is equivalent to one of a differ- 
ent type. 


lor II. n # 0, p = 2j, orn = 0, p ¥ 27. ‘Then c = 0 by (29), whence 
a = 0 by (28) and our transformation (20) is the identity. 

III. n # 0, p ¥ 27. Then (29) and (28) uniquely determine c ~ 0 and a, 
whence our transformation yields a unique new algebra. 

IV. n = 0, p = 27. Our transformation involves a single parameter ¢ which 
is available for further normalization. 


10. Lett = 0. Then S = J, T = K by (26) and (27). After divisions by D, 
we find that 
K = 3a+(p+j)e, J = —3a® — 2ac(p + j) + bY + be(n +h + 1) 
+ (m — pj), 
P = 6a? + 4ac(p + 7) + b*p + be(2h + 2r — n) + C(p*? + 2pj + 2m). 


To preserve the normalization k = 0, take K = 0 and eliminate a. Then J 
and P become quadratic forms in b, c, while 


27N = 27nb* + 18w*b?c — 27wnbc? + (2w* + 27n?)c*, 


where w = p — 2j. The expressions for H, M, R are more complicated, 
although R — H = D(r — h) by (24). If F is the field of all real numbers, 
we may take N = 0. For a different F, normalization depends on representa- 
tion by binary forms. 


11. Let A be the algebra defined by (22) and (27). Any sub-algebra of 
order 2 without the modulus 1 is (u + e, v + e2), where 


v= —u?, h = u(v + Jj), r—h = te, m= nu + v? + po. 


It is invariant in A by Lemma 4. Elimination of u and v yields two conditions 
on the constants of A. 

Let W = x + ye: + 2e2 generate an invariant sub-algebra of order 1 of A. 
We may take y = 1 or y = 0 andz = 1. In the latter case, elimination of 
x = —j shows that the conditions on A are 


h=n=0, r= —jt, m = j(j — p). 








122 L. E. DICKSON 
If y = 1, the conditions on A are r = h, ¢ = 0 and the results of eliminating 
xz and z between 
r=2h, 22 +2j)=1, rij +zn) =h+em, 27 +2n) = 2+ 2p. 
If none of these special sets of conditions holds, A is simple. 
Part III. Algebras of order 4 and left rank 3 


12. Let xz? be a linear combination of 1, zx, x* for every element x. Let 1, 
e, e be linearly independent. By choice of r in the field F, e; = e + r satisfies 
the first two equations in (33). Let ee; = ao + Lae; For 


(32) E = —a, — a0; — ae; + @3, 


é:.2 is linear in &. Take # as a new es. Hence 


2 
e; = @2, Qé2 = a + bey, e\e3 = ay oe 43€3, 2k, = Lbei, 
9 . wi 
(33) es = Tciei, €2e3 = Ld ei, é3e1 = Tfiei, 
C32 = Lili, e5 = Dhei, 


where @& = 1. Write 


( ) X = sey + te oa We3, X?= K a Le, oe Me. — Pes, 
34 
XX? = scalar + Re, + Tez + Ves. 
The algebra will have left rank 3 if 1 and these three elements are linearly 
dependent. This is true if and only if 


| 8 L R | 
(35) t M T | = 0. 
w P V 





Since M has the term s?, while Z and P are linear in s, the minors of V and R 
are not zero identically. We here assume that the minor of T is zero, whence 
L = sq, P = wq. Then (35) is the product of M — tg # Oby sV — wR = 0. 
By using the conditions which follow readily from L = sq, P = wq, and from 
the terms free of tin sV — wR, we find that the latter is the product of qg by a 
determinant which is evidently zero. Hence the left rank is 3 for the algebra 


,2 
2 


e; =, 0 =a aa bei, 20, = by — bie; a bees, Co = Co o C2€2, 


(36) e203 = do a doe os hes, €;€3 = A oF 3€3, €3€2 = Go ad J2€2 a bes, 
So + fier + foexz — asez3, e} = ho + hoes + fies. 


Then X?, e.X and Xe, are linear functions of 1, e2, X. Hence if Y is any 
element, 1, é2, Y give a basis of a sub-algebra. Hence algebra (36) has left 
rank 3 and right rank 3. For, from the linear function of 1, e2, Y giving Y?Y 
(or Y Y*?) we may eliminate e. by means of Y? = g + hes + jY,h # 0. 


C30) 
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13. Conversely, for every element Y of an algebra A of order 4 over a field F, 
let 1, E, Y give a basis of a sub-algebra, where E is fixed and is not a multiple 
of 1. The right and left ranks of A are $3. Exclude A’s of rank 2. We 
choose an element e not satisfying a quadratic equation in A. The case Y = FE 
shows that E satisfies a quadratic equation in A. Hence 1, e, £ are linearly 
independent in F. The case Y = e gives e = r + se + tH, t #0. Write 


e: = e — 8/2, @ =e; =r-+ s*/4 + tE, 


Then 1, e2, Y give a basis of our sub-algebra. Take (32) asa newe;. We 
find that 1, e2, Y form an algebra for every Y in A if and only if A is identical 
with algebra (36) with the second equation replaced by ee. = a + be, + ces. 


14. Modify §12 by taking L = sQ, P= st + wQ. Then (35) holds (whence 
the left rank is 3) if and only if algebra (33) becomes 


2 
€} = @2, 2 = a+ bei, €€3 = Ay, C2, = bo + biey oe bees + é3, 


(37) ef =e, + (b + diles, exes = do + dies, e} = ho + fies, 


Il 


€3€2 = go + fies + bes, ese: = fo + fier + foer. 


The right rank is 4, as shown by the right minimum equation for e,. Note the 
sub-algebra (1, é2, 3). 


Part IV. Division algebras 
15. Let J be a root of a cyclic equation 
z® — or"! 4 --- + (—1)"en = 0, 
i.e., an equation irreducible in a field F having the roots 
J, J’ = J), J” = 0’) = PJ), «+. J = or"), (*(J) = JI, 


where superscripts on @ denote iteratives (and not powers), while @ is a poly- 
nomial with coefficients in F. Write B’ = B(/), B’” = B(J’), ete. Define an 
algebra with the elements A + BI, where A and B are polynomials in J with 
coefficients in F, with the law of multiplication 


(38) (A + BI|(X + YI) = R+ SI, R = AX + gBY'J, S = BX’ + AY, 


where g is a number + 0 of F. Both distributive laws hold. 
Given R, S and X, Y not both zero, we can find A, B uniquely if 
1X g¥'J| 
(39) | 0. 
iz 4 


This holds if Y = 0. Next, let Y = 0, XX’ = g¥YY’J. This fails if n = 2 
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since J is not in F. If n 2 3, we take the product of its conjugates, write 
N(X) for the norm XX’ ..- X~» of X, and get 

N?(X) = g"c,N?(Y), 


which fails if gc, is not the square of the norm of a number of F(/). 
Given R, S and A, B not both zero, we seek X, Y. But 


(40) C = gBS'J — A'R = gBB' JX" — AA’'X, 
If n = 2, then X” = X and we obtain X uniquely and then Y. If n 2 3, 
let D denote the determinant of the coefficients of X, X’, --- , X"-» in C, C’, 
wee CORD 

ia is odd, we find that 
(41) D = —N*(A) + g"c,N?(B). 

But if n is even, n = 4, we find that D = UU’, where 
(42) U = —N(A) + g"*N(B)JJ” --. J, 


Transpose and multiply by the conjugate equation. 

TuHeoreM 3. Let (—1)"c, be the constant term of a cyclic equation of degree n 
over a field F. The algebra in which multiplication is defined by (38) is a division 
algebra if n = 2, and when n = 3 if g"c, is not the square of the norm of a num- 
ber of the field F(J). 

For n = 2, the algebra over F has the basis 1, J, J, A, where 
(43) JZ=cJ—d P=gJ, JI=K, K?=dgJ, IK =gd, KJ = dl, 

43 
IJ =cI —K, JK =cK —dl, KI = geJ — gd. 

This is a division algebra if 22 — cx + d = 0 is irreducible in F; it is remarkable 
that there is no further condition. 

A generalization of (38) is 
R = AX + (aBY + bBY’ + cB’Y + dB’Y’)J, 

44) 
S = AY + mBX + nBX’, m+n=l. 


Ifa =b=c=n=0,d = m = 1, we have the commutative algebra cited 
in $1, which is a division algebra if c, is not the square of the norm of a num- 
ber of F(/). 

16. Algebras of order 2 without a modulus. 

I. Let e be a sealar multiple of e for every element e. As in the proof of 


Lemma 1, 


9 
ei = ae, es = bes, €:€2 + ese; = be, + aes. 


Hence if e = re, + yes, e = (ax + by)e. 





' 
f 
i 
k 
( 
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Let a and b be not both zero. By symmetry, take a ~ 0. Taking e:/a as 
a new ¢,, we have a = 1. The idempotent elements 


e = (1 — by)er + yes, E = (1 — bY)a, + Yee 
are independent if Y # y. Let ees = je, + kez. The conditions for eH = 0 are 
1 — bY + Yj — wi = 0,7 YkK+y — yk = 0. 


These have unique solutions y, Y with Y + yifj + bk —b #0. Then 
(45) e? = @, E? = E, eE = 0, Ee=e+EH#. 


II. In the contrary case, we have (20)—(26) after suppressing scalars and the 
first equation (23). The condition for S = J is now a homogeneous quadratic 
in b, c. Instead, we attempt to make T = K, given t # k; the condition is 
b = mc, m = (s — j)/(t — k). Then D # Oif ¢c 4 0 and 


(46) m + m(k +t) + m(p—j—s)—n# 0. 
In this case we may therefore take ¢ = k. 


UNIVERSITY OF CHICAGO. 








AN APPLICATION OF LAGUERRE POLYNOMIALS 
By D. V. WippEeR 


Introduction. By the Laguerre polynomial of order n we mean the poly- 


nomial of degree n 


(1) L,(z) = >) (x) . 


k=0 
These polynomials are known to form an orthogonal set with respect to the 
weight function e~* on the interval (0, <), that is, 


x _0 (m # n) 
| e L,, (x) L, (2) dz = 1 (m =n). 


The very form of this integral suggests that there should be an intimate relation 
between Laguerre polynomials and Laplace integrals 


(2) f(x) = / e-*' da(t). 


It is the purpose of the present paper to examine more closely this relationship. 
We are able by use of the Laguerre polynomials to give a new proof of a 
theorem of S. Bernstein to the effect that every completely monotonic func- 

tion f(x), 
(—1)* f(r) 20 (x >0,k =0,1,2,---), 


can be represented in the form (2), where a(t) is a non-decreasing function. 
The vital part of the proof is based on the known result that the function 


Y Ly(z) Laly) 


n=0 


K(z, y, t) 


is non-negative for0 Sz < «,0 Sy < «,0<5¢t< 1. This fact was proved 
by G. H. Hardy in 1932 and by G. N. Watson in 1933. Incidentally we obtain 
a new inversion formula for (2) by a series of Laguerre polynomials. Our 
method shows automatically that the series in question is summable in the 
sense of Abel to the function a(t). It can be seen by other considerations that 
the series actually converges to a(t). 


1. The operator J. We begin by defining an additive operator J which 
operates for the present only on functions of the form e~* P(x) when P(z) is a 
Received March 2, 1935; presented to the American Mathematical Society April 20, 
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polynomial. Let f(x) be completely monotonic in the intervalO < z < «, 
that is, 
(—1)' f(z) = 0 (x >0;k =0,1,2,---), 
f(0) = lim f(z) = A, 


z—0+ 


where A is some finite constant, which will clearly be non-negative. Then we 
make the 
Derinition. Jf P(x) is the polynomial 


P(z) = > a z*, 
k=0 


then 


I{e* P(x)] = p> a,(—1)*f(1). 
It is immediately apparent that if P,(x) and P2(z) are arbitrary polynomials 
and ¢; and ¢2 are arbitrary constants 
I[eve-* Pi(z) + coe? P2(x)] = eT [e-* Pi(x)] + c2D [e* P2(2x)). 
Furthermore, we can show I to be a positive operator in the sense of 
THeoreM 1. Jf P(x) is a polynomial such that 
(1.1) P(x) 20 (0 S2z<~), 
then 
I{e* P(x)] 20. 
To prove this result we first recall! that any polynomial satisfying (1.1) can 
be written in the form 
P(x) = [A(z)? + [B@)P + 21D)? + cE), 
where A(x), B(x), D(x), and E(x) are suitably chosen polynomials. Hence, it 
will be sufficient to prove for an arbitrary polynomial P(x) that 
I{e~* P*(x)] = 0, 
Ile-7xP*(x)] = 0. 
Since f(z) is completely monotonic, it is easily seen? that the quadratic forms 


' See, for example, G. Pélya and G. Szegé, Aufgaben und Lehrsdtze aus der Analysis, 
vol. II, p. 82, No. 45. 

2 See D. V. Widder, Necessary and sufficient conditions for the representation of a function 
by a Laplace integral, Transactions of the American Mathematical Society, vol. 33 (1931), 
p. 855. It should be understood that the non-negative character of the determinants there 
considered is not sufficient to insure that the forms (1.2) are non-negative. However, if 
the same limit process employed in the article cited is applied directly to quadratic forms, 
the result (1.2) is obtained. 
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y» (—1)* fH) Eg 
=O r=0 
(1.2) , ; (n = 0,1, 2,--- ) 


} > fn [)itett fUtk+u(1) Eg, 
7=0 k=0 


are non-negative for all values of the variables &,. 
Hence, if 
P(x) = > a, x*, 
then — 
Ile~* PA(z)] = > bs aa,(—1)** for(1) = 0, 
j=0 k=0 


Tle 24 P*(x)| a > > i aja,( —1)/+#+1 fore+o(7) > 0. 


j7=0 k=0 


This completes the proof of the theorem. 


2. Extension of the domain of the operator 7. In order to extend slightly 
the domain of functions to which the operator J is applicable we need to prove 
THEOREM 2. If P(x) is a polynomial such that 


(2.1) P(t) <e (0 <2 < ~), 


then it is possible to determine an integer m such that 


a 
P(t) < DG (0O<2<), 
k=0 
We begin the proof by defining the polynomials 
n zt 
Q(z) = DUS. 
k=0 
If n is the degree of P(x), then 
lim P(x) = @. 
— Qrsas(x) 
Hence there exists a positive number R such that 
P(x) < Quis(2) (x = R). 
But 
(2.2) lim Q,s(2) = e* 


ko 


uniformly in0 < x < R. By the hypothesis (2.1), there exists a positive num- 
ber e« such that 
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P(x) < e* —€ (Os2zs R). 


By (2.2) it is possible to determine, corresponding to this ¢, a positive integer q 
such that 


Qria(z) > er — (0s2s R). 
Hence 
P(x) < Qn+a(z) (0 sz R). 
But 
Qnii(Z) S Qn+q(z) (qq 21,2 2 R), 
so that 
P(x) < Qn(2) (0S2< @) 


if m = n + q, and our theorem is proved. 

We now extend the definition of J so that it will apply in particular to con- 
stants and will retain its additive property. 

DertniTion. If c is any constant, then 


Ile + e~* P(x)] = cf(0) + Ile* P(a)). 


We show next that the operator remains positive after this extension. 
THeoreM 3. If P(x) is a polynomial such that 


c+e7P(r) 20 (Osx < a), 
then 
I[c + e-* P(x)] = 0. 
We note first that c = 0 since 


lim e~* P(x) = 0. 


z-—0 


Let 7» be an arbitrary positive constant. Then 


nt+e+eP(r) >0, 


(Osxr<~a~), 
—_ P(x) <e* 
n+c 
By Theorem 2 an integer m exists such that 
> —— oh 
_P@®@ yr (0<2<~«), 
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Hence, by Theorem 1 


‘Ile* P(z)] + (9 + ©) S (—1)* 


too 


—I[e*P(z)] $ (n +.) >) ot 


k=0 
provided that the infinite series on the right converges. That it does and has 
the value f(0) follows* from the fact that f(x) is completely monotonic for x = 0. 
Hence we have 
I{e~* P(z)] + (9 + €) f(0) 2 0 
or, since » was arbitrary, 
I{e-* P(z)] + ef(0) = Ile + e*P(z)] = 0 


This is the desired result. From it follows at once the 
Corotuary. The inequality 
je*P(z)| = M (O0S2< @) 
implies 
| I[e-* P(x)] | S Mf(0). 
For the hypothesis implies that 
M + e* P(x) 20, 
M — e* P(x) 20 


so that Theorem 3 is applicable. 


3. Application of J to the generating function of the Laguerre polynomials. 
Results which we shall need regarding the generating function K(z, y, t) of 
the Laguerre polynomials we summarize in 

THEOREM 4. The series 


(3.1) e*K(z, y,t) = >> e*L,(x) L(y) i” 

n=0 
converges uniformly to a non-negative sum in the interval 0 S x < @ for each 
positive y and each positive t less than unity. Moreover, the sequence of constants 


= I[e*L,(z)] = p> (7) a (n = 0,1, 2, ---) 


k=0 


3 Serge Bernstein, Sur la définition et les propriétés des fonctions analytiques d’ une variable 
réelle, Mathematische Annalen, vol. 75 (1914), p. 449. The analyticity of f(x) insures 
that the Taylor development for f(z) at the point « = 1 converges to f(z) for |z—1| <1. 
That it also converges for x = 0 follows by a Tauberian theorem since the coefficients are 
positive and since f(0+) = 


/ 

















ee ee 
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satisfies the relation 


To show that the series (3.1) converges uniformly in \ for specified values 
of y and ¢t we make use of the known‘ inequality 


(3.3) |e? L(x) | < 1 (x = 0), 


and thus obtain 


Y e*L,(2) La(yath Ke Doth (x 20,y, >0,0 <t <1). 
n=0 n=0 
The dominant series is independent of x and converges. 
That 
e*K(z, y,t) 20 (x >0,y >0,0 <t <1) 


follows from a result of G. H. Hardy.® 
Finally, to prove (3.2) we have only to make use of (3.3) and apply the 
Corollary of Theorem 3: 


[An | = | le*Ln(z)] | Sf). 


We now apply the operator J to the function e~* K(a, y, t) considered as a 
function of x. Since K(z, y, t) is not a polynomial, the operation is not actually 
defined. However, without extending the field of the operation we may con- 
sider the function 


Aly) = Qo dn Laly)e” 
n=0 
on its own merits. We should expect that it would be a non-negative function, 
and this we prove in 
THEOREM 5. The series 


Ady) = ¥ daLaly)t 


n=0 


converges to a non-negative value for 0 S y < ~,0 St < 1. Moreover, 


ime ent 


Ps (Os y<x,0St<1). 


(3.4) | A,(y) | </ 


4G. Szegi, Ein Beitrag zur Theorie der Polynome von Laguerre und Jacobi, Mathematische 
Zeitschrift, vol. 1 (1918), p. 341. 

5G. H. Hardy, Summation of a series of polynomials of Laguerre, Journal of the London 
Mathematical Society, vol. 7 (1932), p. 138. See also G. N. Watson, Notes on generating 
functions of polynomials: (1) Laguerre polynomials, Journal of London Mathematical 
Society, vol. 8 (1933), p. 189. 
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For because of Theorem 4 and (3.3) 
y/2 
|Acdy)| s > foe = a (O<sy<~,0S5t<1). 


Since series (3.1) converges uniformly in x, then corresponding to an arbitrary 
positive number 7 there is an integer mo independent of z such that 


n + be L,(x)e* L, (yt, > 0 (O<str<a,y%>0,0<h <@). 


Hence, by Theorem 3 


nf(0) + Do rAnLalyodti 


n=0 


IV 
o 


nf(0) + D> An Lalyo)ti 


n=0 


IV 
o 


Since » is arbitrary, 
A, (yo) = 0, 


so that the theorem is established. 


4. Bernstein’s Theorem. We are now able to prove 


TuHeoreM 6. The integral 
i ev Aly) dy 
6 


f(x) = lim [ ev A.(y) dy (1 <2 <2). 


§-0§— 


converges for x > 4 and 


The convergence of the integral for z > 3 follows at once from (3.4). To find 
its value we have 


Pe ee mer wee , (@ — 1)" 
(4.1) [ e~7¥ A.(y) dy -[ oy. L,(y)t" dy 7s, t ar 


“ n=0 n=0 





(} <2), 
for 


| e~ L(y) dy = eo 


To justify the above term-by-term integration we have only to employ (3.4) 


and note that the integral 
y/2 
[ ent a dy 
6 —t 
converges for x > 3 
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Now the series (4.1) can be transformed as follows: 


Dae SS) D-DD 
(4.2) - ; p> on 2 (i) (: 2 ) 


n 





- ye (tx — 1) 
kl (a@+t—t2)*"" 


The interchange in the order of summation is permissible since the double 
series converges absolutely when 1 S x < 2. For 


S(-YD(QG<d (ow 


n=0 k=0 


since the convergence of Taylor’s series for f(z) about x = 1 at the point x = 0 
implies the existence of a constant M such that 


(—1)* f(1) < Mk! (ik a @, 1,% ---). 


The dominant series clearly converges since 
os (1-!)"» <1 (0<t<1,1<2<2). 
Finally, by letting ¢t approach unity in (4.2) we obtain 


lim e*' Aly) dy = SO — 1)* = f(z). 
t+1—Jo PA 
To justify this limit process we note that the relation 


SV FC) [te — 1) sae io 
Ode Ago) ==" (<2 <2,0sts1) 





k=0 


shows that the series (4.2) converges uniformly for0 < ¢ S$ 1. This completes 
the proof. We now establish 
THEOREM 7. If f(x) ts completely monotonic for 0 S x < &, then 


f(z) = i : e~* da(t) (x = 0), 


where a(t) is a uniformly bounded non-decreasing function for0 St < o. 
For, set 


a(x) = [aan dy . 
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Since A,(y) is non-negative, a(y) is non-decreasing. Moreover, (4.1) shows 
that 
0 < a(x) S % = f(0) O<t<10<2< ~»). 


Hence by a result of E. Helly® we may pick a sequence of numbers 
0 <t <t, < --- < 1 such that 


lim?t; = 1, 
j= 
lim a(x) = &(x) (O<2r<~), 


where &(x) is a suitable non-decreasing uniformly bounded function. Hence, 
by Theorem 6 we have for 1 < x < 2 
~ ~ 
f(z) = im e~ =)" day (y) = lim | ev A(y) dy. 
jo~a Jo e=eg— VE 
Finally, by the Helly-Bray theorem,’ we may take the limit under the integral 
sign and obtain 


f(z) e~(2-Du daly) (1 <2 <2) 
(4.3) 
e-*¥ daly) 


where 


aly) = fe da(x) (y >0), 


a(O) = 0. 


But the integral (4.3) represents an analytic function at least for z > 1 which 
must consequently coincide with the analytic function f(z) there. Since a(y) 
is non-decreasing, the function represented by (4.3) must have a singularity at 
the real point on its axis of convergence.’ Since f(x) has no singularity for 
x > 0, we see that the integral (4.3) must converge to f(x) for x = 0 and our 
theorem is proved. It is to be noted that a(y) is bounded since f(0) = a(~). 


5. Remarks. ‘The case in which f(x) is completely monotonic in the open 
interval 0 < 2 < * may be obtained from Theorem 7 by applying it to the 


° E. Helly, Uber lineare Funktionaloperationen, Wiener Sitzungsberichte, vol. 121 (1921), 
p. 265. 

7 See, for example, G. C. Evans, The Logarithmic Potential, Discontinuous Dirichlet and 
Neumann Problems, Colloquium Publications, vol. 6, of the American Mathematical So- 
ciety, 1927, p. 15. 

*D. V. Widder, A generalization of Dirichlet’s series and of Laplace’s integrals by means 
of a Stieltjes integral, Transactions of the American Mathematical Society, vol. 31 (1929), 
p. 719. 
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function f(z + «) and by using the fact that the representation of a function 
f(x) by a Laplace integral is essentially unique. The function a(t) corresponding 
to f(x) will in general be unbounded. 

We also remark that it can be shown that 


lim a(x) = a(x) 
to1- 


at least for all points of continuity of (7). The argument is similar to one 
employed by F.. Hausdorff? and is omitted. Hence 


a(y) = i e“da(u) = lim i e“da,(u) = lim [ A,(u)du. 


t—1- ee 
But 
0 n=0 0 


so that the series 


(5.1) } An [ ; L,(y)dy 


is summable in the sense of Abel to a(x) at points of continuity of a(x). 
By an appeal to the general theory of Laguerre polynomials one may show 
that (5.1) actually converges for all finite x = 0 to the normalized function a*(zx), 


a*(0) = 0, a*(z) = ot) + (x > 0). 


Indeed, we have"® 
/ L,(y)dy _ L,,(x) no Lnss(z) . 
0 
By partial summation 
> ALL ,(2) = Lnai(z)] = AoLo(x) + Zz [An —_ da-il L, (x) = = NmLmi(2) . 
n=0 n=1 
Since 
Am = O(1) (m— «), 
Lmyi(x) = O(m-"4) (m— «) 
for each fixed positive z, we have 


lim AywLimsa(z) = 0, 


mo 


°F. Hausdorff, Momentprobleme fiir ein endliches Intervall, Mathematische Zeitschrift, 
vol. 16 (1923), p. 226. 

10 For the formulas and results stated in the rest of this paper see G. Szegi, Beitrdge 
sur Theorie der Laguerreschen Polynome, Mathematische Zeitschrift, vol. 25 (1926), p. 87. 
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so that it will be sufficient to discuss the convergence behavior of the series 
(5.2) Nala(t) + 3 re — deal Lala) 

But 


1. = fe v L(y)daly) = [ e [L,(y) — Lity)l a(y)dy , 


b= Dao | e¥ [L,(y) — Laaly) — Lity) + Li, (y)] e(y)dy, 


ll 


| e L(y) aly)dy (n = 1,2,---), 


Ao | e~¥ Loly) aly)dy . 


Il 


Hence (5.2) becomes 


S Laz) / e- aly) Laly)dy , 


n=0 0 


a series which is known to converge to the uniformly bounded non-decreasing 


function a*(x) for allz 2 0. 
We thus have an inversion of the Laplace integral under the present hypothe- 


ses. That is 
_ “2 (k) 1) 
(x) = L,(y)d oe (1) | 
a(x) 2 i y)dy > ( 


k=0 
It is of interest that the formula involves a knowledge of the function f(z) only 
in a neighborhood of x = 1, whereas the inversion formula formerly studied by 
the author" involved a knowledge of the function in a neighborhood of z = + ~. 


We note that the operator J employed in the present paper can now be identi- 
fied with the operation of integration with respect to a(t) from zero to infinity: 


Ile? P(x)| = i e-* P(x)da(zx) . 
0 
Our final remark is that one might use the more general Laguerre polynomials 
L‘*’(x) in the above development. 
HARVARD UNIVERSITY. 


1D. V. Widder, The inversion of the Laplace integral and the related moment problem, 
Transactions of the American Mathematical Society, vol. 36 (1934), p. 107. 
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ON CERTAIN FUNCTIONS CONNECTED WITH POLYNOMIALS 
IN A GALOIS FIELD 


By Lronarp CARLITZ 


1. Introduction. Let GF(p") denote a fixed Galois field' of order p”; let 
E = E(x) denote a polynomiz] in an indeterminate x with coefficients in GF (p"). 
Consider the product ¥,(f) = I(t — £), extended over all E of degree < k, 
where & is an arbitrary positive integer. We show, to begin with, that the 


product has the expansion 
» 


k 
(1.01) (-y[ Jew, 
the coefficients (defined explicitly in §2) having certain properties analogous to 
those of the binomial coefficients. Of the properties of y,(t), it is evident from 
the form of (1.01) that, for c in GF(p"), 


¥i(ct) = efr(0), Wilt + u) = vat) + elu); 
we accordingly call ¥,(¢) a linear polynomial.? As a second characteristic prop- 
erty we mention 
vi(xt) — ay,(t) = (xe — xy" (d). 
This relation suggests the study of the operator A defined by 


(1.02) Af) = f(xt) — xf, 


where f(é) is a linear polynomial. See §3. 
We suppose next that & in (1.01) becomes infinite; the product I(t — £) 
must be modified somewhat. Actually we consider 


, {p"-1 
(1.03) II (1 - =): 


the product extending over all primary E, that is, over all polynomials in which 
the coefficient of the highest power of x is the 1 element of the Galois field. 
As we shall see, the question of convergence causes little difficulty; we find that 
the infinite product (1.03) has the expansion 


x 
k 
(1.04) 1 (i) = * Z, ee re. 
g Eat Fs 

Received April 17, 1935. 

1 For the properties of Galois fields assumed here, see L. E. Dickson, Linear Groups, 
1901, pp. 3-54. 

? Called p-polynomials by O. Ore, Transactions of the American Mathematical Society 
vol. 35 (1933), pp. 559-584. 
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where 
F, = (kik — 1)" .-. {1)"*, (k] = 2 — 2, 
and 


A {1je"* (p"—1) 
t = lim 


pow (K(k — 1] +++ (1) 
The function y(t) has, first, the linearity properties 
¥(et) = YO), v(t + u) = ¥) + Yu). 
In addition, 


Av(t) = (at) — ry) = —y"(), 


and 
(1.05) y(t + Et) = yb), 


for all polynomials £. According to (1.05), ¥(¢) has the period & (and it is not 
difficult to show that it has no other period). On the other hand, since the 
‘numerical’ quantities appearing in the definition of ¥(é) are all in GF(p), we 
may describe y(t) as an n-ply periodic function. This is clear if we put (1.05) 


in the form 
vit + E.t + E.dt + --- + E,8""k) = Yd), 


where the coefficients of the Z; are in GF(p), and # defines the GF(p"). As we 
shall show elsewhere, ¥(¢) is but the simplest of an extensive class of n-ply 
periodic linear functions. 

If f(t) and g(t) are linear functions such that f(g()) = ¢, then g is the inverse 
of f. It is easily shown that in this event f is also the inverse of g; as we shall 
see, the matter is independent of the question of convergence. For the fune- 
tion ¥(t) we find the inverse A(t), defined by 

20 


(1.06) A) = 2 (kl[k — 1] --- {1} 


ter* 


Explicit formulas are also obtained for the inverse of ¥,(¢). 

We next study the reciprocals of y, and y. This leads to the introduction 
of certain rational fractions in x analogous to the Bernoulli numbers, which in 
turn enable us to evaluate 

> Eo and >,’ E-wv=, 
deg E=k E 
the summations extending respectively over primary FE of degree k, and over 
all primary polynomials FE. In particular, for m = (p"* — 1)/(p" — 1), we 


find that 
a ~ [kik — 1 +++ (1) 


K 
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In the remainder of ‘> paper we apply some of our earlier formulas to two 
types of higher congricnces. The first type ($10) is the binomial; we give a 
new proof of F. K. Schmidt’s theorem of higher reciprocity. The second type 
($11) is the congruence 


t”" — t= A (mod P), 


where P is irreducible of degree m. Our main theorem is that the congruence is 
solvable if and only if AP’ is congruent (mod P) to a polynomial of degree < m — 1; 
here P’ is the derivative of P with respect to z. 


2. The polynomial y,(¢). It will be convenient to introduce certain nota- 
tions. We shall use c, c; to denote elements of the GF(p"). E, F, --- will 
denote polynomials: 


E = cox*® + cyx*! 4 «++ + ey; 


for co = 1, E is said to be primary; we write k = deg E. We shall have fre- 
quent occasion to use sums and products taken over sets E satisfying certain 
conditions; we shall use the convention that =’ and II’ indicate that only 
primary E be admitted. The polynomial 0 is not primary; ordinarily a sum or 
product over all polynomials of degree less than some k will include the poly- 
nomial 0. 

Suppose now that éo, t:, --- , 4 are k + 1 indeterminates, and that in the 
linear form 

l => Colo a Ct oa eee + Cyly, 
the non-vanishing c; of least subscript is the unit element of the Galois field. 
There are evidently 
prey) — 1 


p™ + prev + ad +l= mm 
p? —1 





distinct linear forms /. Their product, by a formula due to E, H. Moore,* may 
be expressed as a determinant of order k + 1: 





(2.01) D(to, hy «++ yt) = alee | (¢,j7 = 0,1, ---,k). 
If we restrict our attention to the linear forms in which cc. = 1, then clearly 
D(to, ty, oe ty) 
.02 t “t see ct.) = 
(2 ) I] (to + Cc) 1 + + k x) D(t, to, wey ty) ’ 


the k-fold product extending over the p”* sets (ci, ¢2, --- , cx) in the GF(p"). 
We now write ¢ for to, and put 


t; = 2° (j = 1,---,&), 


3 E. H. Moore, Bulletin of the American Mathematical Society, vol. 2 (1896), pp. 189-195. 
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then the identity (2.01) becomes 
Dit, z*—', --- , 1) 
(2.03) +9 oes. 
ah, D(a, weatck 1) 
the product extending over all polynomials E of degree < k. To evaluate the 
right member of (2.03), we first expand the determinant in the numerator with 
respect to the elements in the first row: 


k 
(2.04) D(t, x, --- ,1) = } (-1)* PD, 
,=0 
where D; is the determinant of order k whose 7" row consists of 
—i) pr (k—-i) pe G+) (k—i) pn (i-1) —i . fe 
git—ipme oo. | glk ier DF el eee (i =1,---,k). 


The determinant D; is evidently a Vandermonde determinant; it is therefore 


easily seen that 


D; = Il (ap “= zP”"') (h, _— 1, id kh xj, i #j) 
A> 
(2.05) II (2°™" — zr") 
- = = ee a a 
Il (yer = ze”) II (xP™ a xP”) ’ 
h>j i<j 
the products in the numerator extending over all h, i = 1,---,&. If for 
brevity we put 
F, _ (ar 7 x)(20"*-Y = x)" or (x?" ~ zene | 
(2.06) Li = (ar _ x)(r7"4—-) —_ x) oes (x?" = z), 
Fy = ly = 1, 
then (2.05) becomes 
Py. Ppa +++ Fy 
(2.07) a 
F,L-; 
As for the denominator in the right member of (2.03), we find that 
(2.08) Dis™*, ... 2) wm PaDana «> Pe 
Note that from the definition above, D(z*', --- , 1) is the product of all 


primary polynomials of degree < k; therefore F, is the product of primary poly- 
nomials of degree = k. As for Ly, it may be shown‘ that it is the ‘least com- 
mon multiple’ of polynomials of degree k. 
Making use of formulas (2.04), (2.07) and (2.08), we see that the right mem- 
ber of (2.03) becomes 
— oe 
>) (-1) ae 


Pp 
1=0 ‘“k—i 


‘ Bulletin of the American Mathematical Society, vol. 38 (1932), pp. 736-744. 
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We shall find it convenient to use the symbol 
‘| F, Hi F, H 
4 a ae =1. 


We may now state 
THEOREM 2.1. If E run through all the polynomials (including 0) of degree 
< k, then 


(2.10) v(t) = [] (t- £) = ps -o-[F] pr, 


where Hi is defined by (2.09). x(t) has the following properties: 


¥i(ct) = cy,(t), cin GF(p"), 
vet + u) = velt) + ve(u), 
¥.(E) = 0, for deg E < k. 


It will be convenient to define Yo(t) = ¢. 
. ; , ; , k 
We now derive certain properties of the coefficients [] In the first place, 
by means of (2.06), 


7 nk » ™ uk 
F, = (z-“* — z)Fi_,, Ly = (2? — x) Li; 
F,. z prh zr F,, pn 
ee. A : 
» pet pri p” (i-1) 
F,Li-; a T\F_Li; 
or more briefly 


k zm" — zi k—-1 > 
(2.11) H -= ¥ . | 


In the second place, from the obvious identity 


hence 











geen’ in 2 eke (a a x) + (z9" ie z)>"* 


formula (2.11) becomes 


HS he goo oe 
‘ Pas ee oe oe 


k—1)" - 
(2.12) -(F7] ore } 


Making use of (2.11) and (2.12) we prove 
THEOREM 2.2. The polynomial y(t) of Theorem 2.1 has the further properties: 


(2.13) vi(zt) — a(t) = (xe™ — x) v2", (0), 
(2.14) vit) = v2, — Fey - yA. 
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To derive (2.13), we use (2.10) and (2.11): 


k 
Y(at) — valt) = >) (—1)“(a0" — 2) H pn 


i=0 ad 


2 


A 
de peiant — [FTP on 


$=} 
n »™ 
= (xP : xr)vi_.(. 
To prove the second formula we make use of (2.12): 


k ” 
i k pni ti gpni k-1- pp*— k—1 
Soni Scot sees 


i=0 
k=} 


: _ k—1 pn(i-— ‘ve +p— bandl k-—1 at 
={>)(-1) hel, " + FE" 2) (-0 | le 


la =1 i 
Vi-u() — FR! hal. 
It is of some interest to notice that (2.14) may be derived without the use 


of (2.12). Indeed, from the product definition, 


Vesi(t) = [] (¢ + coz* + --- +) 


(e 


= JJ valt + coxt) = TT {velt) + cy(z*)} 


(2.15) = vi") — (re) he. 


But from the definition of y,(t) it is evident that ¥,(2*) = Fy, and hence (2.15) 
reduces to (2.14). 

By means of the second method, (2.14) may be considerably extended. How- 
ever, as the final formulas are not needed in the present paper, we shall not 
take the space to develop them here. 

For later purposes it is useful to rewrite the product in (2.10). We group 
together the p" — 1 polynomials cF, ¢ # 0; then, since 


IJ ( — cE) =e" -— Be, 
e#0 


it follows that 


(2.16) w(t) =t T]’ #- Ge), 


deg G<k 


the product in this instance extending over the primary polynomials G of 
degree < k. 





Se 





a 


POLYNOMIALS IN A GALOIS FIELD 143 


Again, if in (2.10) we put ¢ + 2* in place of t, we have as a second variant of 
(2.10) the formula useful later: 


(2.17) v(t) + Fe = []’ ¢4+6), 


deg G=k 


the product now extending over all primary G of degree = k. 


3. The operator 4. Formula (2.14) suggests the use of the operator A de- 
fined by 


(3.01) Af) = f(xt) — af, 

where f(t) is, to begin with, any linear polynomial > A;t?". Thus (2.14) be- 
comes ™ 

(3.02) ays(t) = (ar — a¥i"(). 


This formula in turn suggests that we define A? by means of 

AS) = Af(xt) — xP" Af), 
so that by (3.02) 

Ayn (t) = (xo — x) (x0 — z)oryr*d(t). 
(Note that A? # A-A.) In general, we shall define 
(3.03) A+1f(t) = A’ f(xt) — xP™ A* f(t). 
In particular, for the polynomial y;,(¢) it is clear that 
(3.04) A(t) = mi ve. 
k—h 


As an application of the last formula, consider any linear polynomial 
k 
g(t) = > Ajo; 
j=0 


from the form of ¥,(t)—in particular since the coefficient of the highest power 
of ¢ is 1—it is clear that g(t) may be put in the form 


k 
(3.05) > A;v,(0). 
7=0 


We wish to determine the coefficients A;. More generally, in place of (3.05) 
we write 


(3.06) g(tu) = > Aj(u)y;(t). 
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If we put ¢ = 1 in this formula, then, since Yo(1) = 1 and ¥;(1) = 0 forj > 0, 
it is clear that Ao(u) = g(u). Applying A to both members of (3.06), and using 
(3.02), we have 


(3.07) Ag(tu) = }> Aj(u)(2e — x)y?", (0). 
j=) 
Again, put ¢ = 1, and we see that A,(u) = g(u)/(2”" — x). To determine the 


general coefficient in (3.06), apply A’ to both members of the equality, and 
make use of (3.04); we find that 


k , 
A’g(tu) = 2, A,(u) ri yi (t). 
But for ¢ = 1, this implies 
A,(u) = : gs) ; 
and therefore (3.06) becomes 
k 
(3.08) g(tu) = pa Fs Ai g(u)y,(t). 


We state the 
TuHeoreM 3.1. Every linear polynomial g(t) has a unique ~-expansion (3.08). 


As an illustration of the expansion, let g(u) = u?™, so that 
Ag(u) = (2° — x)ur™, 
A?g(u) = (xe — x)(xe"? — x)?" ur, 
and generally for 7 S hk, 
Aig(u) = Pe urn | 
¢ air 


Substitution in (3.08) leads to the identity 
k PF 

i ek 

(3.09) eh = > opel y(t). 


fae" y" 6 
In exactly the same way, if we let g(u) = y.(u), and use (3.04), we are led to 
the identity 
k F : 
(3.10) W(tu) = >) —*— v (OVE) (u). 
PF, FR; 


)=0 j 
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Returning to the beginning of this section, suppose we seek to generalize 
k 


(3.02); more precisely, we wish to determine all g;(t) = } At?" such that 


7=0 


(3.11) Aglt) = Gg, 


where G, does not involve ¢t. Evidently (3.11) implies 
k k—1 
b > A) (gen ae x)t7™ = G, Ps [apr pr pre. 
j=1 7=0 


from which it follows that 


Gi 


ger 





A) _ = (ASS ee oat 


Repeated application of this formula leads to 


pri 
Ak) = Ye &e-j 
« j pti F , 
v5 - i i 
where for brevity we write 
n(k—-1) 
“x = G, #4 o dae t ’ 
and 
a, = A), 


Finally, therefore, any g,(t) satisfying (3.11) is of the form 


k 
, pn) 
(3.12) » (2 ) 
2» Fi \ye- 


Conversely it may be verified directly that (3.12) actually satisfies the condi- 
tion (3.11). In particular, for G, = 2° — z, that is, y, = Fx, and 


a, = (—1)*Fi/Lk, 


the polynomial (3.12) reduces to ¥,(¢). If now we combine (3.11) with (3.08), 
we obtain the y-expansion 





(3.13) gi(tu) = , ts gi 0) vAd), 
j=0 Yk-j F; 


a direct generalization of (3.10). We may state the 
TuHEeoreM 3.2. A set of linear polynomials g,(t) satisfying (3.11) is neces- 
sarily of the form (3.12), and conversely; g(t) has the ~-expansion (3.13). 
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4. The extended domain. Following Artin,’ we assign to z the “absolute 


value” |x| = p", and generally we put 
|E| = p™ for deg E = k, 
lc|=1 for c in GF(p"). 
If further we define | E/F | = | E |/| F |, it is evident that 
|AB|=|A|-|B|, 
(4.01) 


|A + B| S max (\A |,|B)), 
for all A, B rational in xz. An expansion of the type 


c-1 C-2 


(4.02) 9m Ot + es tot —+—+--- 


x Md 





is convergent for all sets of coefficients c; in the Galois field. As a matter of 
fact, the series of absolute values is 
pe+.--+14+p"+p™ = p“/(1 — p”). 


More generally, we may define (convergent) expansions like (4.02) in which x 
is replaced by the symbol x”, for m any positive integer, 


(4.03) a= c,a*i™ ad —T oF Co + c.427™ + heidi, 

The totality of expansions a evidently form a field §(z, p"). It will be con- 
venient to call k the degree of n, and | »| = p™. More generally, we put 
deg a = k/m,|a\ = p™’™. If n, be an » of degree k, then clearly every ex- 
pansion 

(4.04) n° = ceme + +++ + eim + Co + Cini + -:: 


is convergent; further, it is easily seen that it may be written in the form (4.02), 
that is, 7’ is also in §. The same remark applies to the expansions 


a’ = Cea + ees +o +eCnait::-. 
It might appear that every algebraic equation 
“M+ amt*t*+.--- +a, =0, a; in §, 


would be solvable in some §(z, p”). This is, however, not true. Thus, while 
the equation 


Hates 
x 
has the solutions 
texmc—zt'+7rY" +74 ..., ec in GF(p") ; 


5 E. Artin, Mathematische Zeitschrift, vol. 19 (1924), pp. 153-246. 





nee sy oe 2 








ee ee 
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on the other hand 


(4.05) wutas 


is solvable in no §(z, p”). For the sequel equations like (4.05) are of some 


interest; we introduce a symbol y, 


deg y = 1, y" —y=2; 
Pp 


all the solutions of (4.05) are furnished by y + c. 
We next define the linear function in § 


(4.06) f(t) = aol — a, t?” — at?” + -++3 
note that 
f(ct) = fd, fti+u =fo+f/w. 


The series (4.06) may converge for all ¢ in §, for example, 
Do ct? /F ; 
k=0 
on the other hand 
} Ck te™* /Ly 
k=0 


converges only for deg ¢ S 1. 


Assuming the convergence of all the series involved, we define for f(t) as in 


(4.06): 
(4.07) Af(t) = flat) — aft) = DY axe — x) tr". 
i=0 
Consider now the ¥-expansion 
(4.08) f(tu) = > Bu) yt). 
7=0 
Then exactly as in §3, we find 
a(u) = 2, 
so that (4.08) becomes 
(4.09) situ) =) jy A Slu¥(0 


j=0 


It may be shown without difficulty that (4.09) is valid for all ¢ provided 
| A‘f(u) | Ss | 2" |. 
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Infinite products in § involve no special difficulty. The product 
I] (1 + &) 
k=0 


is convergent for Ya, convergent; for example, the product converges for deg 
a, = —k. In particular, we note for later purposes that the following products 
converge: 


lim (1 + a) @™*-Y/e"—) = I (1 + a”), la| <1; 


k-~ 


(1 — 2t>")(1 — at-e™)(1 — zie)... 


5. The fundamental function. By (2.16) and (2.10) 


t Il’ (t?"- ao B- 1) = _ S(- y|* em, 


deg E<k j=0 
We divide both members of this equation by the product of the (p* — 1)" 
powers of all primary F of degree < k, that is, by 
» » , F, 
(Fya Fy. +++ Fi)?" = — ; 
4k 


the equality follows from (2.6). Thus 


(5.01) tT] (1 - i=) = S\( ” ie - 


deg E<k j=0 Le 





Suppose now we let k become infinite. The left member of (5.01) may be 


ee t |?" 1 nk 
I] (1 + a) ’ 


k=0 


compared with 


which converges for all ¢ in § provided p" > 2. In the case p* = 2, it is neces- 
sary to group the factors in the infinite product in some manner that will 
insure (absolute) convergence; it is convenient to group the factors in the fol- 


TI IT (1-4) (p" = 2). 


k=0 deg e=k 


lowing way: 


As for the right member of (5.01), we have formally at least 


> (-1y 9 ; ie _. 
F; k—0 Li tte 


k—j 





j7=0 











<P 
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Let us put 
(2?" — x) (p™*—1)/(p"—-1) 
L, 


For k infinite, it follows from the end of §4 that & converges: we call the 
limit &,. Write 


[k] = 2 — x, (1]e™* = [k + 1] — [k]. 


Then it is easily seen that (5.02) implies 


(5.03) &, = (1 = TA (2 - ae a (1 sa 2) 


from which the convergence follows at once. Note that 


| & | = |& | = 1. 





(5.02) t, = 


Next, since by (5.03), 





§e41 ~~ £, = ~ [k s+ 1] 


we have 

deg (f11 — &) = deg [k] — deg [k + 1] = —p"(p" — 1); 
and therefore, for 6, = & — &,, 
(5.04) deg 6, = —p"*(p" — 1). 


It is now easy to prove that for k infinite the right side of (5.01) becomes 
io) 1 j - 
(5.05) 2 at oie iXx,, 
j=0 ’ 
where for brevity we put 


X; = (x?" —_ x) "DID | 
To derive (5.05), note that the right member of (5.01) 
1 (— 4 prix. oe ite = : pie pix apni 4 ee”) 


7=0 





To show that 





7=0 


break the sum into two parts: 


2, * 44," L = | 








150 LEONARD CARLITZ 
=; — 0 because of (5.04); 22 — 0 with 


2 SS on, 
i 


272k 





It will be convenient to alter (5.05) slightly. If we put 
zPp*-l =e xP" sed 2; 

it is easily seen that z is in §; indeed, there is no difficulty in explicitly exhibit- 

ing z in the form (4.03). We now define 

(5.06) — = (x?" — x)" =, 


Then by (5.01) and (5.05) we have finally 


, p"™—1 ~ 4 aa j 

(5.07) ‘T] (1 mie ) we LSM pnt gos 

; kr 1 t ed F 

E = > j=0 ] 
the product extending over all primary £. If we put 
5.08) SY = DY py 
(5.08) vit) = >) ee 

7=0 


we may state 
TueoreM 5.1. The linear function Y(t) defined by (5.08) for all t in § vanishes 
for all £E, E being an arbitrary polynomial, and for no other values of t. y(t) 


has the period &: 
v(t + ££) = yt). 
That y¥(é) has no zeros but ££ is evident from (5.07). 


We next consider Ay(t). From the definition of A it follows that 


bh (— 1) (x?™ ~— x) tp”? 


II 


(xt) — ry(t) 


fad ~ 
S) (=) pp 

= pen OM e — yr'(9) | 
7=1 FP, 


that is, 

(5.09) Av(t) = —y"(2). 

Generally, the definition of A* in (3.03) leads to 
A(t) = (—1) Ww"). 


Therefore by (4.09) we have the formal ¥-expansion 


x 


(5.10) Wu) = >) al y™(u)y;(t) . 


j7=0 


(Ee ne epee 


SP per aap 


a ae 


ESR oe en? 


ee 
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By the remark following (4.09), we may assert that (5.10) holds for all ¢, pro- 
vided |u| S | 7). 

On the other hand, if ¢ is a polynomial M, the series on the right side breaks 
off after a finite number of terms, and (5.10) holds for all u. Let the degree 
of M be m, then, since ¥;(M) = 0 for 7 > m, (5.10) becomes 


(5.11) v(iMu) = >> (0 ya) yr(u). 


7=0 
This formula evidently exhibits ¥(Mu) as a linear polynomial in ¥(u): 
(5.12) ¥(Mu) = om(y(u)). 


We now factor the polynomial w(t). For EF an arbitrary polynomial, and 
u = Et/M, ¥(Mu) = 0; in other words, 


E 
t)=0 for t=yl—é)}. 
If then we restrict E to a complete residue system (mod M), say the set of all 
polynomials of degree < m, the quantities y(FE/M) are all distinct. Further, 
they are exactly p"” in number, whence the factorization 


w®=-A4 I] { -¥ (F e)}. 
& (mod M) M 


where A is independent of ¢. Making use of (5.11), it is readily seen that 
A = (—1)’-coefficient of x" in M. We have therefore 

TueoreM 5.2. For M = cr™ + --+ + Cm, wau(t) defined by (5.12) has the 
factorization 


(5.13) wut) = TT {ve (i ) “ woh, 


deg E <m M 


the product extending over primary E of degree < m. 

The “multiplication problem” for the function y(t) is solved by (5.11) and 
(5.13). The converse problem, that is, the algebraic problem of determining 
y(t/M) in terms of ¥(é), we leave for another paper. We remark that the 
group of the division problem is abelian for ¢ = £ as well as for arbitrary ¢. 


6. The inverse linear function. If f(t) and g(é) are linear functions 
fi) - po at?" , g(t) = pe vit?” , 
1=0 t=0 


it is evident that f(g(t)) is also linear 


oo 


fg@®) = d x,t", 


1=0 
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where 
ni 
(6.01) Vk = . ¥ a8" ‘ 
k=itj 


In order to avoid the irrelevant question of convergence, we shall deal with 
the sets of coefficients 


j f ’ 
ja} = Qo, Hi, @2, -** 35. 


The product of two sets {a}, {8} is another set {y} = {vo v1, ¥2, --- }; 
where y, is determined by (6.01); we write 


(6.02) ly} = taj}-{B}. 


Note that in general the factors may not be permuted. The particular set 
{1, 0, 0, --- | will be denoted by 1. It has the property 

’ 
s 


st r= i - 
taj-l = 1-jaj = ja}, 


for all sets {a}. We shall assume hereafter that ao, the first element in any 
set {a}, is different from zero. Then for given {8}, |v}, the set {a} is unique, 
as is evident from (6.01); similarly {8} is uniquely determined by {a} and {y}. 

In particular, we shall be interested in the case {a}-{8} = 1. We now 
prove the 

Tueorem 6.1. If {a}, {8} are two sets of coefficients such that {a}-{8} = 1, 
then also {B}-ta} = 1. 

The hypothesis of the theorem may by (6.01) be written thus 


, (0 for k>0, 
(6.03) po ap; =} 
k=i+j ‘1 for k=0. 
We are to prove 
0 for k>0O, 
(6.04) 2s batt =| 
k=i+j 1 for k=0. 


For k = 0 or 1, (6.03) and (6.04) are seen to be identical. We therefore 
assume (6.04) true for all k < m. Then by (6.03), 


™m m—1 
nh } n(h+i) 
P nh ap 

Do Bran, = — a0 2) Br DY asi 


A=0 h=0 m—h=it7 
j>0 


prh prrti 
=o > Bra’ B' 


m=h+it+j 
j>0 


a << e = ‘, i arnt”) a”. 


lt 
> 
+ 
- 


SP) oor newrrrners 


oe TEES SS o> 
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Now since j > 0, k < m, and (6.04) may be applied to the inner sum, we have 
at once 


m—1 
p” h 
Bia@,—, = — Bm, 
h=0 


which shows that (6.04) holds for k = m. This complete the proof. 

It is not difficult to solve (6.04) explicitly for {8}; however, the general form 
of the solution seems to be of no great interest. In the next section we shall 
find simple explicit solutions in certain particular cases by special methods. 


7. The inverse of /(¢) and y(t). We shall denote the inverse of y(t) by 
A(t); we prove 
THEOREM 7.1. The inverse of y(t) is 


(7.01) => uy peri 


i=0 


defined for all |t| S |x '. 
In the notation of §6, the theorem becomes 


. 
” 1 1 1 1 
7.02) {1 — popes be (he pegs sped. 


By (6.03), (7.02) is equivalent to 
(— 1) 0 for k>O, 
+i FL?" = |1 for k=0. 


But (7.03) is an immediate consequence of Theorem 2.1. This proves Theorem 
7.1. Application of Theorem 6.1 implies 


(—1) (O fork > 0, 





(7.03) 


< 





(7.04) = 
k=a+j lL; Fe” (1 fork = 0. 


This also is implicit in an earlier result, namely, the identity (3.09). 
As for the inverse of y(t), it is somewhat more convenient to use the closely 
related polynomial 
k Li. 
(7.05) m(t) = (—1) F, YH - 


We shall prove 
THEOREM 7.2. The inverse of r,(t) is 


(7.06) r,t) = >> goni Leer (k = 1), 


defined for |t| <1. Fork = 0, A(t) = t. 
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In the proof we shall for brevity deal with \,(t) rather than its coefficient 
set. Fork = 0, the theorem is obvious; for k = 1, 
mth=t—e", AM) =t+e"4+E™+---, 
and it is evident that 


mi(Ai(t)) = t, 


so that our theorem holds for k = 1. 
In order to carry out the induction, we shall need the following identities: 
ean bs 
(7.07) 1)(t) ee Th (t) = Trill) , 
Lie 
(7.08) Au(tLn) = Avgr(tLy) — Anga(le" Ly) « 


The first formula follows directly from (2.14) and (7.05). The second is 
easily proved by substitution in (7.06). 

We now assume our theorem true for k: 

wz(Ax()) = t. 
Then, on the one hand, the expression 
f ’ 1 p”™ f n 
we {Az (tL,) } — ae Tk fr, (tL,) } = (t _ t? ) Li. 
Lt 

But, on the other hand, it also 


Toit rAx(tLx) } by (7.07) ’ 
Wesrfrxgil(t — t?")Le)} by (7.08) ; 


and therefore 
TrsifArpi(u)} =u, 
which completes the induction. 

Returning to the function A(¢) defined by (7.01), we note that it satisfies the 
relation 
(7.09) A(at) — xr(t) = A(t*"), 
provided |t| S 1. (7.09) may be at once verified by direct substitutions in 
(7.01). The formula is equivalent to (5.09). 

We now ask whether it is possible to define A(t) for deg t > 1. Obviously 
we shall require that the extended definition be such as to preserve the rela- 
tion ¥(A(t)) = ¢t; this relation will at most determine \(¢) to within an additive 
term £€; briefly A(¢) will be determined (mod &). Now 

VAC + u)) =t+u VAL) + YA(u)) 
= ¥{A() + A(u)} 


ll 
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implies 
(7.10) A(E + u) = A(t) + Au) (mod £) ; 
similarly 
(7.11) : A(ct) = cX(t) (mod &). 
We therefore assume (7.10), (7.11), and (7.09) in the form 
(7.12) A(zt — t?") = rX(t) (mod &). 


Making use of (7.12) we may now define \(u) for deg u > 1. For the equation 
(7.13) at— tv" =u 
has the solution 
& ae 2(uz-” + er” zo 4 gr go 4...) deg t = deg u — 1, 
for z = x") , deg u < p"/(p" — 1). 
On the other hand, for deg u = p*/(p" — 1), the discussion of (4.04) indicates 
that, in a suitable extension of §, a symbol ¢ may be defined satisfying (7.13) 
and such that deg t = deg u/p”. 
If then deg u < p", we may define 
A(u) = xdr(b) (mod &) . 
If p” S deg u < p*", we use (7.13) and 
at, — t?” =t; 
clearly deg t; < 1, and we define 
A(u) = xrd(t) = 2°A(th) (mod &£). 
It is now evident how \(u) may be defined for all w. 


THEOREM 7.3. By using (7.12) \(u) may be defined for all u; the function 
satisfies (7.10) and (7.11), and furthermore Y(A(u)) = u. 


8. The reciprocal of a linear function. The reciprocal of a linear func- 
tion is obviously not itself linear. In general, the coefficients of the reciprocal 
are rather complicated functions of the given coefficients; however, if the coeffi- 
cients of the inverse function are assumed known, then certain coefficients of 
the reciprocal can be expressed very simply. 

Let us use the notation 


x 


fo = >} at (ay = 1); 


i=0 


g(t) = >> Ber, 


i=0 
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the inverse of f(t); 

oa 
S() 
the reciprocal of f(t). Evidently y, is zero unless m is a multiple of p* — 1. 
From the definition of y,,, we have at once 


(Oform>1, 


(8.01) h(t) = = 27,/", 


(8.02) p> — 


p™*sm 


rl form = 1, 


from which y, may be calculated recursively. We shall now show that for 
m = p"* — p™, ym is of particularly simple form; indeed, 


(8.03) Ypnkpri = pr” ‘ 
To begin with, we prove 
(8.04) Yon = Yas 


For consider 


_wy et. (ty_(ty my" . } 
oe ee (a) “ (;i5) (4 be 


(= aur) — 1 
i=0 


has no term in /?”, and therefore h(t) — h(t) hasnoterm in #?™. On the other 
hand, by (8.01), 


Clearly 


x 


2d, Ynt™ — 2) vatPm 
m=0 


m=0 


> Yul” + » (Ypm — Ym) (?™. 


ptm 


h(t) — h(t) 


The coefficient of every /?” must vanish; that is, 


Pp 


Yom — Yn = 0 


which proves (8.04). 

The proof of (8.03) is now quite simple. In view of (8.04), it is only neces- 
sary to show that 
(8.05) York = Bx. 


For k = 0, (8.05) reduces to yo = 80, which agrees with (8.02). Let us there- 
fore assume that (8.05) holds up to and including k — 1. By (8.02), for k > 0, 


+ Yprk—pri aA = 0 ; 
tak 








= 
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or what amounts to the same thing 


k 
Yrx*¥1 = — Zz "Y prk—pni Oy 
i=1 
: ni 
= ein % (by (8.04)) 
+=1 


k . 
nt 
bl pi Bi; a, 


t=1 


(8.06) 


by our assumption on (8.05). On the other hand, making use of (6.03), we 
have at once 


k ; 
Br = — Do BP" a. 
t=1 
Comparison with (8.06) shows that 
YorRr-1 = Bx ’ 


which completes the induction. We have therefore 
THEOREM 8.1. If ym is the general coefficient of the reciprocal (8.01) and 8, 
is the general coefficient of the inverse; if further m = p™* — p™, then 


Ym = Bp"; . 
Let us consider next 
o \pr-t 
(8.07) fri () = (> at") 
i=0 


If the right member be expanded, the first term is evidently ”"*-'; we shall now 
show that the expansion contains no further term in #?“-' (k > j). To prove 
this we write 


pri—1 on pr (b) a3 
f-") = t FO 
(8.08) = > ae” gertst—-1 > Fab” . 


The coefficient of t?"“*?—! in the product (8.08) 


. k 
n nj 
- p» ae am = Dy ae” yynlktidepnliti) 
prktidapnliti dim i=0 
k 
nj n(i+j) 
= 2) at Bia: by (8.03), 
i=0 


= 0 fork >0, by (6.03) . 
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We have therefore 

TueoreM 8.2. The (p™ — 1) power of a linear function begins with a term 
in 1; it has no term in t?™— for k > j. 

To obtain a better result concerning (8.07), note that if we put 


(8.09) fem (t) = >> yi tm, 


m=0 


then by (8.08), 
‘Torn = } at Vi 


m= p i th)+ j 


In particular, 


(k prk 
Ypem—1 = > a’ Yi 
p™m=p ith; 
ynk n 
om 2 a?” 7? by (8.04), 
m= p Ml itk—1)+ ; 
and therefore 
(k (k—- a 
(8.10) Yprm—1 = (Yen?) 


In particular, 
a nee ‘1 for m=1, 
Y p™m-1 = (ye?) _ 
0 for m>1, 


and therefore by repeated application of (8.10) we have 
1 im -. =0 for m>1. 


Hence the generalization of Theorem 8.2: 
THEOREM 8.3. The (p” — 1)" power of a linear function contains no term of 


exponent (p™m — 1), form > 1. 
Finally, let us note the following connection between y,, and y‘*’. 


h(t) me . g(f(t)) -» Bife™*- 1(t) , 


f®” fo 
and therefore by (8.01) and (8.09) 
Ps (k) 
(8.11) Yn = alte, BuYin 


9. The reciprocal of y(t) and y(t). For the particular linear functions y(t) 
and y,(t) we define T’,, and T’;,,, by means of 


(9.01) i = > rw", = <5 -> Pent” 


m=0 m= 
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from which follow the recursion formulas 


> Fos (0 for m>1, 
prism F; ° lt for m=1; 


> (0 for m>1l, 
( = 1)‘ Le” ni Ee sm— pnt = ) 
prism (1 for m=1. 








In general, T’,, and T’,,,, are rather complicated. However, for m = p"“+) — p™, 
the first theorem of §8 together with Theorems 7.1 and 7.2 imply the following 

THEOREM 9.1. For I'm, Tk,m as defined by (9.01); and m = p**+) — p™, we 
have 





1 Diesi-t y ia 
9.02 P.. wh wen Tie = 
( ) L:™ k, (7 in. 
As a generalization of the first of (9.01), put 
¥(tu) . nb (k) 
9.03 —— = r,,(u)t™, P™—1(t) = re", 
(9.03) Ha = Dy Tern, ve > 


so that T’,,(u) is a polynomial in u. Indeed, since 


v(tu) _ ¥(tu) ¢ ->S (=D ora) yat 


W~ t WO a 
it follows from the first of (9.03) that 
— 2 
(9.04) Tr—a(u) = 2S a A Ym—priuP™, 


On the other hand, by (5.10) 


= ie OY aa OF 





Ww 
therefore, by the second of (9.03), 
(9.05) Peau) = Dy & bs Ty ¥i(u) « 





prism F; 
In particular, 


= u 





vilu) . 


prk— i(u) = 


Finally by (9.04) and (8.04), or by ida and (8.10), we have 
AD pnm—i(u) = — 12", (u). 


We now investigate the connection between the I’s and certain power sums 
of polynomials. To begin with, we need a lemma. 
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If 


. 
fi) = II ¢+ a) = + Bt + ‘so + By, 
=l1 


LO) = kt" + (hk — 1) pil! * + --- + Bea, 


it may be proved, by induction on k, that 


7 
LO _ = 
In this identity let us take f(t) = y(t). Evidently f’(t) reduces to 

(—1)‘F,/L,, and therefore by (2.10) and (7.05), 
2S = 2 
mt) elt) Ie ag e<rt —E’ 
the summation extending over all F (including 0) of degree < k. Similarly, 
if we take f(t) = ¥x(t) + F:, f’(t) again reduces to (—1)*F,/L,, and therefore 
by (2.17), 


t=1 


(9.07) 


(—1)* F, _— 1 
9.08) —————__. _- = —————e 
( ve(t) + Fe Le pe A .t+G 
the summation now extending over all primary G of degree k. Put ¢ = 0 and 
get the result 
‘ 1_ (-1 

deg Gd =k G I, 

It is now convenient for the applications to change slightly the right member 
of (9.07). By the identity (9.06), for f(t) = 2? — uw", 


— p-2 1 
a on 2 t — cu 


c#0 


(9.09) 











summed over all c # 0 in GF(p"). If then we group together all F of equal 
degree, (9.07) becomes 


eee /_ — 


—_—_ = + —_—_______——__ , 
mt aoa’ -o™ 


(9.10) 


the summation now extending over primary G only. Then for | ¢ | sufficiently 
small, (9.10) implies 


t 7 
mm Gh o t(e"—-Dm Gr (P"-1)m | 
m(t) ” 2 Z. 


Comparison with the second of (9.01) leads at once to 





i 





Sam et 
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THEOREM 9.2. The sum of the reciprocals of the m powers of the primary 
polynomials of degree < k is Tx, m defined in (9.01), provided m is divisible by 
p" — 1. In particular, by (9.02), 

(9.11) >») c= Lier inn 


p 
deg G<k L; k-1 





form = p”™ —1. 


Coroutuary. The sum of the reciprocals of the m™ powers of the primary poly- 
nomials of degree k is Vks1,m — Tx, m, provided m is a multiple of p" — 1. 

It may be shown (exactly as in proving (5.05)) that for k infinite (9.10) 
becomes 





(9.12) 0 7 ‘+ Qi ect jen’ 


summed over all primary G. (For p" = 2 see the remark at the beginning of §5.) 
For sufficiently small | ¢ |, the right member of (9.12) may be expanded in the 


form 
14 p> (: ) p?—1)m = gon. 


Comparison with the first of (9.01) leads to 

THEOREM 9.3. The sum of the reciprocals of the m“ powers of all primary 
polynomials is I, defined in (9.01), provided m is divisible by p» — 1. Finally 
by (9.02), 


(9.13) G" = >_— form = p™ —1. 
G 


It should be remarked that we may pass directly from Theorem 9.2 to a 
theorem equivalent to Theorem 9.3 without the use of (9.12). However, the 
method used here seems somewhat simpler. 

By means of the identity (9.08) it is possible to evaluate =’G-™, summed 
over primary G of degree k, in the case m not a multiple of p» — 1. The simplest 
instance, m = 1, is given in (9.09). For general m it is necessary to expand 
the left member of (9.08) in a series of ascending powers of ¢t. We put 


k igpni|—l 
pei = + (1) SP nar, 


9.14 
—— tw SPL 


Note in particular that 


AS) = (—1)*""L" for ms p"*—-1. 
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If next we expand the right member of (9.08): 























i we ae 2S 
can" at” a 


deg G=k m=0 deg G=k 


comparison with (9.14) yields 

TueoreM 9.4. For m an arbitrary positive integer, the sum of the reciprocals 
of the m* powers of the primary polynomials of degree k is (—1)*AS),/Lx, where 
AM, is defined by (9.10). In particular 


, 1 (<5)? —l1)m 
om: Gs anemeeeieem < <= 7” 
Ga = =— for 1S ms pr. 
deg G=k 4k 


It is also possible, by use of (9.08), to evaluate >’G™, summed over primary 
G of degree k, for m > 0. We expand in series of descending powers of t. Put 


v CE hel ! ni F : A aaaheete * F , ~— vals y 
7 k 


(9.15) ao 2-, RE. 


=p_nk 


m= p 


But we have for the right member of (9.08) 


Y dy- Dearie Fe. 


deg G=k deg G=k 
Comparison with (9.15) leads to the 
TueoreM 9.5. For such m as appear in (9.15), the sum of the (m — 1)" 
powers of the primary polynomials of degree k is (— 1)*+~—1H) F./L,. In par- 
ticular 
' Get — (—1)' Pye : 
lL, 


deg G=k 
10. Binomial congruences. Consider the congruence 
(10.01) t?"-!= A (mod P), P/{A, 


where P is irreducible of degree k. Define the symbol |A/P} as that element 
in GF (p") such that 


{3} = A(om-vi(er—-) (mod P). 
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A necessary and sufficient condition that the congruence (10.01) be solvable is 
{A/P} = 1. We have the following theorem of higher reciprocity due to 
F. K. Schmidt * 

THeEoreEM 10.1. Jf P and Q are distinct primary irreducible polynomials of 
degree k and I respectively, then 


P kl Q 
(10.02) in} = (—1) WE 


We shall give a new proof of this theorem analogous to Eisenstein’s proofs 
of the ordinary theorems of quadratic and biquadratic reciprocity. The proof 
depends on the analog of Gauss’ Lemma: 


A —— 
(10.03) {4} = Ji sgn & (47) . 
eg E<k 


where A(A/M) denotes the remainder in the division of A by M, sgn E is the 

coefficient of the highest power of x occurring in EZ, and the product is ex- 

tended over the (p"* — 1)/(p" — 1) primary polynomials of degree < k. 
We shall now express {A/P} in terms of the y-function. Note that 


AE =bB (mod P) implies (A? :) = w(2 :) ; 


and from this follows, for P / A, 


(10.04) IT (re) = [|] 2 (F) = ‘zh 





by Gauss’ Lemma (10.03). 
Now by (5.10) and (5.11), for primary A, 


AE 
(882) 
P , pr— F pr— E 
SES TT eG)-+- Go}. 


so that we have by (10.04), 


To-Go} 


EYP 


°F. K. Schmidt, Erlanger Sitzungsberichte, vols. 58-59 (1928), pp. 159-172. I am 
indebted to Ore for pointing out Schmidt’s priority. For other proofs of the theorem see 
my papers, American Journal of Mathematics, vol. 54 (1932), pp. 39-50; Bulletin of the 
American Mathematical Society, vol. 39 (1933), pp. 155-160; O. Ore, Transactions of the 
American Mathematical Society, vol. 36 (1934), pp. 243-274. 

7 American Journal of Mathematics, vol. 54 (1932), pp. 39-50. 
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the product extending over primary EF, F, deg E < deg P, deg F < deg A. 
If now we put A = Q, and note that for p odd, 


nk i 
aad a teh (mod 2), 





(10.02) follows immediately. 

It is not difficult by exactly the same method to prove the reciprocity theorem 
for any pair of polynomials having no factor in common; the only essential 
point is the extension of Gauss’ Lemma. 


11. Trinomial congruences. In this section we shall discuss some properties 
of the congruence 
(11.01) 7” —Bt=A (mod P): 

8 

where P is irreducible of degree k, and B is not divisible by P. We distinguish 
two cases: (i) {|B/P} # 1; (ii) {B/P} = 1. Here {B/P} is the symbol defined 
in §10. 

Case (i) is easily disposed of. Assume (11.01) solvable. Raise both mem- 
bers of the congruence to the p”-th power: 


writ) _ Boi’ = Av (mod P) (j =0,---,k—1). 


Multiply both sides of this congruence by 


Bere) + pr(k—2) +... + pn(i+l) 
? 


and sum for j = 0,1, --- , & — 1: we find that 


k—-1 
(11.02) tpn* = Bie™*-1)/(p"—-1 ¢ = p ™ Ap” Bier®—pr G+) /(pr—1) | 


7=0 


But 
tom* = t, Bet’—-pi(e-) = iB . 
so that (11.02) becomes 


+> Av™ Bierk—pr Gt) /(pr—1) 
03 t= i= 
— 1 — (B/P| 





Conversely, by direct substitution it may be verified that this value of ¢ satis- 
fies (11.01). Therefore, we have the 
TueoreM 11.1. Jf {B/P} # 1, the congruence (11.01) always has the unique 


solution furnished by (11.03). 
Case (ii), {B/P} = 1. By §10, a polynomial C exists such that 


B=c» (mod P). 

















ee 





POLYNOMIALS IN A GALOIS FIELD 165 


Clear P/}C. Then (11.01) may be written in the form 
(11.04) uw" —~u=M (mod P), 


where we have put 
u= Ct, M= 


We shall therefore confine ourselves to the congruence (11.04). Raising both 
members of the congruence to the p”-th power, and adding the resulting con- 
gruences, we arrive at the necessary condition. 


(11.05) M+Mr"4+4...4+4 Mr = 90 (mod P). 


To show that (11.05) is also sufficient for the solvability of (11.04), note first 
that the left member of (11.05) is, for all M, congruent (mod P) to an element 
of GF(p"). This follows from the identity 


(11.06) Mn —~M= Il fo+ M+ Me" +... + Mer}, 


the product extending over all c in GF(p"). We shall denote the residue by 
p(M) = o(M, P): 


(11.07) p(M, P) = M+ Me" +... + Mere (mod P). 
For fixed P, the symbol p(A) has the properties 
p(A + B) = p(A) + p(B), 
p(cA) = cp(A), cin GF(p"), 
p(c) = ke; 


all of these follow directly from (11.07). It is easily seen, by using (11.06), 
that for fixed c, p(A) = c for exactly p"“-” incongruent A’s (mod P); in par- 
ticular, there are p"“*-” incongruent A’s such that p(A) = 0. On the other 
hand, if E run through a complete residue (mod P), E?" — E takes on exactly 
p”*-» incongruent values; indeed 


EE —~E= Fe" —F 
implies 
(E — F)"=E —F, 


whence E — F = ¢, an element of the Galois field. This evidently establishes 
the sufficiency of (11.05). 

THeoreM 11.2. A necessary and sufficient condition that (11.04) be solvable 
is p(M, P) = 0; the symbol p(M, P) is defined by (11.07). 

The criterion p(M, P) = 0 is not very satisfactory; it is roughly on a par with 
the Euler criterion for the congruence (10.01). We shall now establish the 
much better criterion mentioned in the Introduction: 
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THEOREM 11.3. The congruence (11.04) is solvable if and only if 
MP! = o2*? + cor** + «-- + Cy1 (mod P), 


that is, to a polynomial of degree < k — 1; here P’ denotes the derivative of P 
with respect to x: 
pP = 7” + byar™ 1 4. Pest + bins P’ = mr™| + (m = 1)b,2"-? + en + Bieict. 


The proof depends on the identity (5.01), which it will be recalled is a variant 
of (2.16). We shall find it convenient to give that ae the form 


; ’ tL * _ gent 
(11.08) ‘it (: a a at) p> (—1)' aa 7 peri 


_ the product extending over all EF (except 0) of degree << k — 1. Now by (2.06), 


Les lam ‘ (k—1) n(k—i) ni 
qqemeae = }(aP" — z).-.- (zg? — z)}" 
Li-1-4 


= Cun 1)'(ae" poe x) (x Es xP") ae (a™' = pnt) 


= (—1)'F; (mod P). 


Substitution in (11.08) leads at once to the identical congruence 


(11.09) { I] (1 on te) = >> pri (mod P). 


deg E<k—1 





We see therefore that p(M, P) = 0 for ML,_, congruent (mod P) to a poly- 
nomial of degree < k — 1. We now show that 


(11.10) (—1)*"*L,. = P’ (mod P). 
Let us use the fuller notation P(x) in place of P. Then 


(11.11) P(t) = (¢ — z)(t — z™) --- @ — eo”™”) (mod P(zx)). 


But as already noted in §9, if 
t* + a,t' l + see + ay == (t _— h,) s+. (t a by), 


then 


kt*" 4+ (k —1)ayt®? + «++ + agin = (t — by) --- (t — &) y> - —* 
i=1 
Therefore (11.11) implies 
k-1 


P'(t) = P(t) Di . 


, 
ni 
— xz? 
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and therefore 


(x _ xP") (x _ xP") — (x = gore) 


= (-— 1)*" Li, 


P'(z) 


which is identical with (11.10). This completes the proof of the theorem. 
THeoreM 11.4. If the product 


(11.12) MP! = cr*! + ex? + eee + Ce (mod P), 


then p(M, P) = ec. 
For c = 0, our theorem reduces to the last. Assume, therefore, that c ¥ 0. 
Making use of (11.10), rewrite (11.12) in the form 


(—1)*'*L,i1M = cG (mod P), 
where G is primary of degree k — 1. The identity (11.09) implies 


: _ cG\ TT GE. 
(11.13) (—1)* 17,1 p(M) = cG I] (1 - +) =cG I] — Er? 


in both cases the product is taken over all E (except 0) of degree < k — 1. 
Since there are p"“*-» — 1 such E£, we have 


cG II (cG — E) = cP?" Fy, = cFy, 
gE 





Il E = (—1)*""(F\ F2 --+ Fy_2)?"", 
E 


so that 








cG II ae . = (-1)*"'chy-, ; 
and therefore by comparison with (11.13) 
p(M) =e. 
This completes the proof of the theorem. 
In order to generalize somewhat the congruence (11.4), note that 


ue" —u=A implies U* —-U=A, 


where 
n= ef, Umutut+... + yr; 
however, the converse is not true in general. We therefore consider the con- 
gruence 
(11.14) Ur —~U=A (mod P), n=ef. 


It is evident that if (11.14) is solvable, it has p* solutions; indeed, if Uo is one 
solution, then all are included in the formula Uy) + a where a is in GF (p*). 
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As a generalization of Theorem 11.2, we may prove that 
(11.15) A+AM 4... + APU) = 0 (mod P) 


furnishes a necessary and sufficient condition that (11.14) be solvable in poly- 
nomials with coefficients in GF(p"). 
But by (11.07), the left member of (11.15) 


p(A) + p?*(A) + +--+ + pr*4-(A) 
c + cr + eS + cn) | 


(11.16) 


lil 


ec as in Theorem 11.4. 

Now for all ¢ in GF(p"), (11.16) is equal (not merely congruent) to c’, a 
quantity in GF(p*). To evaluate c’, suppose that R(y) is an irreducible poly- 
nomial of degree f with coefficients in GF(p*). Then R(y) = 0 defines GF(p"). 
Write ¢ = c(y), a polynomial in y with coefficients in GF(p*). Theorem 11.4 
may be applied, and we have 

TueoreM 11.5. If c = c(y) is defined by (11.12), and 

c(y)R'(y) = c’y" + cyy* +--+ + e7-1 ~~ (mod R(y)), 


then (11.16) reduces to c’. A necessary and sufficient condition that (11.14) be 
solvable is furnished by c’ = 0. 


Duke UNIVERSITY. 














ORTHOGONALITY IN LINEAR METRIC SPACES 
By GARRETT BIRKHOFF 


1. Statement of main theorem. Let B be any linear metric space! of three 
dimensions, whose points we shall suppose mapped linearly onto those of 
ordinary space. 

It is natural to call a vector pq issuing from a point p of B “perpendicular”’ 
to a second such vector pr [in symbols, pgLpr] if and only if there is no point on 
the extended line through pr nearer to q than p. 

Remark. Since translations of space are isometric, and uniform expansions 
about the origin multiply all distances by a constant factor of proportionality, 
pqipr implies that any vector parallel or anti-parallel to pq is perpendicular 
to any vector issuing from the same point and parallel or antiparallel to pr. 
Therefore it is legitimate to say that the direction of pq is perpendicular to the 
direction of pr. 

The main purpose of this paper is to prove 

THEOREM 1. If pgipr implies pripq, and if there is at most one perpendicular 
from a given line to a point not on that line, then B is “equivalent” to cartesian 
space (t.e., isometric with it under a linear transformation). 


2. Outline of proof. The proof of Theorem 1 involves such simple ideas that 
it is sufficient to sketch it. 

First, let us fix on a particular linear representation of B in ordinary space. 
It is clear that the metric of B is determined by the “‘unit pseudo-sphere’’ S of 
points whose absolute values (in the terminology of von Neumann) are unity. 
It is also clear that S is a convex surface. 

The argument then proceeds in two main steps. First it is shown that rela- 
tive to any choice of cylindrical coérdinates, the equation defining S is of the form 


(1) r = f(z)-9(0). 


Then it is shown (in effect) that any plane section of such a surface is an ellipse, 
essentially completing the proof. 

To establish equation (1), let us first note that the radius os from the origin 
o to any point s on S is perpendicular to every line in any plane of support of S 
at s. Hence by the uniqueness and reciprocity of perpendicularity, S can have 
at most one plane of support at s. 


Received March 10, 1935. 

1 As defined for instance by J. von Neumann, On complete topological spaces, Trans. 
Am. Math. Soc., vol. 37 (1935), pp. 3-4. The reader’s attention is called to the definition 
of orthogonality in B. D. Roberts’ On the geometry of abstract vector spaces, Tdhoku Math. 


Jour., vol. 39 (1934), pp. 42-59, which is essentially different. 
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Consequently by an elementary (and furthermore obvious) lemma? on convex 
surfaces, S is a smooth convex surface having a unique continuously varying 
tangent plane, whose direction maps S onto the sphere continuously. It follows 
incidentally that the perpendiculars to any given direction form a plane, and 
that all the perpendiculars in any given plane are perpendicular to a suitable 
line—which is unique by assumption. 

It is hence possible to pick the z-axis in an entirely arbitrary direction in B, 
and then to pick z- and y-axes such that all three are mutually perpendicular. 

Let us suppose that this has been done, and that in addition cylindrical 
coérdinates have been set up, satisfying 


(2) xr =r cos 6, y =rsin 8, 2 = 2. 


Consider the plane curves of intersection y, of S with the planes z = const. 
Because S is a smooth convex surface, they must be smooth convex curves. 
Besides, the tangential direction T(z, %) to y. at 6 = % must be perpendicular 
to (A) the radius to y, at 6 = %, and (B) the z-axis [since it lies in the (2, y)- 
plane]. Therefore the plane of directions perpendicular to T(z, 4%) must be the 
plane @ = 4, and independent of z. 

It follows* that the curves y, are all similar, and that the equation for S may 
be written in the form (1). The rest of the argument is based exclusively on 
this fact. 

First one considers the “great pseudo-circles’’ 8, of intersection of S with the 
planes @ = const. By (1) any one of them can be rotated into any other 
under a linear transformation 


(3) 2’ = 2, 6’ = 0 + const., r’ = g(0’)/g(@)-r 


between the planes on which they lie leaving the z-axis fixed. 

Then one recalls that the choice of the z-axis (of rotation) is arbitrary. There- 
fore by iterated use of the construction just described, one can rotate the 
(x, z)-plane P first about the z-axis into the (y, z)-plane, then about the y-axis 
into the plane through the y-axis and any line a,:z = Az, y = 0 in the (2, z)- 
plane, and finally about a back into P. Moreover, the following statements 
are true. 

(a) All three transformations are linear, and hence their product is also. 

(b) The product preserves orientation in P. 

(c) The intersection 8 of S with P goes into itself. 

(d) The intersection of S with the z-axis goes into the intersection of S 

with a. 

The last two paragraphs show that there exists an orientation-preserving 
homogeneous linear transformation of P into itself leaving & invariant and 
carrying the z-axis into any straight line x = Az. But on the other hand, since 


2 Proved for instance in T. Bonnesen and W. Fenchel, Theorie der konvexen Kérper, 


Berlin, 1934, p. 13, bottom. 
3 By integrating a homogeneous linear differential equation of the form dr/d@ = T(@), 


where 7'(@) is continuous. 
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Bo is compact and does not contain the origin, the group G of all orientation- 
preserving homogeneous linear transformations of P into itself leaving Bp» in- 
variant, is bounded—and therefore‘ equivalent after a homogeneous linear trans- 
formation h to a subgroup S of the orthogonal group. But since S is transitive 
on the lines through the origin, it must be the entire orthogonal group—that is, 
the entire group of rigid rotations. 

Consequently the set of the transforms under S of any given point p of Bo 
is a circle, and, h(8)) being a simple closed curve containing this set, h(G») is a 
circle. Therefore under a suitable linear representation of B in codrdinate 
space, the “absolute value’’ of a point (zx, 0, z) is (x? + 2*)!, and the pythagorean 
theorem is true. 

But perpendicularity and absolute value in B are intrinsic; hence the pythag- 
orean theorem is true under all representations. 

The conclusion of Theorem 1 now follows by decomposing (i) any vector into 
its y-component and perpendicular (x, z)-component; (ii) the (2, z)-component 
into perpendicular z- and z-components. 


3. Applications. We can apply Theorem 1 immediately to the classification 
of complete linear metric spaces [‘‘B-spaces’’ of Banach] by proving 

THEOREM 2. Any complete linear metric space L of three or more dimensions, 
in which perpendicularity is reciprocal and unique, is characterized by its (finite 
or transfinite) cardinal ““dimension-number’”’ n. Its elements correspond to the 
sets (%1, --- , 2,) of n real numbers satisfying b x ri < +, in such a way that if 


x = (m1, --- , tn) andy = (sm, --+ , Yn) are any two elements of L, and d is any 
real number, then 

(a) x + y ts the element (11 + yi, --- » Ln + Yn); 

(b) Ax is the element (Ax, +--+ , AXn); 

(c) the distance between x and y is |>> (x; — y,)?}!. 


To prove Theorem 2, it is sufficient to observe that by Theorem 1 we can 
define “inner products”’ having the properties usually attached to inner products 
in Hilbert space. For these involve at most three independent elements'—and 
so can be proved by use of Theorem 1 within a 3-space containing them. Once 
this has been done, the rest of the argument is familiar.* 

Another application yields an interesting geometrical definition of differential 
geometries. If one defines “pseudo-differential geometries’ as varieties in 
which distance is given by integrating a differential form 


(4) | E(ay, --- , Xn; dx,/dt, --- , dx,/dt)dt = [as 


4 J. von Neumann, Almost periodic functions in a group, Trans. Amer. Math. Soc., vol. 36 
(1934), p. 465, Theorem 19. 

5M. H. Stone, Linear transformations in Hilbert space, New York, 1932, pp. 3-4. 

® Cf. the mimeographed lecture notes of J. von Neumann on Operator theory, Theorem 
12.27, Princeton, 1934. 
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such that for fixed x, (x; dxr/dt) behaves like an “absolute value” for dx/dt, 
a condition which amounts to requiring that the coérdinates be non-singular 
and that smooth geodesics exist, then Theorem 2 can be restated as 

TuHeoreM 3. A pseudo-differential geometry is a differential geometry (that is, 
for fixed x, &(x; dx/dt) is the square root of a positive definite quadratic function of 
the dx;/dt\ if and only if local perpendicularity is unique and reciprocal. 

If in a Finsler space F transversality (= orthogonality) is unique and recip- 
rocal, it is easy to show that (2; dx/dt) = &{x; — dx/dt), so that F is a 
‘“pseudo-differential’’ geometry. Hence a Finsler space is a differential geom- 
etry if and only if transversality is unique and reciprocal. 

A final application yields a system of postulates for the geometry of ordinary 
space, more geometrical than the purely arithmetical definition of cartesian 
geometry, and simpler than the approach of Euclid. 


4. Necessity of three dimensions. It is interesting that Theorem 1 is 
definitely false without the restriction that B have three dimensions. In fact, 

Tueorem 4. There exist infinitely many intrinsically different metric linear 
spaces of two dimensions in which perpendicularity is reciprocal and unique. 

Without going into detail, one may observe that a smooth convex simple 
closed curve © in coérdinate space is the image of the “unit pseudo-circle’’ of 
elements of absolute value unity of a metric linear plane, if and only if the 
diameter drawn through the origin parallel to the tangent at any point p of Q 
cuts 2 in points where the tangents to 2 are parallel to the diameter through p. 
This is a property related to conjugacy in the diameters of an ellipse. 

But any smooth convex are 2 defined over the first quadrant, symmetrical 
about the half-ray 6 = 7/4, and perpendicular to the z-axis at its intersection 
with it, can be uniquely continued by this very condition through the other 
three quadrants. And by the symmetry about @ = 7/4, this will lead to a 
simple closed curve carried into itself under reflection through the origin, and 
hence into a satisfactory “unit pseudo-circle’’. 


Society or FeLttows, Harvarp UNIVERSITY. 
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NEW IDENTITIES IN CONFORMAL GEOMETRY 
By J. LEVINE 


Complete sets of identities have been obtained for the components of the 
affine and metric normal tensors and also for the components of the affine, 
metric, and projective curvature tensors. In addition to these identities, a 
complete set is known for the components of the first covariant derivative of 
the affine curvature tensor.! 

In this paper, complete sets of identities are obtained for the components 
*Biy (i,j, ky l = 0,1, --- , mn, ©) of the complete conformal curvature tensor? 
with the exception of the components °B’,,. and °BZ,,. (J, J =1,---,n). A 
complete set of identities including the components ° BY ,.. and °B,,. has not been 
written down explicitly because of the excessive complexity of the calculations 
required. A method of obtaining such identities has been indicated, however, 


at the end of section 4. 


1. Starting with the components’ G,, of the fundamental conformal tensor de- 
fined by 


the components K%, are defined by‘ 
AGas , AGse $x) 





axe ox® xs 





(1.1) Ki, = cs ( 
2 
and the K}, have the transformation equations® 


° -s Oa™ axN azs \ay’ 1,5 = ASI 
(1.2) TAB = (Kin ays ay® + ay* ay® axs nM 5p + v5 54 ~ GeG*" Ys) 





under the transformation of coérdinates 
(1.3) x4 x f*(y', dial ,y"). 


Received December 5, 1934. 

1T. Y. Thomas, Differential Invariants of Generalized Spaces, Cambridge University 
Press, 1934, pp. 81, 114, 132, 138. This reference will be called T. 

2 T., p. 81. 

3In this section and the next three, indices have the following ranges: small Latin 
0, 1, 2, --- , n, ©; capital Latin 1, 2, --- , n; Greek 0, 1, 2, --+, n. 

4‘ These components Kic were originally found in a different form by J. M. Thomas, 
Proc. Nat. Acad. Sci., vol. 11 (1925), pp. 257-9. They were obtained in the form shown 
by T. Y. Thomas as indicated in T., p. 67. 

5 T., p. 68. 
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The ¥ are defined by 


< a log (xy) ex? ays 
(1.4) to Se . oe, &. 
ay dy’ ay’ ax® 
It is natural to attempt to choose the functions f* so that the codrdinates y 
so determined will have the characteristic property of normal coérdinates, i.e., 
so that 


(1.5) Cisyy = 0. 


In this attempt, of course, we should form the left member of (1.5) from that 
of (1.2) and then try to determine a coérdinate transformation (1.3) from the 
resulting differential equations, some suitable initial conditions being assumed. 
If we take for these initial conditions 


(1.6) tag, y=0, as}, Js=0, 
ay” 
it is possible to determine the coefficients 
arz' ’ 
1.7 — , = 2,3,---). 
(1.7) (a — +), (s ,3 ) 


For our purpose, it will be sufficient to consider the coérdinates y defined 

implicitly by 
Bou 1 az! 

(1.8) 2o=q'+y'— 5 (Kawdoy*y” «a0 = (sar a) 0 vey’, 
the coefficients of the y terms being (1.7). For s = 2 in (1.7), the corresponding 
coefficient has the value shown in (1.8). The coérdinates y thus obtained from 
(1.8) will be called conformal normal coérdinates of order r.6 In normal coérdi- 
nates of order r the left member of (1.5) will not equal zero but its expansion 
in powers of y will begin with powers of y’ at least as great as r + 1. We shall 
indicate this by writing’ 


(1.9) "Cheyty® = Oy). 


In conformal normal coérdinates the K/, will be denoted by °C4,. Also we 
define quantities D by 


ac! (0) 
(1.10) Iki, Lt, = af reg (s = 1,2,---). 


®° For a more detailed discussion of these coérdinates, see the dissertation of V. A. 
Hoyle, Some problems in conformal geometry, Princeton University Library. 

7 The symbol O(y*) will be used to mean a series in the y’ beginning with powers of y’ 
at least as great as k. 
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It is found that the components I}, of the associated conformal connection® 
when evaluated at the origin of normal coérdinates’ have the values 


1 


; 1 
"ci,(0) = —1 we 
(1.11) " n n 


°C4.»(0) = °C2.4(0) = °C24(0) = °C4.2(0) = °C2n(0) =. 


i i i C) 1 Y 
5,., C4, (0) _ by, °C% 2 (0) = — Gas , 


If we indicate by °G;, the component Gy in normal coérdinates, (1.9) for 
r = 3 may be written by using (1.1) 


0 0 
(1.12) (2 oGy _? or) yX = Oly’). 





The equations (1.12) characterize the y’s as conformal normal coérdinates of 
order 3. The °G’s must of course satisfy the relations 

(1.13) Gr, = Gir, 

(1.14) IG | = 1, 

these conditions holding in all coérdinate systems. The relations (1.13) and 


(1.14) constitute a complete set of identities for the components °G;,. Now the 
°G,, have the power series expansions 

' ’ on 
(1.15) "Gry = °G11(0) + a1 "Gis, xi (O)y* y” oa coe, 


If we form the derivatives 0°G;,/dy* from (1.15) and substitute them in (1.12), 
it will be found that we must have 


(1.16) 2(Gu.«c + Gruws« + Girt) — (Grea + Grias + Gir) = 0. 


The quantities Gr;,x, are defined by 


8? °G,,(0) 


Gis,Kxi = “ay* ay” ° 


If in (1.16) the indices J, K and J, L be interchanged and the resulting expression 
be subtracted from (1.16), there results 


(1.17) Gisjxu — Geos + Gusx — Gixnw = 0. 
On interchanging J, J and K, L in (1.17) and subtracting we then obtain 
(1.18) Guu = Geiss, 

*T., p. 70. 


® In this section and the next the term normal coérdinates will mean conformal normal 
coérdinates of order 3. In sections 3 and 4 it will mean conformal normal coérdinates of 


order 4. 
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and when use of (1.18) is made in (1.16) we get 
(1.19) Gui + Gres + Gus = 0. 


Conversely, from (1.19) follows (1.16), and also (1.18). The Gi,«x also satisfy 
the symmetry identities 


(1.20) Ginn = Gite, 
(1.21) Grxi = Giruk . 


These identities were used in obtaining (1.19) from (1.16). 
On differentiating (1.14) twice and then evaluating at the origin of the normal 
coérdinates, it is found that 


(1.22) (48 Gas.cp = 0 ’ 
use being made of 
: 8 °G1,(0) 
2 Gus wi) = @, 
(1.23) TIJ,K ( aye 


this latter relation resulting from (1.11) and (1.1), i.e., 
0°Gis 
ay* 
It will be shown that (1.19), (1.20), (1.21) and (1.22) together with (1.13), 


(1.14) with "Gr, replaced by Gi, constitute a complete set of identities for the 
components G,, and Gi,«.. Consider then the sets of numbers 


(1.24) = Gis CS + Gay CS x. 


Gry, Gis x 
chosen so as to satisfy the above mentioned identities and furthermore such 
that the series 


- ’ Y 1 ’ - 
(1.25) "Gis = Gi + 5 Gisxu yXy” + --- 


converge, and also so that |°Gy| = 1. Then the °G,, so defined satisfy the 
conditions (1.12) which characterize the y’ as a set of conformal normal codérdi- 
nates of order 3. This completes the proof. 


2. By evaluating the components °B‘,,- of the complete conformal curvature 
tensor with components "B),, at the origin of normal coérdinates and using 
(1.10) it is found that 


(2.1) "Biase = Diac — Dice - 
From the identities 

(2.2) Disc = Diacs 

2.3) Disc + Daca + Deas =9, 








NEW IDENTITIES IN CONFORMAL GEOMETRY 177 
which are obtained by use of (1.9) and (1.10), we are able to obtain from (2.1) 


1 
(2.4) Disc = 3 ( 18¢ + , Sse) . 
Since the components °B‘,¢ are those of a tensor (the Wey! conformal curvature 
tensor), (2.4) shows the components D/,- are also those of atensor. The higher 
order D’s, however, do not have this property in general. From (1.24) by 
differentiation there is obtained 


(2.5) Gas.cp = Gar Boece + Ger | ’ 

and by substituting for the D’s in (2.5) from (2.4) we get 
; 1 

(2.6) Casco = 3 OBacep a °Bucav) ’ 

where 

(2.7) °Basco = Gar an . 


By expressing (1.1) in normal coérdinates, differentiating and evaluating at 
the origin we obtain, on using (1.10) and 





oe") 

(2.8 = 0, 

) (ee) = 

(2.9) Dien = 5 O(Gas.ns + Garse — Gres) 
Hence, from (2.1) and (2.7) we get 

(2.10) °Baseo = Gac.ep on (ap,Be . 


If in (2.10) we interchange the indices A, B and add, there restilts with the aid 
of (1.18) 


(2.11) "Basco + “Beacd = 0. 

Also, by interchanging C and D and adding we obtain 

(2.12) "Basco + °Basoc = 0. 

With the use of (1.20) and (1.21) we next obtain the identities 

(2.13) "Basco + °Bacoe + °Bavsc = 0. 

Finally we form G°° °Basco, and from (2.10) and (1.22) get 
G*° “Baaco = G*° Gaseo, 

but from (1.19) it is easily shown that 


BC 
G Gas,cp = 0 ’ 
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thus giving the identities 
(2.14) G*° "Basco = 0. 


The relations (2.6) can also be obtained from (2.10) and the identities on the 
components Gas.co. Thus from (2.10) and (1.19), (1.20), (1.21), (1.22) we can 
obtain (2.6) and (2.11), (2.12), (2.13), (2.14). Conversely, it is not difficult to 
show that the first group of the above relations can be obtained from the sec- 
ond. From this we have 
(2.1] The identities (2.11), (2.12), (2.13), (2.14) and Gu = Gy, | Gis | = 1 con- 
stitute a complete set of identities for the components Gz, “Basco. 

From the identities for "Bisco, the following may be derived 


(2.15) °Basco = °Bevas . 


It is interesting to note that the components of the ordinary affine or metric 
curvature tensor satisfy identities of the types (2.11), (2.12), (2.13). 
From their identities, it can be shown that the number of independent com- 


ponents °Baseco is given by 
3 n(n + 1)(n + 2)(m — 3). 


This number vanishes for n = 3, a fact which agrees with the well-known result 
that the Weyl conformal curvature tensor is zero for n = 3. 


3. In this section the complete set of identities for the quantities Gy, cum will 
be found, and then from them the identities of the remaining components °B},, 
to be considered will be obtained. The quantities Giz, x. are defined by 


8 °G,,(0) 
dy* ay” ay™ ” 


Gus, KLM = 


By using conformal normal coérdinates of order four and proceeding in a 
manner similar to that used for the Gy, xz in section one, it will be found that 
the components Gas, cog satisfy the identities 


3(Gas, coz + Gac, ave + Gav, ace + Gaz, cv) 


(3.1) ; 
— (Gee, ves + Gav, cea + Gee,coa + Geo, zea + Gee, ava + Gog,aca) = 9. 


By replacing the indices ABCDE in (3.1) by the sets BCDEA, CDEAB, DEABC 


in turn and adding the resulting three sets of equations to (3.1), we obtain 
(3.2) Gas,cozs + Gac. pew + Gan, esc + Gar, acvo = 0. 
Use is also made of the symmetry identities 


(3.3) Gas,cozr = Gsa,cor , Gaz, CDE = Gap, Por ; 


Sr ee emer 





Or eae eet + 
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where PQR represents any permutation of CDE. By using (3.2) and (3.1) we 
then obtain 
(3.4) Gas,cor + Gac, ave + Gav, ace + Gac, ave + Gav, ace + Geo, ane = 0. 
From (1.13), (1.14) we find 
(3.5) G* Gas,con = 0. 


It can be shown, in a manner analogous to that used for the components 
Gi, x. at the end of section two, that (3.2), (3.3), (3.5) and Gy = Gy, |Gu| = 1 
constitute a complete set of identities for the components G1, and Gaz, coz. From 
(3.4) it is found that the following identities are satisfied 


(3.6) G4° G8” Gan. coe = 0. 


By differentiating (1.24) and evaluating at the origin of normal coérdinates of 
order four, there is obtained 


(3.7) Gaz, CDE = Gam Docok ~ Gus Dy opr . 


Also, from (1.1) in normal coérdinates we get by differentiating twice and 
evaluating at the origin 


(3.8) Di xim = 3G'S(Gsz, num + Gsx,ums — Gix,cms). 
On placing 
Dascoe = GirDiscos 
it can be shown, by use of (3.8), that we have the identities . 
(3.9) Dascor = Descor = Dasoce ; Dascvoe + Deseva = Daceve + Decena, 
(3.10) G4® Dascor = 0, 
(3.11) Dascor + Dacave + Davace + Decavz + Davace + Devasz = 0. 
By expressing °B},, in normal coérdinates of order three we obtain" 
eYCi.e ACig 


(3.12) lies = = “ay 


oy + Ci,Cl. — Ci.Cl,. 


F] 





In (3.12), °V represents °B in the y codrdinates and °C}, the components of the 
associated conformal connection. If now (3.12) be evaluated at the origin of 
the normal coérdinates, we obtain 


(3.13) "Bice = "Bisco = "Boa = "Bese = "Bias = 0, 
(3.14) *Biec - Diwec wines Dice: 
(3.15) an = n ~ (Dies ‘oi Dices)s 


10T., p. 72. 
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(3.16) "Booe = ” 5 "(Di acs — Deces)» 
(3.17) "Bi xs = — "Bige: 
Thus, the only non-zero components of °Bj..3 are 
"Bice ’ "Weee ’ "Meise ’ 
and from (3.15), (3.16) we have j 
(3.18) "Base = G'**Biac - 
To find the remaining °B},. other than °B};,, we use the definitions" 
(3.19) “Bis = — “Bies; (3.19a) °Bi,. =°Biso = Biz. = 90, 
(3.20) °B; io = 4 : - “Bi as.er “a (n # 4), 
where 


‘ i a°B; 4 h si i , i o i ¢ 
(3.21) *B; La > — +° saat AF — "Bi as'l oP — "Bier Tir — "Biase Ter- 


In what follows, it will be assumed n # 4 as °Bj,,. is not defined for n = 4. 
From (3.21) we calculate 


) 
] 
0p? 0p? 0p~ 0po 0p» Y OpH 
By 4a° = n B, ‘EE? Boa, er = Bas,er = 0, mszr=- = Gur Bask; 
(3.22) 
1 1 
Op! Opi 0px 0 PH 
Bos. er = n Bear ’ Bra,er = ;, Gur Bras: 


With the aid of (2.14), (3.17), (3.20), (3.22), and 


(3.23) GC *Bivc = 0, 
(3.24) "Bara = 0, 


the proofs of which will be given later, it follows that 
¢ & 0 0p 0 Opo 
(3.25) Bo a30 = Bipe = Bose = Bose = Q. 
From the results so far obtained it can be seen that the only non-vanishing 
components °B;,. are 

0pe Ope 9B! Opi 

IJK? IJ@? " wojJK) wosw 

The components °B},, have already been discussed. We shall now consider the 


0 ‘ 
components °B? ,., °Bty., Bas. 


uT., p. 7. 
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4. By means of (3.15) and (3.8) we find that 


n 
(4.1) a = ~——~. G7(Gys, er + Gix.ssr — Gis, xsr — Gas, sr). 
2(n — 2) 
Instead of using °B),., we shall use its covariant form 
0 Ops 
Bisxe = Gis JKx-* 


From (3.20), (3.21) we obtain after some calculations 


=— _ 


(4.2) °Bixse = 7 | Ge" Dear — Drerat) + — (Diixs = Dies) | ° 


In obtaining (4.2) we use the relations 
G*" Digrs = 0, 


which follow from (3.8) and (3.6). Now if in (4.2) we replace the D’s by means 
of (3.8) we find after reducing and using (4.1) that 


(4.3) °Bisxo = *Birs- 


By means of (3.18) we can express the °BZ,, in terms of the Gy and °B?,,x. 
Thus all the components besides °B),, under consideration, i.e., °Bl,,, °Bi yx 
can be expressed in terms of the Gy, and°B',,. In order to solve for the Gi, cum 
in terms of the °B, we introduce the covariant derivatives °Bascv,2 of “Basco. 
These are given by” 

a°Bixt 


Oph Ops Ops Oph 
+ Box Tiw a Bit Pim 
ox™ 





°Bisxt, u = Gul 
(4.4) 
BS Thy — BS, Tie]. 


By expressing (4.4) in normal coérdinates and then evaluating at the origin, 
we obtain by the use of (1.11), (3.12), (3.18), (4.3) 

(4.5) Diximt — Dirxwr = Osximt, 

where 


1 
QsKLMI = *Brsxt, + 3n (1G, .C Bian + °Bram) + Gy cCBi un + Be sn) 


(4.6) daily Ge: CBo un + *Br sw) ee G,, (Bian + °Brru)) 


0 


he 
+ = (Gru Bors + Gen Bers i Gru "Bias —_ Gia "Bers e 


2 T., p. 74. 
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We now use (4.5) in conjunction with (3.9), (3.11) and obtain 
(4.7) 6Dixims = 2oseims + Orxmir + Oxsemr + Oxsmir + OroMKr. 


We can now obtain the Gi, c.w in terms of the °B by substituting from (4.7) in 
(3.7). This gives 
(4.8) 6Grs, num = Oxsem1 + Oxims + Oxsmer + Oxies + OromKr + OrimK. 


To obtain identities for the °B',,, we use the equations (4.1) and the identi- j 
ties for the Gu, xiv. We can get the following 


(4.9) "Bian - — Bis; "Bi sx + Bint + °Brrs = 0, CG" Bi ax = 0. 
This proves (3.23), and (3.24) then follows from (3.18). From (4.5) and (3.8) 


we now have 
(4.10) dsxumt = 3(Greisim + Gae,ixm — Gox,imr — Gr, xmas). 


Hence from (4.10), (4.1) and (4.6) we can express °Bisxr,w in terms of the G’s. 
We indicate this by 


(4.11) °Brsxt,.w = Osxumt — Osximr, 


where the @ represents the remaining terms in the right member of (4.6) after 
excluding °Bisxi.a. The @ is to be thought of as expressed in terms of the G’s 
and likewise for the ¢. It is easily shown that the ¢ satisfy } 
Qsximt = —Qstkm1 = —OrKims, 
(4.12) 
dsxumt + Ostm«i1 + Gsuxur = 0, gduxumt + xii + Orsemr = O. 
These have as a consequence 
(4.13) dsuxiim = Ormscx. 
The @’s also satisfy the same identities (4.12) as the ¢’s. Hence from (4.11) 
we get 
°Birei.M = — Bix, , °Bisei.M = —"Biri.u, 

(4.14) °Brsxiw + Brim, x + °Buux,. = 0, 

°Bisxim + °Brestow + °Busx.uw = 0. 
From (3.5) and (4.8) we get 
(4.15) G" (@xiums + Oximis + OrsmK1) = 0, 


and replacing the ¢’s in (4.15) from (4.6) results in 


(4.16) G” °Bixst,w + °Bixsu,n + Bis, x) = 0. 
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One more identity will be needed, this being obtained as follows. From (4.1) 
and (4.10) we obtain 


(4.17) GS? $.ecsr = = PW... 


Now if in (4.8) we replace the ¢’s by means of (4.6) and then form the expression 
GS? dascsr 


from the left members of (4.8), we find after considerable reduction 
. n+1 = 
GS? dascst = no "Wiese + at °Bsazc, T. 
On comparing the above equation with (4.17), we obtain the desired identity 


(4.18) G5? Besser = — "Biase - 


From the identities (4.9), (4.14), (4.16), (4.18) it is possible to obtain the 
complete set of identities of the Grz, xu, use being made of the defining relation 
(4.8), in which the ¢’s are to be replaced from (4.6). In obtaining the second 
symmetry identities of (3.3) it is sufficient to show 


Gas,cvr = Gan, vce = Gas, CED; 


for from these the remaining identities involving further permutations of the 
indices CDE follow. It can also be shown that from (4.8), (4.9), (4.14), (4.16), 
(4.18) the relations (4.1) and (4.11) can be obtained. We can now state, 
(n # 4) 
[4.1] The identities (2.11), (2.12), (2.13), (2.14), (3.13), (3.18), (3.19a), (3.25), 
(4.3), (4.9), (4.14), (4.16), (4.18) and Giz = Gy, | Gis | = 1 constitute a complete 
set of identities for the components Gz, °B‘.,, °Brsxi,« excluding the components 
"Bi se: "Baon ° 

For all n = 3, the identities mentioned in [2.1] and (3.18), (1.9) are a complete 
set for the non-zero components of the incomplete conformal curvature tensor 
°Bi 4g and Gy. 

With regard to the excluded components °B',., °Bi,. it can be shown that 
the following relations are satisfied (n ~ 4) 


(4.19) yn = Gar ye 
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(4.20) G4? °B yo = “Bie = 0, 
(4 — ain — 2) anc carne s 
n2 "Bee =G ”"(Dieces rar Di vcons) 
l YEF Ss Y Y é 
+ 2(n — 1) G*"(Dereas — Gap G°” Devens 
1 ’ iF / v wD s " Ss 
+ n—1 (Gay Af : Dir pac ed Dov. ) 


+ or". - — 2D3 ep Disc) . 


From (1.1) in conformal normal coérdinates y' of order five, by differentiation 
we can obtain expressions for the components Di,-pz in terms of the quantities 


a°°G,,(0) 


ay* ay” ay™ ay” ’ 


Y 
Gry, ALMP 


and hence can express °B',.. in terms of these quantities. The Gr, x.mp can be 
expressed in the form 


’ Y ) . 0 . OR! 
(4.21) Gus, xump = Hisgime(Gas; "Bix, > Birms Box, u,p)- 


Denote by (8) the components composing the H/’s. A complete set of identities 
for the components Gi, x.me can be obtained in a manner similar to that used 
for the Gi,x. and Giu,xum. Now by adding to the identities mentioned in [4.1] 
suitable identities between the components (8), we can obtain by means of the 
resulting set of identities and the defining relations (4.21) the complete set of 
identities for the Gry, x.we and also the relations defining the components (8) in 
terms of the Giz, Gu,«c, Gis,xum, Gis,xume. The totality of identities in the 
components (8) thus used would constitute a complete set of identities for these 
components. As part of these, we should use (4.19) and (4.20). 


PRINCETON UNIVERSITY. 





METABELIAN GROUPS AND TRILINEAR FORMS 


By H. R. Brawana 


1. The relation of the theory of metabelian groups to the fundamental 
problem of finite groups. The theory of abstract groups is not yet one hun- 
dred years old. One hundred years is a short time in the history of math- 
ematics, and yet the theory of groups is old compared with many subjects 
that are receiving the attention of large numbers of mathematicians. The 
greater part of the literature on finite groups is concerned with finding proper- 
ties of certain known groups and with finding classes of groups which have 
certain given properties. This work, while necessary to the unfolding of the 
theory of groups, contributes usually only indirectly and often very remotely 
to the solution of the fundamental problem. The fundamental problem of finite 
groups is the determination of all the groups of a given order n. The deter- 
mination of all the groups of a given order n will in general consist of the deter- 
mination of several sets of properties such that each group of order n possesses 
all the properties of one set, and such that a group which possesses all the 
properties of one set does not possess all the properties of any other set. The 
determination of a definitive set of properties for a group does not close the sub- 
ject of that particular group, for the reasons that there are in general large 
numbers of definitive sets for a given group and any given set may be entirely 
unsuitable for a particular purpose. 

Although the fundamental problem was recognized and attacked at an early 
date, progress toward its solution has been very slow. In 1854 Cayley proved! 
that there are but two groups of order four and two groups of order six. In 
1930 G. A. Miller listed the groups of orders up to 100 including those of order 
64 which had not been completely determined before.2 In 1934 Senior and 
Lunn’ listed the groups from order 101 to 161 omitting those of order 128. 
Apparently nobody claims to have determined the groups of order p’, and accord- 
ing to Miller’s paper cited above Potron’s attempt‘ to determine the groups of 
order p*® was unsuccessful for p = 2. We do not wish to suggest that progress 
toward solution of the fundamental problem should be measured by that num- 


Received February 21, 1935. 

1 On the theory of groups as depending on the symbolical equation 6" = 1, Philosophical 
Magazine, vol. 7 (1854), pp. 40-47; Collected Mathematical Papers, vol. II, pp. 123-130. 
For a sketch of the history of groups see the last paper in the forthcoming volume of the 
Collected Works of G. A. Miller, University of Illinois Press. 

2 Determination of all the groups of order 64, American Journal of Mathematics, vol. 
52 (1930), pp. 617-634. 

3 J. K. Senior and A. C. Lunn, Determination of the groups of orders 101-161, omitting 
order 128, American Journal of Mathematics, vol. 56 (1934), pp. 328-338. 

4M. Potron, Les groupes d’ordre p*, Thesis, Paris, 1904. 


185 











186 H. R. BRAHANA 


ber n, yet on the other hand groups of order p* must be considered rather ele- 
mentary among the groups of order p". 

A given group brings with it a whole complex of other groups—subgroups, 
quotient groups, ete.—most of which are more elementary than the given group. 
If two groups are simply isomorphic the complex determined by one must be 
abstractly the same as that determined by the other. Comparison of the more 
elementary groups of the two complexes is the usual method of determining the 
non-isomorphism of two groups. Sylow’s theorem narrows the region of attack 
on the fundamental problem by pointing out that progress for a general n must 
wait upon progress for the case where n is a power of a prime. Of the extensive 
literature on prime-power groups very little has been directed toward solution 
of difficulties that appeared early in connection with the fundamental problem. 

The operators which are p* powers in a group of order p™ generate a char- 
acteristic subgroup. The corresponding quotient group is characteristic and 
its operators are all of order p. If this quotient group is abelian, it is com- 
pletely determined by its order; if it is non-abelian, it is said to be conformal 
with the abelian group of type 1, 1, --- and with any other such group of the 
same order. Thus the question of the simple isomorphism of two groups of 
prime-power order always involves the question of the isomorphism of two 
groups conformal with abelian groups of type 1,1, ---. The fundamental 
problem for groups of order p™ conformal with the abelian group of type 1, 1, -- - 
entered the literature about 1900. For p = 2 there is no problem, since the 
only such group is the abelian group. Burnside touched upon the problem for 
p = 3,° although his paper has another purpose. He proved that a group 
generated by m operators of order 3 which contained only operators of order 3 
was finite, and he stated a value for the order of the group provided the gen- 
erators were independent except for the above conditions. This value was in- 
correct and the correct value was determined by Levi and van der Waerden in 
1932.6 Although the importance of the problem of groups containing only 
operators of order p was appreciated at least as early as Burnside’s paper, 
nevertheless in 1933 Miller stated’ (correctly) that the simplest case, for p = 3, 
had not yet been solved. These groups are all known to be of class 3. The 


*’W. Burnside, On an unsettled question in the theory of discontinuous groups, Quarterly 
Journal of Mathematics, vol. 33 (1902), pp. 230-238. 

°F. Levi and B. L. van der Waerden, Uber eine besondere Klasse von Gruppen, Hamburg 
Abhandlungen, vol. 9 (1932), pp. 154-158. 

7 Groups involving a small number of squares, Proceedings of the National Academy of 
Sciences, vol. 19 (1933), pp. 1054-1057. The ‘correctly’ in parentheses above is prompted 
by the review of Miller’s paper in the Jahrbuch, vol. 59 (1933), p. 149. The reviewer 
implies that a solution of the problem is to be found in the paper by Levi and van der 
Waerden. Every group generated by m operators and containing only operators of order 3 
is simply isomorphic with some quotient group of Levi and van der Waerden’s group. 
This solves the problem about as adequately as it is solved by remarking that every group 
of order p” is simply isomorphic with some subgroup of the symmetric group on p™ letters. 
If the problem is not to be ignored, it is necessary to determine the invariant subgroups 
of Levi and van der Waerden’s group, and in the writer’s opinion this is not feasible. 
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class of a group measures the series of successive central quotient groups. The 
groups of class 1 are abelian, those of class 2 are metabelian. Not only have 
the groups of class 3 not been determined, but neither have the groups of 
class 2. This fact seems to the writer to be the proper measuring-stick to use 
in evaluating the progress toward a solution of the fundamental problem. 

Every group containing only operators of order p has all of its abelian sub- 
groups of type 1,1, --- . Every such group contains an invariant abelian sub- 
group; for example, the central. Every invariant abelian subgroup is either 
maximal invariant abelian or is contained in a maximal invariant abelian sub- 
group. Every maximal invariant abelian subgroup contains the central. Let 
us denote the given group by G and a maximal invariant abelian subgroup by H. 
The quotient group G/H is simply isomorphic with some subgroup of J, the 
group of isomorphisms of H. The fact that two groups G and G’ can be simply 
isomorphic only if G/H and G’'/H’ as well as H and H’, are simply isomorphic 
shows that a study of the subgroups of order p*, with operators of order p, in 
a Sylow subgroup /, corresponding to the prime p in the group of isomorphisms 
of H is indispensable. This group J has probably had more attention than any 
other group of isomorphisms. It was noticed long ago that this group can be 
represented as the set of non-singular square matrices of n rows (H is of order p") 
with elements in GF(p) and with a law of combination which is ordinary matrix 
multiplication. 

Dickson observed*® that the subset of these matrices with 1’s on the main 
diagonal and 0’s below constitutes a Sylow subgroup J, of the group J. It is 
obvious that the characteristic polynomial of such a matrix is (1 — A)". It 
has been known for a long time that the conjugacy of two such matrices in J 
is determined by the identity of their invariant factors. Striking as it may 
seem, these facts were never put together until 1932.9 The result is a theorem 
which makes possible an attack on the fundamental problem. The theorem 
asserts that the conjugate set to which an operator of J, belongs is character- 
ized by a set of numbers 7, m2, --- , 3, Which are the degrees of the invariant 
factors of the corresponding matrix. 

The simple isomorphism of G and G’ above requires the simple isomorphism 
of G/H and G’/H’ but it requires more. It requires that the subgroups of J, 
determined by G/H and G’/H’ be conjugate in J. The simple method of 
characterization of operators of J, resulting from the theorem above furnishes 
a means of getting deeper into the question of conjugacy of subgroups. Two 
subgroups of J, can be conjugate only if they contain operators of the same 
types. This is not a sufficient condition but it is a condition comparatively 


8 Determination of all the subgroups of the three highest powers of p in the group G of all 
m-ary linear homogeneous transformations modulo p, Quarterly Journal of Mathematics, 
vol. 36 (1904-5), pp. 373-384. 

°H. R. Brahana, Operators of order p™ in the group of isomorphisms of the abelian group 
of order p" and type 1, 1, 1 --- , Proceedings of the National Academy of Sciences, vol. 18 
(1932), pp. 722-724. 
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easy to apply and allows a preliminary classification of subgroups which is 
probably the one natural to the problem since it leads to the application of 
methods which have been used in other mathematical investigations. The 
failure to use many of the powerful tools of mathematics has been one of the 
most striking features of the development of the theory of finite groups up to 
the present time. 

By means of the theorem above the operators of J, may be arranged in order 
of complexity. Let the partitions of n be arranged so that in each partition 
n, 2 N41, and so that one partition precedes another if the first n; in which they 
differ is smaller than the corresponding n; in the other. An immediate justifica- 
tion for calling this an arrangement in the order of complexity is the fact that 
the group {/7, U} where U determines the partition n = m + n2+ --- +n, 
is of class mn. Now every subgroup and every quotient group of a group of 
class k is of class not greater than k. Hence if we wish to investigate groups 
of class k we may disregard all subgroups of 7, which contain operators for 
which n, > k. Moreover, if G contains only operators of order p, as in the 
problem before us, and since if mn, 2 p the corresponding operator U is of order 
at least p?, we may suppose than n, < p.” For this reason the results obtained 
by Dickson" on the subgroups of J, of low index do not apply in general, for p 
must be large with respect to n if a subgroup of index p or p? is to contain no 
operator of class greater than or equal to p. 

Now since simple isomorphism of G and G’ implies the simple isomorphism 
of all the quotient groups and in particular the identity of the two series of 
successive central quotient groups, and since the class of the central quotient 
group of G is one lower than the class of G, it follows that the non-isomorphism 
of G and G’ may be determinable by the consideration of groups of very low 
class. The last central quotient group in each series is abelian and simple iso- 
morphism of two such follows from the equality of their orders. The next to 
the last central quotient group is metabelian. Classification of metabelian 
groups is therefore the next indispensable step in an attack on the fundamental 
problem. For these groups the subgroups of J, corresponding to G/H contain 
only operators for which n, = 2. 

The subgroups of J, which contain only operators for which n, = 2 are abelian. 
Two such subgroups are simply isomorphic if they have the same order. The 
operators are ordered above. We may say that U is of type k if 


m = Ne = --- =n. = 2 


and mys, = 1 whenever k < n/2. Two subgroups of J, may be conjugate only 
if they contain operators of the same types. For the discussion and classifica- 
tion of the abelian subgroups of J, which contain only operators for which 
nm = 2 it will be convenient to consider the corresponding metabelian sub- 


groups of the holomorph of H. 


1° This does not say that the class of @ is less than p. 
"! Loe. cit., footnote 8. 
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The groups which we are considering, i.e., groups whose operators are all of 
order p, belong to the class which P. Hall has called'® regular p-groups. Hall 
has determined many properties of regular p-groups and many invariants. He 
is interested mainly in what may be said of all p-groups. One looks for aid on 
the fundamental problem from investigations of that sort. The aid will come, 
however, only when the subject has progressed far enough to arouse interest 
in differences among groups and to offer information concerning complete sets 
of invariants. The large numbers of groups identical with respect to all the 
invariants so far determined suggest that that stage of development is not 


imminent. 


2. The trilinear form determined by G. Every metabelian group G, 
composed of operators all except identity of order p, which contains H as a 
maximal invariant abelian subgroup and is generated by H and m permutable 
operators U;, Us, --- , U» from the group of isomorphisms of H determines a 
trilinear form with coefficients in a GF(p) 


F(a, y, 2) = hij TrYsz;- 


Conversely, every such trilinear form determines a metabelian group having the 
above properties."* Two groups determined by two forms F,(z, y, z) and 
F.(x, y, z) are simply isomorphic if and only if it is possible to transform F; 
into F, by means of linear transformations with integer coefficients on the z’s, 
the y’s, and the z’s separately. The problem of the classification of these 
groups is therefore precisely the problem of the determination of complete sets 
of invariants of the forms under rational linear transformations of the variables. 
Problems of this type, where the transformations are, however, more general 
and the coefficients are not in a modular field, have been studied for a long 
time by M. Lecat'* and by L. H. Rice and Hitcheock.'® More recently R. Ol- 
denburger has announced" the determination of a complete set of invariants 
for trilinear forms. It is our purpose here to examine the relation between the 
groups and the forms and to interpret properties of one in terms of the other. 
In particular, a set of properties which is sufficient to determine a group G 
must, when re-interpreted, constitute a complete set of invariants for the form F. 
Definitive sets of properties for a comparatively large number of classes of groups 


12 4 contribution to the theory of groups of prime-power order, Proceedings of the London 
Mathematical Society, (2), vol. 36 (1933), pp. 29-95. 

'8 These statements are obvious re-interpretations of the results of my paper Meta- 
belian groups and pencils of bilinear forms, to appear in the American Journal of Mathe- 
matics. 

4 Coup d’oeil sur la théorie des déterminants supérieurs, Brussels, 1927. 

8 Journal of Mathematics and Physics, Massachusetts Institute of Technology, vols. 
4-8 (1925-9). 

16 Canonical triples of bilinear forms, Bulletin of the American Mathematical Society, 
vol. 40 (1934), p. 226. 
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have already been determined" so that we have at hand definitive information 
about many types of form. 

It is necessary first to specify more completely the relation between G and F. 
Let G@ be generated by H = {s1, so, ---,8,} and U = {U,, U2, ---, Um}, 
where 7 and U are abelian and of type 1, 1, --- and no operator of U is per- 
mutable with every operator of H. The fact that G@ is metabelian requires 
every operator of U to correspond to a partition of n whose greatest term is 2. 
Let the central C of G, composed of operators of H which are invariant under U, 
be of order p*, and let k = n — c. We may suppose that generators of 7 are 
chosen so that the last ¢ of them, sx41, 8c42, ++ , 8a, are in the central. Then 
81, 82, «++ , 8» Will be non-invariant in G. U can contain no operator of type 
greater than k, i.e., no operator of U can correspond to a partition of n in which 
there are more than k 2’s. Let the commutator subgroup K of G be of order p’. 
K is in C and the generators of C can be chosen so that the first 1 of them, 
Skit) Skaa, «++ , Seyz, are in K and hence generate K. 

Now the trilinear form F(z, y, z) which has for a,;; the exponent of s,4; in 
the commutator of s, and U; is completely determined by the choice of gen- 
erators of K, H, and U. A different choice of generators would determine a 


>? 


different form F’. If U{, Uj, --- , UL were selected from U so that 
U; = Usiys2 ... Usim, 
F’ would be obtained from F by applying the transformation 
2, = az + agate + +++ + aimZm- 


Likewise if generators of K were selected differently, F’ would be obtained 
from F by making the proper transformation on the variables y, and if genera- 
tors of H were selected differently, F’ would be obtained by making the proper 
transformations on the variables z. 


3. Invariants of F. Some of the invariants of F under rational transforma- 
tion on the variables are immediately obvious. It will be convenient to con- 
sider F as a three-way matrix, the matrix of coefficients. The terms of F for 
which h is constant constitute a two-way matrix of m rows and | columns; these 
matrices are k in number. We shall call these h-matrices. We may define 
i-matrices and j-matrices in an analogous manner. Now it is obvious that we 
can select a set of operators to generate G which satisfy all of the conditions 
imposed above except conditions of independence and that such a set of genera- 
tors will determine a form F’ with different numbers of h-, i-, and j-matrices, 
thus giving different numbers k’, l’, m’ in place of k, 1, m. However, the num- 
ber 1 which is defined by the order of the commutator subgroup of G is an 
invariant of G and hence must be an invariant of F. This number is obviously 
the smallest number of 7-matrices in terms of which the rest are linearly ex- 


17 Cf. the reference in footnote 13 and the references given in that paper. 
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pressible. Similarly, k and m are the smallest numbers of h- and j-matrices in 
terms of which the rest may be linearly expressed. Thus the smallest numbers 
of x’s, y’s, and z’s in terms of which the form may be expressed are invariants 
of the form. These numbers are the exponents of p in the index of C in H, 
the order of K, and the order of U respectively. 

For some forms these three invariants constitute a complete set. An obvious 
generalization of Theorem (1.1) of the paper Metabelian groups and pencils of 
bilinear forms gives 
(3.1) Two trilinear forms with the same invariants k, l, and m, where km = 1, 
are conjugate."® 

Another invariant of G under the transformations which leave H invariant 
is the type of the most complex operator of U, i.e., the number of 2’s in the 
partition of n determined by that operator. If U; is of type r, the commutator 
subgroup arising from transformation of H by U, is of order p’. This requires 
that the rank of the j-matrix with 7 = 1 be r. If U contains operators of 
type r’, then there exist linear combinations of j-matrices which are of rank r’. 
When km — 1 = lI, the invariants described above are sufficient to determine 
the conjugate set to which the form belongs. Theorem (1.2) of the paper cited 
above is generalized and translated into 
(3.2) Two trilinear forms with the same invariants k, l, and m, where km — 1 = l, 
belong to the same conjugate set if both contain or do not contain j-matrices of rank 
k —1. There exist forms of each of the two types. 

It is not necessary to follow the subject very far to see that the invariants 
described above are not sufficient in general to determine the conjugate set to 
which the form belongs. When k = 2 and m = 3, there exist two groups 
which require the determination of another invariant in order to distinguish 
between them. For these values of k and m we have 2 S$ 1 S 6.'° There are 
17 types of form. Of these, 15 are determined by the invariants described 
above. For the other two we have k = 2,1 = 3, m = 3, and each contains 
the same number of j-matrices of rank 1. They are distinguished by the fact 
that one contains 7-matrices of rank 1, whereas the other contains only i-matrices 
of rank 2. 

There is one other interesting thing obtained by translating the table referred 
to in footnote 19 into terms of the trilinear forms. There is a group determined 
by the facts that k = 2,1 = 3, m = 3, and all of its j-matrices are of rank 2. 
The last requirement is equivalent to the condition that the determinant of 


(@1i5%1 + G2ijz22) , 
which is a homogeneous cubic in x; and 2, be irreducible in the GF(p). 
18 We understand the term “‘conjugate’’ to mean “conjugate under rational linear trans- 
formations on the z’s, the y's, and the 2’s’’. 
19 Cf. p. 510 of my paper On the metabelian groups which contain a given group H as a 


maximal invariant abelian subgroup, American Journal of Mathematics, vol. 56 (1934), 
pp. 490-510. 
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4. The groups determined by a givenform. In setting up the trilinear form 
determined by a given group special réles are assigned to the variables z, y, 
and z. The 2z’s correspond to non-invariant operators in H, the y’s correspond 
to operators in the commutator subgroup, and the z’s correspond to operators 
in the group of isomorphisms of H. There is nothing special, however, in the 
ways in which the different sets of variables are treated. Looking at the form 
and the transformations to which it is subjected, there is no apparent reason 
why y’s should correspond to commutators rather than 2’s, or z’s. The form 
actually describes a set of defining relations which are satisfied by generators 
of the group.” It is obvious that for any given form and any interpretation of 
the 2’s, y’s, and 2’s, a set of defining relations may be given and a group thereby 
determined. There are six possible interpretations of the 2’s, y’s, and 2’s in 
terms of non-invariant operators of H, operators of K, and operators of U. 
There are therefore six possible groups determined by a given form. When 
k, l, and m are distinct numbers at least three of the six groups are distinct, 
for the commutator subgroup is a characteristic subgroup and two groups with 
commutator subgroups of orders p* and p! are not simply isomorphic when 
k #1. Consequently if a set of invariants sufficient to determine the conjugate 
set to which a form belongs is given, this set of invariants can in general be 
translated in more than one way into a set of quantities which will determine 
a group. 

We shall show first that not more than three of the six possible groups are 
distinct. It is quite easy to see that the réles of the z’s and the z’s are inter- 
changeable. The group G = {H, U} contains the maximal invariant abelian 
subgroup H = {C, s1, se, --+ , 8} and the maximal invariant abelian subgroup 
H’ = {C, Ui, Us, ---, Um}. The operators s;, 82, --- , 8 correspond to k 
operators of order p in the group of isomorphisms of H’. If a new trilinear 
form F’ were constructed corresponding to the second maximal invariant abelian 
subgroup, we should then have F except that the x’s would be called z’s, and 
vice versa. Thus if from a given form we determine two groups by interchanging 
the réles of the z’s and the z’s, the two groups are simply isomorphic. 

Whenever k, l, and m are distinct, there are three different groups determined 
by a given form. The last paragraph shows that in considering the groups we 
may suppose that k is never greater than m. Moreover, if k, l, and m are not 
equal and we know enough invariants of the form to determine the conjugate 
set to which it belongs, we have enough information to determine at least two 
distinct groups, and enough to determine three, if k, 1, and m are distinct. Now 
if we have enough information to determine one group, this information trans- 
lated into invariants of the form is enough to determine the conjugate set to 
which the form belongs and hence translates back to determine one or two new 


20 The defining relations in question do not strictly determine the group because neither 
n nor c enters directly into the considerations; the difference n — cdoesenter. Two groups 
which determine the same form with the same interpretation of z, y, and z are such that 
one is the direct product of the other by an abelian group of type 1, 1, --- . 














or 











METABELIAN GROUPS AND TRILINEAR FORMS 193 


groups according as k, 1, and m have two or three distinct values. The con- 
sideration of the form has therefore cut down to about one-third the amount of work 
required to classify groups of this type. 


5. Some illustrative examples. Let us use the symbol [k, 1, m] to designate a 
trilinear form in k z’s, 1 y’s, and mz’s. A complete set of invariants for [k, 1, m] 
will be a complete set for [k, m, l], [l, k, m], ete. We shall take a brief look at 
the groups determined by [2, 6, 3]. From Theorem (3.1) it follows that the 
conjugate set to which each of the forms belongs is determined by the three 
numbers used in the symbol for it. [2, 6, 3] determines a group G generated 
by operators 8), --- , s,, Ui, Us, Us which are independent except for relations 
which are consequences of 


—l , Tl r yl . 

UZ 3 U, = $183, UZ 8, U2 = 8185, l 3 8 U3; = sisz, 
—] r r-1 y rt y 

U; $2 U, = 8281, U; 82. U2, = S286, Uz 82. Us = 8283. 


Every j-matrix is of rank 2 corresponding to the fact that every operator of U 
is of type 2. Every h-matrix is of rank 3, since every operator of {s, s2} gives 
rise to a commutator subgroup of order p* when transformed by U. The 
i-matrices are all of ranks 1 and 2. 

Corresponding to the form [3, 6, 2] we have the group G’ generated by 
operators which satisfy the relations 


rl r y—l r 

Uy 1 U; = 881, Uy si Us. = 8187, 
Uj' s U; = $55, Us S82 U2 = 8283, 
y 83 U, = 8386, Us" 83 U2 = $38). 


In this case every j-matrix is of rank 3, corresponding to the fact that every 
operator of U is of type 3. Every h-matrix is of rank 2, corresponding to the 
fact that every operator of {s;, se, 83} gives rise to a commutator subgroup of 
order p? when transformed by U. The i-matrices are the same as those for 
[2, 6, 3] except that rows have become columns and columns have become rows. 
As was pointed out in the last section, these two groups are the same. 

Let us now consider the form [2, 3, 6]. Corresponding to this form there 
exists a group G” generated by operators which satisfy the relations 


I-1 ? r-1 r r-1 t 
Uy 1 Ui = 8183, 2 8: Us = 818, Uz; U3 = 8185, 
Uj Us = 8283, U;'s Us = S84, U;' 8 Us = 8255. 
The j-matrices corresponding to U,, --- , Us are allof rank 1. This reflects the 


fact that each of the operators U,, --- , Us is of type 1. The group U, how- 
ever, contains operators of type 2, and of course there are linear combinations 
of the j-matrices which are of rank 2. The A-matrices are all of rank 3, corre- 
sponding to the fact that every operator of {s:, s2} gives rise to a commutator 
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subgroup of order p* when transformed by U. The 7-matrices are all of rank 2. 
This group is one that has not appeared in any of the lists that have been made.” 

In order to illustrate the advantages accruing from the considerations of the 
last section we shall examine this group by the methods used to obtain the 
lists referred to above. Leaving out the information coming from a considera- 
tion of the trilinear form it is not obvious that there is but one group G = {H, U} 
of order p*** with commutator subgroup of order p* and central of order p*~. 
However, since K is of order p’, at least three U’s must be permutable with s2 
and hence are of type 1. And also there exist three U’s which are permutable 
with s; and are therefore of type 1. Since H is maximal abelian none of the 
three U’s which are permutable with s; can be permutable with sz. and hence 
these six U’s generate U. If we denote the three U’s which are permutable 
with sz by U;, Us, Us respectively, and the three which are permutable with s, by 
U,, Us, Us, it is obvious that operators U{, Uj, U; ean be selected in {U,, Us, Us} 
such that the commutator of U;,; and sz is the same as that of U; and 3. 
The number of subgroups of order p composed of operators of type 1 in U can 
be found quite easily. There are 1 + p + p? in each of {U;, Us, Us} and 
{U,, Us, Us} and there are also the groups generated by U{ Uf U} U{ U2 U7, 
where a, 8, y gives the same group as ka, kB, ky, k #0. There are 1 + p+ p? 
of these groups and they are distinct from those described above. There are 
therefore 3(1 + p + p*) subgroups of U composed of operators of type 1. 

We now consider the group corresponding to [3, 2, 6]. It is generated by 
operators which satisfy the relations 


Uy'si U1 = 8 84, Uz's2U2 = 884, U;' 83 U; = 8384, 
“1. JT 7-1 1, 77 
l 4 sl 4 = $85, U 5 8 Us = 855, U; 83 6 = 8385. 


The j-matrices are all of ranks 1 and 2, being the same as those in the precedin 
J ’ 

ease. The h-matrices are of rank 2 and the 7-matrices are of rank 3. This group 
G’”’ is of order p"** with K of order p* and C of order p"-*. 


6. Relations between two groups determined by the same form. The situation 
described in §4 explains a question that arose in an earlier paper but was not 
investigated at that time.” In discussing abelian subgroups of J,, it was noted 
that any such subgroup containing operators of type 2 and none more compli- 
cated was composed of operators of 

‘1 diz dis «+= Ain | 


0 1 og +++ Aon 


i i Buss # 


*t Complete lists have been made only for k = 2 and m < 4. 
2 Loc. cit., footnote 19, p. 493. 
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with every a;; = 0 for i > 2, or else of operators with every a;; = 0 for 
j <n-—2. The two possible U’s so obtained would give different G’s because 
in general their commutator subgroups would have different orders. It was 
recognized that there were two possible ways of going forward and one was 
selected. It is now clear that if the other had been selected the same trilinear 
form would have been reached except that z’s and y’s would have been inter- 
changed, for that interchange does not affect ranks of j-matrices which deter- 
mine the types of operators in U. Groups G’’ and G@’’’ of §5 illustrate this 
relation. 

Another question which arose is illuminated here. The classifications were 
carried out by following closely the question of types of operators in U. This 
is a question of ranks of j-matrices. Before that aspect was fastened upon and 
pursued relentlessly an attempt was made to classify the groups by considering 
commutator subgroups of {C, s,, U} and {C, s2, U}. The considerations became 
intricate and were abandoned. This was before it was thoroughly appreciated 
that the considerations were necessarily intricate. It is now clear that the 
method was perfectly feasible and is the method finally followed except that 
ranks of 7-matrices were being considered instead of ranks of j-matrices. 


7. Further relations between G and F. A j-matrix has been seen to de- 
scribe a set of generating relations of a subgroup {H, U;} of G. Likewise an 
h-matrix describes a set of generating relations of a subgroup {C, s,, U}. An 
i-matrix, however, does not describe a subgroup of G. If the particular 7-matrix 
is the one corresponding to 7 = %, it may be obtained from F by setting a,;; = 0 
fori = 1,2,---,% —1,%+1,---,l. It describes a set of generating rela- 
tions of the quotient group of G with respect to the invariant subgroup 
{Ska, Skea, *** y Skeiq—ty Skeipaay -** » Styr}. If the given 7-matrix is of rank ], 
the quotient group defined by it has an abelian subgroup of index p, for genera- 
tors of the quotient group G’ correspond to generators of G and pairs of gen- 
erators of G whose commutators have been set equal to identity determine 
permutable generators of G’. The fact that the 7-matrix is of rank 1 says that 
all the columns are linearly dependent on one column or all the rows on one 
row. By a proper choice of generators s,, 83, --- ,8,, U,, --- , U;, the i-matrix 
is reduced to one with a single non-zero element. There is therefore just one 
pair of non-permutable generators of G’. 

It is also clear that any set of h-matrices or any set of j-matrices determines a 
subgroup of G and any set of 7-matrices determines a quotient group of G. 
Normal forms for generating relations of G will of course be concerned with the 
kinds of subgroup contained in G and the kinds of groups to which G is multiply 
isomorphic. Suppose a set of m’ operators U;, U;, --- , U,,is selected from U 
and consider the group G’ generated by H and U’. G’ determines a form F’ 
which is composed of m’ j-matrices of F. Though this form has k z’s and 
l y’s, it is not certain that k’ and l’ are the same ask andl. The h-matrices 
of F are linearly independent but the h-matrices of F’ are not necessarily so. 
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Questions of that kind had to be considered in obtaining a set of normal forms 
for the groups. 

By way of illustration let us consider the forms [2, 6, 4]. There are seven 
conjugate sets of such forms.** Of these, three have j-matrices all of rank 2, 
two have each one j-matrix of rank 1," one has two j-matrices of rank one, and 
one has 1 + p j-matrices of rank 1. The two which contain one j-matrix of 
rank 1 are distinguished by the fact that one contains a form [2, 5, 3] with 
j-matrices all of rank 2 and the other contains no such form. The three with 
no j-matrices of rank 1 are distinguished by the facts that one contains a form 
[2, 2, 2]; the second contains a form [2, 4, 3] and no [2, 2, 2]; the third does not 
contain either. 

There are p + 2 forms [2, 4, 4], each of which has all its j-matrices of rank 2. 
We shall not give a complete classification of these, but shall point out one 
invariant that has not appeared before. Each of (p + 1)/2 of them contains 
no form [2, 2, 2]. These are distinguished by the cross-ratio of the zeros of the 
determinant 


| yj + Aa4j22 | G,j = 1, — , 4), 
which is irreducible. 


8. Concluding remarks. At this point the student of finite groups is pulled 
in several different directions. Having presented the problem to the students 
of forms, he may await its solution with confidence. However, knowing some- 
thing of the properties that are useful in characterizing a group he may wish 
to take a hand in the selection of the invariants that shall be used to characterize 
a conjugate set of forms. Also, all those forms of type [k, l, |] are intriguing. 
For these the determinant of 


(Qty + Aaijte + +++ 4+ Anite) 


does not vanish identically, and the problem of the classification of the groups 
is the same as that of the classification of (k — 2)-dimensional surfaces of order 1 
in a finite projective space of k — 1 dimensions. The forms [3, 3, 3] require 
the study of plane cubie curves. It will be interesting to see how the signifi- 
cant properties of plane curves appear in the theory of groups. The forms 
{2, m, m| have been studied to some extent™ but promise to repay further study. 
Is it impossible to distinguish one from another the groups at the end of §7 by 
any consideration of their subgroups or quotient groups? 

There is also the question of abelian subgroups of J, that are not restricted 
to operators for which n, = 2. These lead to subgroups of the holomorph of H 


*8 They correspond to groups numbered 4, --- , 10 in the paper cited in footnote 13. 

** Here the matrix (a@;;) is counted the same as (daj;). 

* H.R. Brahana, Metabelian groups of order p"*™ with commutator subgroups of order p™ 
Transactions of the American Mathematical Society, vol. 36 (1934), pp. 776-792. 
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which are not metabelian, but which may lend themselves to a simpler treat- 
ment than the general group of class k. 

The student who keeps the fundamental problem before him will be anxious 
to investigate subgroups of class 3 of the holomorph of H. He will try to 
discover or devise machinery as suitable as the trilinear form proved to be for 
the metabelian subgroups. Considering the machinery used thus far in its geo- 
metric form, one wonders what is left to cope with the increased complexity of 
groups of class 3. But if the student wishes to guard against an attack from 
the rear he must first investigate the metabelian groups which are not subgroups 
of the holomorph of H. This we feel called upon to do. 


UrBana, ILLINOIS. 


26 This problem is attacked in Miss Henrietta Terry’s paper Abelian subgroups of order 
p™ of the I-groups of the abelian groups of order p" and type 1, 1,1, --- , this Journal, vol. 1 
(1935), pp. 27-34. 








NATURAL ISOPERIMETRIC CONDITIONS IN THE CALCULUS OF 
VARIATIONS 


By G. D. Brrxuorr anp M. R. HEestTEenes 


Introduction 


In the ordinary problems of the Calculus of Variations, an extremal is defined 
in general as an are along which the first variation of the prescribed integral J 
vanishes. Such an are is completely characterized by the fact that it satisfies 
the attached Euler differential equations and transversality conditions. 

Among such extremal ares there are certain ones which furnish a minimum 
value of J under the prescribed boundary conditions. It has always been a 
matter of primary theoretical interest in the Calculus of Variations to determine 
when such a minimum is realized. In the case of a minimum the minimizing 
are can be found by use of a minimizing principle. 

For extremal ares not furnishing a minimum the attached quadratic accessory 
minimum problem no Jonger is analogous to a positive definite quadratic form. 
It has long been recognized that the number of negative terms, or ‘type number’, 
in this normalized form is equal to the number of negative characteristic values 
in the associated linear self-adjoint boundary value problem. This fact has 
been especially apparent ever since the formulation of the theory of homo- 
geneous linear integral equations with real symmetric kernels. It is implicitly 
involved in the work of Birkhoff' without regard to the boundary value prob- 
lem, in particular for the case of type number zero (minimum) and type number 
one (minimax). Morse* has subsequently developed the notion of type number 
systematically, also using the method of broken extremals. 

The question arises as to whether or not all extremals whatsoever may not 
be obtained as a solution of a properly formulated minimum problem. In the 
present paper we show that this is indeed the case. More definitely, we show 
that by adding a suitable set of ‘natural isoperimetric conditions’, which are 
automatically satisfied by every possible extremal fulfilling the given conditions, 
there is obtained a related isoperimetric problem for which the extremal are in 
question is a minimizing are.* 

So far as we know, the only case in which such natural isoperimetric condi- 

Received March 25, 1935. 

! See his paper Dynamical systems with two degrees of freedom, Trans. Amer. Math. Soc., 
vol. 18 (1917), in particular, pp. 239-257. 

? For references to the works of Morse, see his book T'he Calculus of Variations in the 
Large, Colloquium Publications, American Mathematical Society, vol. 18 (1934). Unless 
otherwise expressly stated, all references to Morse in the following pages are to his book. 

*See our paper in the Proceedings of the National Academy of Sciences, February, 
1935, with the same title, in which this general principle is first formulated. 
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tions have been used similarly is in a paper by Poincaré‘ in which he proves 
the existence of a closed geodesic on any closed convex analytic surface. It is 
obvious that such a geodesic is not of minimum length. However, by adjoining 
the condition that admissible curves divide the surface in question into two 
parts of equal integral curvature, he proved that there exists a shortest curve 
of this type which is the desired closed geodesic. The ‘natural isoperimetric 
condition’ here entering is automatically fulfilled along all closed geodesics and 
may be reduced to one of the kind which we consider. It may be noted, inci- 
dentally, that the type number of such a minimizing geodesic is one, correspond- 
ing to the fact that only a single condition has been imposed. 

In the present paper we define first such natural isoperimetric conditions as 
seem to be of the most useful type. Conditions of more general type are 
described later. Furthermore, we have not endeavored to treat the difficult 
question of the existence of natural isoperimetric conditions valid in the large. 

With our approach the type number appears naturally as the minimum num- 
ber of such natural isoperimetric conditions which suffice to reduce the given 
problem to a minimizing problem. It is then proved subsequently that the 
definition so obtained agrees with that referred to above. At least in the case 
of one dimension this attack renders unnecessary all reference to the accessory 
boundary value problem. It has the further advantage of remaining wholly 
in the classical domain of the Calculus of Variations and of avoiding the use 
of the method of broken extremals. 

It might be expected that the isoperimetric problem arising on the adjunction 
of such conditions would require the usual isoperimetric theory for its solution. 
It is shown here that this is not the case, so that the theory can be made to 
depend upon the ordinary theory of the minimum whether in parametric or 
non-parametric form. 

In the proof of the minimizing property here given an interesting lemma in 
the ordinary Calculus of Variations is established; namely, that if the ordinary 
conditions for a minimum in the parametric case with fixed end points is satis- 
fied along an extremal are PQ, then, even if all arcs PQ in the neighborhood of 
any segment of the given extremal, no matter how far extended, be admitted, the 
are PQ will still furnish the absolute minimum in the extended neighborhood. 
A further interesting result is that in the variable end point case a non-degen- 
erate extremal are Ej. can be reduced to a minimizing are by a suitably chosen 
set of natural isoperimetric conditions even if its end points are conjugate. 

Naturally enough our attack upon the general problem is made by considering 
first the allied accessory problem involving certain accessory natural isoperi- 
metric conditions. In this manner it is possible to obtain the oscillation 
and comparison theorems of Morse in more complete form, as well as a new 
oscillation theorem in §6. It may be remarked that all of these results corre- 
spond to rather evident facts about ordinary quadratic forms and from this 

* Trans. Amer. Math. Soc., vol. 6 (1995), pp. 237-274. In this connection, however, see 
the latter part of §13. 
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point of view can be predicted heuristically. As an instance of this parallelism 
we cite the following. If we vary the coefficient of a homogeneous quadratic 
form from one of positive definite type into another not of positive definite 
type, the associated linear system of equations for the characteristic values will 
vary likewise and k negative roots will be introduced if the final type number 
isk. A simple illustration of such an application in the one-dimensional case is 
obtained by allowing the interval to expand continuously, in which case a 
characteristic value appears with each successive conjugate point. 

As is demonstrated in the present paper, the theory of natural isoperimetric 
conditions extends to problems in higher dimensions. A typical two-dimen- 
sional case is considered; but in order to treat it we have used the accessory 
boundary value problem; and we have limited ourselves principally to this 
accessory problem. It is to be hoped that ultimately the use of the accessory 
boundary value problem can be avoided, so that sufficient as well as necessary 
conditions for a strong minimum can be independently obtained, at least in 
simple cases. If this were accomplished, it would be possible to apply the 
Calculus of Variations directly to the discussion of the solutions of linear self- 
adjoint differential systems under self-adjoint boundary conditions. 

For the case of higher dimensions, it is obvious that the use of natural iso- 
perimetric conditions is more satisfactory than that of broken extremals which 
have no simple analogue in the case of multiple integrals. 


I 
The accessory problem in the fixed end point case° 


In §$$1-6 we shall study the integral 


J(n) = / " Qw(a, 0, 9’) dx 


1 


in (x, m, «++ , M)-space subject to the end conditions 
ni(X,) = 0, ni(xe) = 0 (¢ =1,---, mn), 
where® 
2a = Px(x)nim + 2Qulx)nne + Rul2)nine (G,k =1,---,n). 


This problem arises in the study of the second variation for the fixed end point 
case and is usually referred to as the accessory problem. A complete discussion 
of this problem is essential for the study of the more complicated problems 
discussed in this paper. The principal result obtained in these sections is that 
of showing that if the strengthened condition of Legendre holds, then the mini- 


* The various parts of this paper need not be read consecutively. If one is interested 
only in the fixed end point case, it is sufficient to read parts land III. These parts give 
the basic principles underlying our work. 

® Here and elsewhere a repeated index denotes summation with respect to that index. 
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mum number of natural isoperimetric conditions needed to reduce the are 
(n) = (0) to a minimizing arc is equal to the sum of the orders of the conjugate 
points of x, between x; and Ze. 


1. Preliminary definitions and theorems. A function f(m, --- , 2») will 
be said to be of class C” if 1t is continuous and possesses continuous derivatives 
of the first n orders. We shall assume that the functions P;, = P,; are con- 
tinuous and that the functions Q;., Ri, = R;,; are of class C’ on the interval 
%t2. We admit functions ,;(x) which are continuous and are composed of a 
finite number of segments of class C’. Such functions will be said to be of 
class D'. A set of functions 7;(x) of class D’ which vanish at 2; and 22 will 
be called a set of admissible variations for the fixed end point problem here 
considered. 

The Euler equations of the integral J(n) are the equations 


(1.1) Lin) = ~~ (d/dx) wp, = 0 (7 =1,---, n), 


and are commonly called the accessory or Jacobi equations. <A solution »;(x) 
of these equations of class C’’ will be called an accessory extremal. From the 
theory of linear differential equations of the second order it follows that if the 
determinant | R;,(x) | is different from zero on 2:22, then an extremal is uniquely 
determined by the values of 7; 7; or of ; ¢; = w,, at a single point 2o. 

A value x; ~ 2x; will be said to be conjugate to x, if there exists an accessory 
extremal ; having 7;(7:) = n,;(%3) = 0 and (») ¥ (0) on x23. By the order 
of x3 as a conjugate point of x, will be meant the maximum number of linearly 
independent accessory extremals having 7:(71) = ni(x3) = 0. 

It is well-known that if the determinant | Rx, | is different from zero, 
then there exists a set of 2n linearly independent accessory extremals 7;,(7) 
(s = 1, --- , 2m) and that every accessory extremal is expressible linearly with 
constant coefficients in terms of these 2n extremals. Moreover, the points x; 
conjugate to x, are the zeros x; ¥ x, of the determinant 

mC) | (s = 1,---,2n). 
nal) | 


It follows that if the point x2 is not conjugate to x, then every pair of points 
(x1, na), (22, ni2) can be joined by a unique extremal are. Furthermore, it is 
clear that there exists a set of n linearly independent accessory extremals 
nix(x) (k = 1, --- , n) satisfying the conditions 7;,(7:) = 0 and that every 
extremal n; having 7;(x:) = 0 is expressible linearly with constant coefficients in 
terms of these n extremals. The conjugate points x; of x; are then also deter- 
mined by the zeros of the determinant D(x) = | nix(x) |. 

It should be noted also that if the determinant | R;, | is different from zero, 
and 7;,(x) is a solution of equations (1.1) of class D’ such that the functions 
fi = @, are continuous on 222, then 9;(z) is necessarily an accessory extremal. 
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2. Natural isoperimetric conditions. Let £;(r) be an admissible variation 


of class C”’ and let 


(2.1) Q(E, n) = Ew, + E (Wy. 


: 


The condition 


z2 
J(§, n) _ / Q¢, n) dx = 0 
it | 
! 
will be called a natural isoperimetric condition for the functional J(»). It is 
satisfied by every accessory extremal n;, since in this case we have by integration 
by parts with the help of equation (1.1) 


J(§, 7) = i (d/dx)(& iwy:) dx = § iy’ : = 0. 


1 i771 
Consider now a set of m natural isoperimetric conditions 
(2.2) J (Ea, n) = 0 (a = 1,---,m). 
The Euler equations of J(») subject to these conditions are the equations 
(2.3) Lin + pata) = 0, u, = 0 (a = 1,---,m). 


A solution 7;, ue of class C’’ of these equations will be called an isoperimetric 


extremal. 

The set of conditions (2.2) will be called a proper set of natural isoperimetric 

conditions if the determinant 

| J (Ea; §3) | 
is different from zero. Concerning such sets we have the following interesting 
theorem: 

THeoreM 2.1. If the set (2.2) forms a proper set of natural isoperimetric con- 
ditions, then the multipliers ua belonging to an isoperimetric extremal nj, ua satis- 
fying the conditions (2.2) are all zero. 

For let »;, ue be an isoperimetric extremal satisfying the conditions (2.2). 
By the use of equations (2.3) and integration by parts it is found that 


0 


J (Ea, 7) = / ‘ { E ial, :(n) + (d/dx) (§ jay) } dx 


1 


Fa. 


zo 
== / E ial (uss) dx = —J (Ea, Es)us. 
1 
It follows that us = 0 and the theorem is established. 
We have further 
Turorem 2.2. If nio(x) is an admissible variation such that the equation 


(2.4) J(no, 1) = 0 
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is true for every set of admissible variations n; of class C’’ satisfying the conditions 
(2.2), then there exists a set of constants ug, c; such that the equations 


(2.5) wy = [ Wy, AX + C; 
= 


hold on x,x2 with 
ni = no + maskis. 
For Jet (x) (v = 1, --- , m+ 1) be a set of m + 1 admissible variations 
of class C’’. If the hypotheses of the theorem are satisfied, then it is clear that 
the two matrices 


|| J (no, n) || 
1} ’ ! {| J (Ea, n) I| 


|| 
il J (Ea, nv) | 
must have the same rank for every set of m + 1 variations n;,. It follows that 
there exists a set of constants uw, such that 


J (no, 2) + wal (Ea, 1) = J (m0 + waka, 1) = 0 


for every admissible are y; of class C’’. In fact this equation must hold for 
every admissible are since every such arc is a limit curve of some sequence of 
admissible ares of class C’’. The theorem now follows from the fundamental 
lemma in the Calculus of Variations. 

Coro.tuary 1. Suppose that the determinant | Rj. | is different from zero on 
X22 and the set (2.2) forms a proper set of natural isoperimetric conditions for J(n). 
Let nio(x) be a set of admissible variations satisfying the conditions (2.2). If the 
equation (2.4) holds for every admissible arc n; of class C’’ satisfying the condi- 
tions (2.2), then nio ts an accessory extremal. 

For, according to the remark at the end of the last section, the non-vanishing 
of the determinant | R;,| implies that the are ni + wagia is an extremal arc, 
since it satisfies the conditions (2.5). The corollary now follows from The- 
orem 2.1. 

Corotuary 2. If the determinant | Rj. | is different from zero on xX, then an 
admissible arc nio(x) which satisfies all natural isoperimetric conditions is neces- 
sarily an accessory extremal. 

This result follows from Corollary 1 since in this case the condition (2.4) 
must hold for all admissible variations n; = £&,(r) of class C”’. 


eee 


3. Minimal sets. A set of natural isoperimetric conditions 
(3.1) J (Ea, n) = 0 (a = 1, ---, m) 


will be called a minimal set, if the inequality J(n) = 0 is true for every set of 
admissible variations 7; satisfying the conditions (3.1) and if no proper sub- 
set of these conditions has this property. One readily verifies that if the set 
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(3.1) is a minimal set, so also is the set J(E., 7) = 0, where £,4 = £isAa3 and 
| Aas| # 0, the A’s being constants. 
THeoreM 3.1. If the set (3.1) is a minimal set, then the inequality 
J (Ea, E3)QqQ3 Ss 0 (a, B _ l, 7? 2 m) 


is true for every set of constants (a) * (0). 
For we may suppose that the set (3.1) has been chosen so that 


(3.2) J (Ea, 3) = 0 (a # B). 
Suppose now one of the numbers J(&., £a), say J(&m, Em), Were positive. Let 
n(x) be an admissible variation satisfying the first m — 1 conditions (3.1), 


having J(Em, 7) = O and J(n) < 0, and choose a constant b such that 
J (Emy 1) = OS (Em, Em) = OI (Em) - 
The are n; — 6é;,, would then satisfy the conditions (3.1) and have 
J(n — bém) = S(n) — 2bI (Em, 9) + B'S (Em) 
J(n) — BI (Em) <0, 


contrary to our assumption that the set (3.1) is a minimal set. This proves 


Theorem 3.1. 
Coroutuary. If the set (3.1) forms a proper minimal set, then the inequality 


(3.3) J (Ea, E3)Aalg <0 (a, B = i, eee, m) 


is true for every set of constants (a) # (0). Conversely, if the set (3.1) forms a 
maximal set of isoperimetric conditions such that the condition (3.3) holds, then 
the set (3.1) ts a proper minimal set. 
The following theorem shows the importance of proper minimal sets. 
TueoreM 3.2. If the set (3.1) forms a minimal set, there exists a proper 
minimal set composed of the same number of natural isoperimetric conditions. 
For suppose the condition (3.2) holds and suppose J(én, &m) = 0. Let &; 


be an admissible are satisfying the first m — 1 conditions (3.1) and having 
J(&) < 0. The set 
(3.4) J(&, n) = 0, J (Ea n) = 0 (a =1,---,m— 1) 


can now be shown to be a minimal set except for the fact that £; may not be 
of class C’. For if there were an admissible are n; satisfying these conditions 
and having J(n) < 0, then by choosing a constant b such that 


J (Em, n) = bI (Ems §) 


it would be found that the are n; — b&; would satisfy the conditions (3.1) and 


would have 
J(n — bE) = J(n) — 2bS(E, n) + DU (E) = J(n) + WUE) <0. 





j 
¢ 
4 











CONDITIONS IN CALCULUS OF VARIATIONS 205 


This is impossible. It remains to show that none of the conditions (3.4) can 
be dropped. Suppose the last one could be dropped and let 7; be an admissible 
are having J(») < 0 and satisfying the conditions (3.1) except for the (m — 1) st . 
By choosing a constant b so as to satisfy the equations 


J(E, 2) = bI(E, Em) 


it would be found that the are 7; — b&im would have J < 0 and would satisfy 
the equations (3.4) except for the last. The set (3.4) is accordingly a minimal 
set. By a repetition of this process we can eliminate all the numbers J(éa, £4) 
which are zero and obtain thereby a proper minimal set as described in the 
theorem, since the functions £;. as obtained which are not of class C’’ can be 
replaced by functions of class C”’. 

In view of this result we may restrict ourselves to proper minimal sets when 
questions concerning minimal sets arise. 

THEOREM 3.3. The number of conditions in a minimal set is the same for 
every such set. 

For if the sets 


0 (a= 1,---,m), 
0 (8 = 1, --+ , me) 


J (Ea, 7) 
J (ns, 0) 


form two proper minimal sets and mz were greater than m, then there would 
exist constants az not all zero such that 


J (Ea, nalag = 0. 


The are n; = 7;3@3 would then satisfy the first of these sets and have 


J(n) = J (3, Ny)AgQy <0 (8, v at 1, eka m2) 


by the corollary of Theorem 3.1. But this is impossible. Hence mz < m, 
and the theorem is immediate. 

The number of conditions in a minimal set will be called the type number of 
the integral J. If no minimal set exists for J, then we shall say its type num- 
ber is infinite. In view of Theorem 3.3 it is clear that the type number of J 
is a well defined concept. 

The following theorem gives a second method of evaluating the type num- 
ber of J. 


THeorEM 3.4. Let nis (8 = 1, ---, m) be a set of admissible variations 
satisfying the condition 
(3.5) J (Nay 1a) Aad <0 (a, B= 1, a ee m) 


for every set of constants (a) # (0). The number of variations in a maximal set 


of variations of this type is equal to the type number of J. 
This follows because if 4;3 forms a maximal set of variations satisfying the 
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condition (3.5), then we can replace these functions by admissible variations 
§:s of class C”’ satisfying the same condition. The conditions 


J(és, 1) = 0 (8 = 1, --- , m) 


would then form a minimal set by the corollary to Theorem 3.1. 
Coro.tuary. If the condition (3.5) holds for a set of admissible variations 
nis (8 = 1, --- , m), the type number of J is at least m. 
The condition of Legendre will be said to hold on x22 if the inequality 


(3.6) R(x) a yr: = 0 (2, k = 1, eee, n) 


is true for every set of constants (+) # (0). If the condition (3.6) holds with 
the equality sign excluded, the strengthened condition of Legendre will be said 
to hold on 222. 

TuHeoreM 3.5. If the type number m of J is finite, the condition of Legendre 
holds on 2,22. Moreover, if the determinant | Rj. | is different from zero on 2,22, 
the strengthened condition of Legendre holds. 

For, suppose there exists a point x; on 2,72 and a set of constants (7) such 
that Riuawa, < 0. The inequality 


(3.7) 2w(x, pr, 7) < 0 


accordingly holds at x = x; for p = 0 and hence also on an interval x’x” for 
all values of p which are in absolute value less than a small constant po. Divide 
the interval x’x”’ into m (m arbitrary) successive intervals ha (a = 1, --+ , m) 
of equal length and denote the center and the length of h, by ta, 2l respectively. 
Choose the constant 6 as the smaller of pp and / and set 


IIA 


2 & ¢.), 


= ta + 5), 


(x — ta + 5)z; ¢.—é 
(—2z + ta + 8)z; a 


Nia 


IIA 
oo 


Nia 


and nia = 0 elsewhere. From the inequality (3.7) it follows readily that 
tats 
J (na) = J (na; Na) = i 2w(z, Na; Na) dx <0. 
ta 


Moreover for a # 8 the expression Q(na, 78) is identically zero and hence 
J (ne, 23) = 0. It follows from Theorem 3.4 that in this case the type number 
of J is at least m and hence infinite since m is arbitrary. This proves the 
theorem. 

We shall show in §5 below that if the strengthened condition of Legendre 
holds, the type number m of J is finite and is equal to the sum of the orders 
of the conjugate points of x, between x, and 22. 


4. Two lemmas. In this section we shall establish two lemmas which will 
be useful in proving the existence of a minimal set. For this purpose we shall 
assume that the strengthened condition of Legendre holds. 








oe 
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It is well known that for two accessory extremals 7;, u; the expression 
(4.1) NiWy' — UiWys 
is a constant, where the arguments in ,;, w,, are respectively 7, n, and uj, u;. 
This fact follows at once from the relations 
Q(n, u) = Q(u, 2), Q(n, u) = aibi(u) + (d/dzx)(ni w,;). 


If the constant (4.1) is zero, the extremals are said to be conjugate to each 
other. A set of linearly independent mutually conjugate extremals is said to 
form a conjugate system. It is clear that a set of n linearly independent accessory 
extremals 7;.(z) having 7:(71) = 0 forms a conjugate system. 

Lemma 4.1. Jf an admissible arc n; and a conjugate system nix are such that 
the matrices 


(4.2) \| nx me |I, | me || (i,k = 1,---,m) 
have the same rank at each point on x22, then the functions n(x) are expressible 
in the form 

(4.3) ni = nixQx(2). 

The functions a;(x) are of class D’ except possibly at the zeros of the determinant 


D(x) = | nix(x) |. 


At a zero x3 of D(x) the functions a, are continuous and the functions i.a; have 
unique right and left hand limits. 

To prove this, we note that for values of x at which the determinant D(z) 
is different from zero the solutions a,(x) of equations (4.3) are of the form 


a= ;/D, 
where the functions D;(x) are obtained from D by replacing ;; by »:. Consider 
now a value x; at which D(z;) has rank n — r. We may suppose that the 
functions 7; have been chosen so that the first r columns of D(x3) are com- 
posed of zeros. Moreover, we may assume that 7,(z3) = 0 since this can be 
brought about by adding to 7; a suitable linear combination of the extremals 


nix, in view of the fact that the matrices (4.2) have the same rank. By the 
law of the mean with integral remainder we see that 


ni = (t — 23)Wi, nj = (t — 23)W, Gj =1,---,7), 
where W ,(x), W,,;(x) are continuous in x and have 
W (as) = 1; (x3), Wij(r3) = 0; ; (3) . 
It follows that in a neighborhood of x = x3 we have 


D = (a — 23)’A(z), Dy = (@ — 23)"A;(2) (kK =1,---,n), 
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where A, A, are continuous in x and A(z;) # 0, as will be shown below. If 
we set 


ax(x3) = Ax(x3)/A(zs), 
it is clear that the functions a,(x) will be continuous at x = 2;. Moreover 


from the equations 


, 


Me = Mindk + Nid, 


. . , . . . . 
it follows that the expressions n,a, have unique right and left hand limits at 
x = 2X3, as was to be proved. 

It remains to show that the determinant 


A(z3) = ne; Ma | G=1,---,r;h=r4+1,---,n) 


is different from zero. If A(z3) were zero, there would exist constants a,, 6, 
not all zero such that 


ni j4j = ninDr 


atx = 25. Since the extremals n; = 7,@;, ui = nab, are mutually conjugate 
and 7,(r3) = 0, the expression (4.1) would reduce at x = r; to the form 


0 = Ran. ur = Ryuyu,. 


This is possible only in case b, = 0 by virtue of the Legendre condition. But in 
this case we would also have »,(x3) = 7; (xs) = Oand hence a; = 0, since the 
solutions ;; are linearly independent. It follows that A(z;) ¥ 0, and Lemma 
4.1 is established. 

Consider now the conjugate system »,.(xz) and let 


, 
us = nixa,(2), vi = nid, (2), 


° , . . . 
where the functions a,(z) are of class C’ and a, are their derivatives. If we 
° ° ° . . , . 
denote by primes differentiation with respect to z when a,, a, are considered 
as constants, we have the following immediate relations 


, 


/ , , , 
Us = Ni Kk Vi; = 1ie% 
, , 
(w,*) = Wuiy (w,:) = @ ” UW,” _ Vi," = 0, 


(d/dx)w,, = (wys)’ + w, = w,; + ,.. 


If now we set 


n(z) = uz), (x) = uy(x) + v(z) = dni/dz, 
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it is readily seen that’ 
2w(n, 7’) = 2w(u, u’ + v) 
Qw(u, u’) + 2v wy, + Rivive 


= Uy; + Ui Wy a 20 wy + Rivw 
Ui(Wu; + wt) + (u; + Vi)@y" + Rivive 
(d/dx)(nw,;) oa Rive. 


It follows that if ; is an admissible variation, we have 
(4.4) J (n) = / ' Ry: dz 20. 


The equality holds only in case the functions v; are identically zero, that is, 
only in case a, = 0 and 7; is an extremal are. The relation (4.4) holds even 
if the functions a, are not of class C’. It is sufficient that the functions a, 
have the properties described in Lemma 4.1, as one readily verifies. Hence we 
have the following obvious consequence: 

Lemma 4.2. Suppose the strengthened condition of Legendre holds on 2x22. 
If n(x) ts a set of admissible variations such that the matrices (4.2) have the same 
rank at each point of x:t2, then J(n) 2 0, the equality holding only in case n; is 
an accessory extremal. 

An analogous lemma has been used by Morse® for the problem of Lagrange. 

We have the following 

CoroLuarRy. Suppose the strengthened condition of Legendre holds on 2,22. 
If there are no conjugate points of x, on 2X2, every accessory extremal u; affords a 
minimum to J relative to arcs n; of class D’ joining its end points. 

For if the are 7; joins the end points of the extremal u;, then we have 
J(n — u) 2 0, by Lemma 4.2. Moreover J(n, u) = J(u, u), as can be seen 
by integration by parts. Hence 


J(n — u) = J(n) — 2S (n, uw) + J(u) = J(n) — J(u) 20, 


as was to be proved. 


5. The existence of minimal sets. We begin with the following 
Lemma 5.1. Suppose the strengthened condition of Legendre holds and let x; 


7 The arguments here used are due to Bliss, The transformation of Clebsch in the Calculus 
of Variations, Proceedings of the International Mathematica! Congress, Toronto, vol. 1 
(1924), pp. 589-603. See also Bliss, The problem of Lagrange in the Calculus of Variations, 
American Journal of Mathematics, vol. 52 (1930), pp. 738-9. Further references are given 
by Bliss. 

8 Morse, Sufficient conditions in the problem of Lagrange without assumptions of normalcy, 
Trans. Amer. Math. Soc., vol. 37 (1935). 
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be a conjugate point of x, of order r. For every interval x'x"’ sufficiently small with 


x3 tn its interior there exists a set of r admissible variations &;(x) (j = 1, --- , 7) 
of class C"’ having &;, = 0 on the interval x’'xr2 and 
(5.1) J(&, &) ana; <0 (h,j =1,---,7) 


for every set of constants (a) # (0). Moreover, on the interval xx’ the are &; 
defines an accessory extremal and at x = x3 the matrix 


(5.2) Il mu Sill G@k=1,---, nsf =1,---,7) 
has rank n, where nix is a set of n linearly independent accessory extremals having 
niz(a1) = 0. 


In order to obtain this result we suppose that the system 7, has been chosen 
so that :(z3) = 0 (j = 1, --- , r) and suppose that the interval z’x”’ has 
been chosen so that there are no pairs of conjugate points on r’r’’, Let uj; 


be a set of r accessory extremals having 
ui(2’) - nii(2’) ’ ui(x”’) = 0, 


and let &; be identical with 7;; on 2,2’, identical with u,; on x’x’’, and identically 
zero on x’’x». The functions &,; have all the properties described in the lemma 
except that of being of class C’’. In order to prove this, let a; be a set of r con- 
stants not all zero and let £; = &;;a;. If we set 7; = 74 a; on 123 and 7; = 0 
On 23%, then ni(x’) = E(x"), n(x’) = &:(2’’) and 


J(s) — J(n) = | — w(E,#") dx — | — 20(n, 0’) de. 
On the interval x’x”’ the are £; is an extremal are whose end points are joined 
by the are n;. Hence we have J(&) < J(n), by the corollary to Lemma 4.2, 


since the strengthened condition of Legendre holds and the interval x’x’’ con- 
tains no pairs of conjugate points. Moreover by the usual integration by parts 


it is seen that 
J(n) = | 2w(n, 9’) dx = / Q(n, n) dz = nwy| = 0. 


1 2, z, 


It follows that J(€) < 0, and the inequality (5.1) is established. 
In order to show that the matrix (5.2) has rank n at x = x; we note first 


that by the usual integration by parts we have 


i O(E, &) de + I OG, &) de 


E(x: — Owe (t1 — 0) — Ei(t: + O)ay (x1 + 0) 


J(é) 


(5.3) 


E(x; a Orgs (x1 i 0) — E(x, — O) we (x1 ao 0) 


(Fig Uin — Main) A; Ar (k,j = 1,---,7); 








| 
' 
| 
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where ¢jx, vi, denote the values of wy along nix and wu, respectively. It is clear 
that the matrix (5.2) has rank n at x = 2; if and only if the determinant 


| we nit | Qg=1,---,r;l=r+1,---,n) 


is different from zero. If this determinant were zero at x = 23, there would 
exist constants a;, b; not all zero such that at z = x; 


Uy a, = Ni b:. 


Since 7; (vs) = 0 (j = 1, --- , r) and the system nx is a conjugate system, it 
would follow that at x = 2; 


0 = (ana — nik adbi = Sauna 
= Fijian a, = Cijtin — nadarn. 


This is possible only in case a, = 0 in view of the relation (5.3) and J(é) < 0 
for (a) ~ (0). But in this case we should have 5; = 0 also, since 2; is a conju- 
gate point of order r. It follows that the matrix (5.2) has rank n at x = 23. 
It is clear that the corners of £;; can be rounded off so as to obtain functions 
£;;, of class C’’ having the properties just described. This completes the proof 
of Lemma 5.1. 

Lemma 5.2. Let s be the sum of the orders of the conjugate points of x, between 
x, and x2. If the strengthened condition of Legendre holds, there exists a set of 
s admissible variations Eia (a = 1, --- , 8) of class C"’ which have 


(5.4) J (Ea Es)daas < 0 (a, 8 =1,---,8) 


for every set of constants (a) # (0) and which are such that for every set of ad- 
missible variations n(x) there is a set of constants yg such that the matrices 


(5.5) || nex ni + mekia ||, || nsx || 


have the same rank at each point on 2,12, where nix. is a conjugate system having 


nix(X1) = 0. 
For let conjugate points of x, between x; and x2 be given by the sequence 


Shed oss €& 


and let r, be the order of the conjugate point ¢,. Associate with each conjugate 
point ¢, an interval x,2,, as in Lemma 5.1 and such that these intervals have no 
points in common. Lets, = 7 + +--+ + raand let gy (y = sau +1, --+ , 8) 
be a set of admissible variations related to ¢, as in Lemma 5.1. The functions 
£3 so defined can be shown to have the properties described in Lemma 5.2. In 
view of the inequality (5.1) it is clear that the condition (5.4) will be established 
if we show that 


J (a; &3) = 0 
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whenever £i2, £:3 belong to different conjugate points ¢,, t;. We may suppose 
j >h. On the interval x2} the are £3 will be an extremal are. Moreover 
£;. is identically zero on the interval x a2. It follows that 


J (Ea, £3) = / ‘Q(Eay Es)dz = Fiat (Es, £5) = 0, 


as was to be proved. 

In order to prove the last part of Lemma 5.2, it should be noted that at 
x = ¢t, the functions &, (r = 1, --- , Sa) are all zero. It follows that the 
matrices (5.5) involve only the last s — s,, constants ws at xz = t,. We may 
accordingly so choose the last s — s,; constants us; that the matrices (5.5) 
have the same rank at x = ¢t,. The constants wp, (y = sy-2 + 1, --- , Sg-1) are 
then chosen so that the matrices (5.5) have the same rank at x = ¢t,.;._ Pro- 
ceeding in this manner, we finally obtain a set of constants u 3 such that these 
matrices have the same rank at each point on 2,22. This completes the proof 
of Lemma 5.2. 

We can now establish the following important result: 

Tueorem 5.1. Let the strengthened condition of Legendre hold and let s be the 
sum of the orders of the conjugate points of x, between x, and x2. Then there exists 
a set of s natural isoperimetric conditions 

J(&s, 0) = 0 (8 = 1, --- , 8) 
such that J(n) = 0 for every admissible arc n; satisfying these conditions, the 
equality holding only in case n; is an accessory extremal. Moreover these condi- 
tions are such that the relation (5.4) holds for every set (a) # (0). 

For let gig (8 = 1, --- , 8) be a set of s functions having the properties 
described in Lemma 5.2, and consider the set of natural isoperimetric con- 
ditions 


(5.6) J (és, n) = 0 (8 = 1, ost » 8) ° 


Let ,(x) be an admissible variation satisfying these conditions and let ws be 
a set of constants such that the matrices (5.5) have the same rank at each point 
on 2:22. From Lemma 4.2 it follows that 


J(n + bats) 20, 


the equality holding only in case the are 7; + mwaséis is an extremal arc. By 
the use of the inequality (5.4) and the relation 


J(n + usts) = J(n) + 2us J (Es, 1) + J (uses) 
= J(n) aa J (Ea; £9) uals 2 0 , 


it is found that J(m) = 0, the equality holding only in case n; is an extremal 
are. The set (5.6) is accordingly a minimal set by virtue of the corollary to 
Theorem 3.1. This proves Theorem 5.1. 
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Coro.tiary 1. [f the strengthened condition of Legendre holds, the type number 
of J is equal to the sum of the conjugate points of x, between x, and 22. 

The following corollary will be useful in §9 below: 

CoroLuary 2. Suppose the strengthened condition of Legendre holds and there 
is no conjugate point of x, on the interval x; S x < 22. If ni(x) is a broken ex- 
tremal whose corner is at x = x; and which has n(x.) = ni(x2) = 0, then J(n) = 0, 
the equality holding only in case n; is an accessory extremal. 

This result follows because the are 7; satisfies the conditions (5.6), as one 
readily verifies by the usual integration by parts. 


6. Oscillation, separation, and comparison theorems. The results described 
in §§3 and 5 enable us to state the following new oscillation theorem. It is 
assumed throughout this section that the strengthened condition of Legendre 
holds on 2:22. Moreover, a conjugate point is counted a number of times 
equal to its order. 

THEOREM 6.1. There are (at least) m conjugate points of x, between x, and x2 
tf and only if there exists a set of m admissible variations n;3 such that the inequality 


(6.1) J (Ea; £3) <0 (a, B = 1, eee m) 


holds for every set of constants (a) # (0). If the variations nis form a maximal 
set of admissible variations satisfying the condition (6.1), then there are exactly m 
conjugate points of x, between x, and x2. 

This result follows at once from Theorem 3.4 and Corollary 1 of Theorem 5.1. 

Corotuary. The number of conjugate points of x, on x,X2 is equal to the 
number of conjugate points of x2 on 2:22. 

The following generalization of the Sturm separation theorem, first proved 
by Morse’ and later by Hu,” is immediate. 

THEOREM 6.2. If x) > 2, then the k* conjugate point of x, precedes the k** 
conjugate of Xo. 

This result follows at once from the above corollary since if x2 is the k** con- 
jugate point of 2, there must be fewer than k conjugate points of x2 (and hence 
of x) on the interval zor. 

In a similar manner one can prove the stronger theorem: 

THEOREM 6.3. The k' conjugate point of x, varies continuously with x, and 
advances or regresses with it. 

Theorem 6.1 also gives us at once the usual comparison theorems. In the 
following theorem the integral /*(n) is assumed to be of the same type as J(7). 

THEOREM 6.4. Let m, m* be the sums of the orders of the conjugate points of x, 
between x; and x2 and let d, d* be the orders of the point x2 as a conjugate point 


® Morse, A generalization of the Sturm separation and comparison theorems in n-space, 
Mathematische Annalen 103 (1930), pp. 52-69. 

10 Hu, The problem of Bolza and its accessory boundary value problem, Contributions to 
the Calculus of Variations 1931-32, The University of Chicago Press, pp. 361-444. 
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of x, relative to the functionals J, J* respectively. If J(n) = J*(n) for every set 
of admissible variations (n) # (0), then 


(6.2) m* =m, m*+d* >m+d. 


Moreover if J(n) > J*(n) for all such variations, then 


(6.3) m* >m+d. 
To prove this, let 
J(Ea, 1) = 0 (a = 1, --- , m) 
be a minimal set for J() and let &;, (y = m+ 1, --- , m + d) be a maximal 


set of linearly independent accessory extremals vanishing at x; and t2. We have 
accordingly 
I (a, Es)aats <0 (a,8 = 1,---,m+ a), 


the equality holding only in case the first m a’s are zero. It follows that 
(6.4) I* (Ea, &s)ads SO (a,8 = 1,---,m+d), 


where the equality sign can be excluded if the first m a's are not all zero. Hence 
m* =m. Moreover if J(n) > J*() for every set of admissible variations 
(n) # (0), then the condition (6.4) holds for every set (a) + (0) with the equality 
sign excluded. Hence in this case m* 2 m + d. In order to prove the in- 
equality m* + d* = m + d, we may suppose that 


J*(a, Es) = 0 (a # 8). 


By the process used in the proof of Theorem 3.2 we can replace a variation £;3 
which is not an extremal for J* and which has J*(&3) = 0 by one for which 
J*(£3) < 0. The number of extremals in the set £2 cannot exceed d*. If 
these are deleted, the remaining functions will form a subset of a set of func- 
tions defining a minimal set for /*. Hence m* + d* = m + d, as was to be 


proved. 
II 
The accessory problem in the variable end point case 


In §$§7-16 we shall study the functional 


J(n) = 2q(m, 02) + [ 2w(x, 7, 7’) dx 


subject to a set of end conditions 


Vi(n) = ayini(2i) + byini(%2) = 0 (u = 1,---,p S 2n), 





eterna 
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where 2q¢ is a symmetric quadratic form in na and ni, and 2w is a quadratic 
form in 7, »; of the type described above. This problem arises in the study 
of the second variation of the general variable end point problems in parametric 
and non-parametric form. 

In these sections we define natural isoperimetric conditions for the functional 
J(n) and show how they can be used to characterize the extremals of J(n) 
satisfying the conditions V, = 0 and the associated transversality conditions. 
This characterization leads to a new approach to oscillation and comparison 
theorems. 

Besides the assumptions made in §1 we shall assume that the matrix 


|| Vong Vung || 


has rank p. An are »; of class D’ satisfying the conditions V, = 0 will be 
called an admissible arc in the variable end point case. 


7. Orders of degeneracy and concavity. The Euler equations and the 
transversality conditions of J(n) subject to the conditions ¥, = 0 are the 
equations 


(7.1) L (nm) a (d/dx)ws _ 0, 
T a(n, l) = Qn + Was, /- W®y1(21) = 0, 
(7.2) Taln, D) = dug + L¥ang + ous(ts) = 0. 


The equations (7.2) will be termed accessory transversality conditions and the 
solutions 9; of equations (7.1) of class C’’ will be called accessory extremals. 
One readily verifies that /(n) = 0 along an accessory extremal which satisfies 
the conditions (7.2) and ¥, = 0. The maximum number d of linearly inde- 
pendent accessory extremals satisfying the conditions (7.2) and ¥, = 0 will be 
called the order of degeneracy of J(m) relative to the conditions ¥, = 0. 

Let h be the maximum number of linearly independent accessory extremals 
nis(B = 1, --- , r) satisfying the conditions ¥, = 0 and having J(ngas) < 0 
for every set of constants (a) # (0). Let k be the maximum number of linearly 
independent accessory extremals niy(y = Ah + 1,---,h + k) which have 
niy(4i) = niy(X2) = O and which are such that no proper linear combination 
of these extremals satisfies the conditions (7.2). The number r = A + k will 
be called the order of concavity of J(n) relative to the conditions ¥, = 0. It is 
clear that r + d S 2n — p+ d and hence that r S 2n — p, where p is the 
number of conditions V, = 0. 

For the periodic case, the number h has been called the order of concavity 
of J(n) by Morse. We prefer the definition here given since it measures the 
difference between the type numbers of J/(n) in the fixed and variable end point 
cases, as will be seen in §10 below. 





216 G. D. BIRKHOFF AND M. R. HESTENES 


Let 
Q(E, 0) = Eide, + Fi29n,9s 
(7.3) Q(E, 0) = Ese, + Five, 


z 


J(&, n) _ Q(é, n) + / ; QE, n) dz. 


71 


With these notations in mind we can prove the following result: 
Lema 7.1. Suppose that the point x2 is not conjugate to x, and that the deter- 


minant |Rj,| is different from zero on x2t2. If gig (8 = 1,---,7) forms a 
maximal set of accessory extremals satisfying the conditions V, = 0 and having 
J (Ea, Es)datg < 0 (a, 6 = 1,---,7) 


Sor every set of constants (a) # (0), then every accessory extremal n; satisfying the 
conditions 
Vv, = 0, J (Ea n) = 0 
and having J(n) = 0 also satisfies the accessory transversality conditions (7.2). 
To prove this, we first note that if »; has the properties described in the 

theorem, then the determinant 

s (n, m) 
(7.4) ee ny) (v=l,---,r+p+1) 

| Vv, (n,) 


must be zero for every set of r + p + 1 accessory extremals 7;,. Otherwise 
for some set ;, the equations 


J(m, ) 6, = 1, J (Ea, 2b, = 0, V,(7,)b, = 0 
would have a solution (b) # (0)."" Hence by setting 4; = nb, we should have 
J(n — ch) = J(n) — 2cJ(n, 4) + UH) = —2c + I (H), 
J (Ea, 7 — cf) = JS(Ea, 1) — CF (Ea, 1) = 0. 


For c sufficiently small and positive we should have J(y — c4) < 0, contrary 
to our choice of the functions £3. It follows that the determinant (7.4) is 
always zero and hence that there exists a set of constants lo, ha, l, not all zero 
such that the equation 


lod (n, u) + hed (Ea u) + LW, (u) = 0 


holds for every accessory extremal u;. Substituting the functions £;, for u; 
in this last expression gives ha = 0 (a = 1,---,7r). If now we replace u; 


1! See Bliss, The problem of Lagrange in the Calculus of Variations, American Journal of 
Mathematics, vol. 52 (1930), p. 682. 
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by a set of p accessory extremals, no proper linear combination of which satis- 
fies the equations ¥, = 0, it is seen that lk ¥ 0, since otherwise the constants 
lh, l, would be all zero. This is not the case. We may accordingly suppose 
l, = 1. Moreover, every pair of points u;(x,), ui(x2) can be joined by an ex- 
tremal u,, since the point z2 is not conjugate to z,. It follows that the ex- 
pression 


J(n, u) + LY, (u) = Tan, Durr) + Tia(n, Dudz2) = 0 


must be an identity in the values u;(z,), u;(z2) and hence that 7; satisfies the 
conditions (7.2) with the constants l,, as was to be proved. 

From this lemma we obtain at once the following method of determining the 
orders of concavity and degeneracy of J in case the point z2 is not conju- 


gate to 2. 
THEOREM 7.1. Suppose that the point x2 is not conjugate to x, and that 
| Rix | ~ Oon are. Let nia (a = 1, --- , 2n — p) bea set of 2n — p linearly 


independent accessory extremals satisfying the conditions ¥, = 0. The order of 
concavity and the order of degeneracy of J are equal respectively to the negative 
type number and the nullity of the quadratic form 


H(z) = J (na, Na)Zazp (a, B = 1, ae 2n — P). 


The quadratic form H(z) is the classical one used in the study of variable 
end point problems. It was first used by A. Mayer" and has been used in 
various forms by several writers. Its importance has been emphasized recently 
by Bliss.“ 


8. Natural isoperimetric conditions. A condition of the type 
=2 
J(§, 0) = Q(E, 1) + / Q(E, n) dx = 0, 
1 


where & (xz) is a function of class C’’ satisfying the conditions ¥, = 0 will be 

called a natural isoperimetric condition. It is satisfied by every accessory ex- 

tremal satisfying the conditions V, = 0 and the accessory transversality conditions 

(7.2), as one readily verifies by substitution and the usual integration by parts. 
Consider now a set of m natural isoperimetric conditions 


(8.1) J(&, n) = 0 (a = 1,---,m). 
The Euler equations and the transversality conditions of J relative to the con- 
ditions (8.1) and the end conditions ¥, = 0 are the equations 

(8.2) Lin + wsés) = 0, us = 0, 

(8.3) Taln + wags, 1) = 0, Tix(n + usta, 1) = 0, 


12 A. Mayer, Zur Aufstellung der Kriterien des Mazimums und Minimums der einfachen 
Integrale bei variablen Grenzwerten, Leipziger Berichte, vol. 36 (1884), pp. 99-128. 

13 Bliss, The problem of Bolza in the Calculus of Variations, Annals of Mathematics, (2), 
vol, 33 (1932), pp. 261-274. 








218 G. D. BIRKHOFF AND M. R. HESTENES 


where L;, Tu, Ti2 are the functions defined by equations (7.1) and (7.2). A 
solution »;, us of equations (8.2) of class C’” will be called an isoperimetric 
extremal. 

A set of natural isoperimetric conditions (8.1) will be called a proper set if 
the determinant 


| J (Ea, Es) | 


is different from zero. We have the following analogue of Theorem 2.1, which 
can be proved by the same methods. 

TuHeoreM 8.1. Jf the set (8.1) ts a proper set, then the multipliers ys belonging 
to an isoperimetric extremal n;, ug satisfying the conditions (8.1), (8.3), and Vv, = 0 
are all zero. 

The analogues of Theorem 2.2 and its corollaries can also be established by 
the arguments used in §2. The following theorem is the analogue of the second 
corollary. 

Tueorem 8.2. If the determinant | Ry. | is different from zero, then an ad- 
missible arc n; which satisfies all natural isoperimetric conditions is necessarily 
an extremal arc satisfying the transversality conditions (7.2). 

The results described in §3 can be extended at once to the case here con- 
sidered. The proofs of the following theorems are identical with those given 
in §3. 

TueoreM 8.3. If the set (8.1) forms a minimal set of natural isoperimetric 
conditions, there exists a proper minimal set composed of the same number of 
conditions. 

TueoreM 8.4. If the set (8.1) is a proper minimal set of natural isoperimetric 
conditions, the inequality 


(8.4) I (Ea £2)Aals <0 (a, B=1,---,m) 


is true for every set of constants (a) ¥ (0). Conversely, if the set (8.1) is a maximal 
set of natural isoperimetric conditions satisfying the condition (8.4), it is a proper 
minimal set. 

TuHeoreM 8.5. The number of conditions in a minimal set is always the same. 

The number of conditions in a minimal set will be called the type number of 
the functional J (n) relative to the conditions VY, = 0. If there exists no mini- 
mal set, the type number of J will be said to be infinite. In view of Theorem 8.5 
the type number of J is a well defined concept. 

TueoreM 8.6. If the functions nig (8 = 1, --- , m) forma set of m admissible 
variations having 


(8.5) I (Ea Es)aatg < 0 (a, B=1,---, m) 


for every set of constants (a) # (0), the type number of J is at least equal to m. 
If the set nig forms a maximal set of such variations, the type number of J is 


equal to m. 
This follows from Theorem 8.4 since it is clear that the variations nig can 
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be replaced by admissible variations §;3 of class C’ without disturbing the 
inequality (8.5). 

We have the following interesting corollary which will be useful in the proof 
of Theorem 12.6 below. 

Corotuary. If w(n, 7’) = 0, the type number of J is equal to the negative type 
number of the quadratic form 2q(m, n2) subject to the auxiliary conditions V, = 0. 

The condition of Legendre has been defined in §3. We have the following 
theorem concerning this condition. 

THEOREM 8.7. If the type number m of J is finite, then the condition of Le- 
gendre holds on x22. Moreover, if the determinant | Ri | is different from zero 
On 2X2, the strengthened condition of Legendre holds on 2x2x2. 

This result follows at once from Theorem 3.5 since the type number of / 
relative to the conditions ;(11) = 7:(t2) = 0 is clearly less than m. 


9. An equivalent problem. In many cases our arguments can be simpli- 
fied a great deal if we can assume without loss of generality that the point z2 
is not conjugate to x. In this section we shall show that this can be done. 
We do so by showing that we can always replace our problem by a second prob- 
lem which has the same type number and order of degeneracy and for which 
the point z2 is not conjugate to z;. In fact we can choose this new problem so 
as to have the same order of concavity and the same number of conjugate 
points of x, between zx; and z2 as our original problem. We assume that the 
strengthened condition of Legendre holds. 

Suppose now that we have given the functional 


J(n) = 2q(m, 12) + a Qw(x, n, 0’) dx 


subject to the end conditions 

Vu(n) = ayini(t1) + byini(t2) = 0 (u =1,---, p). 
Let x; be a point on 2:22 which is not conjugate to either z; or x2. We may 
suppose that x; is the midpoint of 2:22 since this can be brought about by a 


transformation of the form z = ¢(@). Suppose that z,; = 0 and let n; be an 
arbitrary admissible are. We now set 


us(z) = ni(x/2), vi(z) = ni(zs + 2/2), 
(w) = (uw, --- » Map Mo *** » Onde 
2q*(wi, we) = 2qlu(zs), v(z2)], 
Qw*(r, w, w’) = QWw(x/Z, u, Qu’) + Qw(x3 + 2/2, v, 2v’), 


=2 
J*(w) = 29*(wi, we) + I 2w*(x, w, w’) dz, 
=1 


Wi (w) = ayumi) + b,wi(z2) = 0 (u = 1,---,p), 


Vo +«(w) = vi(t%1) — ui(z2) = 0 (ij = 1,---,n). 
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It is clear that there is a one-to-one correspondence between the ares n; satis- 
fying the conditions Vv, = 0 (u = 1, --- , p) and the ares w; satisfying the 
conditions ¥* = 0 (v= 1, ---, p+ m). Moreover, along corresponding arcs 
we have J(n) = J*(w). It follows from Theorem 8.6 that the type num- 
bers of J and J* are equal. In order to show that the orders of degeneracy 
of J and J* are the same, we note that w; is an extremal for /* if and only if 
its image 7; is a broken extremal for J having its corner at x = x3. One readily 
verifies that the transversality conditions for J*(w) written in terms of the func- 
tions u;, v; defined above are expressible in the form 


q,,,u(z1), v(x2)] + Lyi = wy[21, u(x), 2u’(x1)] _ 0, 
Gy,qlu(as), v(@2)] + lubys + wy:lx2, v(x2), 2v’(z2)] = 0, 
wy:[rs, v(z1), 2v’(21)] — w,:[23, u(x2), 2u’(x2)] = 0. 


From these equations it follows at once that an extremal w; for the J* satisfies 
the transversality conditions relative to J* if and only if its image 7; is an 
extremal for J satisfying the transversality conditions (7.2). Hence we have 
the following 

Lemma 9.1. There exists a functional J* and a set of end conditions ¥* = 0 
such that the point x2 is not conjugate to x, relative to J*, and such that the type 
number and the order of degeneracy of J* relative to the conditions V* = 0 are the 
same as those of J relative to the conditions ¥, = 0. 

A stronger theorem is 

Lemma 9.2. The functional J* described in Lemma 9.1 can be chosen so that 
the order of concavity and the sum of the orders of the conjugate points of x, between 
x, and x2 of J* relative to the conditions V* = 0 are the same as those of J rela- 
livetoV, = 0. 

For by a transformation of the form z = ¢(#) we may transform the interval 
222 so that there are no conjugate points on the interval z; < x < x2, where 
x; is the midpoint of x22. If we construct a functional J*(w) as in the proof 
of Lemma 9.1, then it is clear that this functional has all the properties described 
in Lemma 9.2 except, possibly, that its order of concavity r* might be different 
from the order of concavity r of J. In order to show that r = r*, let nian 
(h = 1, --- , gq) be a maximal set of extremals for J satisfying the conditions 
Vv, = 0 and having /(n,a,) < 0 for every set (a2) + (0) and let wj, be the 
corresponding extremals for J*. Clearly we have J*(w,a,) < 0 for every set 
of constants (a) ~ (0). Let niy (y = ¢ + 1,---,7) be a maximal set of 
linearly independent accessory extremals having 9;(2:) = 7:(t2) = 0 and such 
that no proper linear combination of these extremals satisfies the accessory 
transversality conditions. Let w;, be the corresponding extremals for J*. It 
is clear that J*(w,) = 0 (y = q¢ + 1,---,717). We may suppose further that 
the extremals w;. have been chosen so that 


(9.1) J*(Wa, Ws) = 0 (a = B;a,8 =1,---,7). 
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Consider now the system 
(9.2) J*(Wa, w) = 0 (a=1,---,r—1). 


The extremal w;, satisfies these equations, gives J* the value zero, but does 
not satisfy the transversality conditions. It follows from Lemma 7.1 that there 
exists an extremal w; satisfying the conditions (9.2) and ¥* = 0 and having 
J* <0. Hence if we replace w;, by w; we obtain a set wjg (8 = 1, --- , r) 
satisfying the conditions (9.2) and having g + 1 of the numbers J*(w,, wa) 
negative. In a similar manner we can replace each of the remainmg exirem- 
als wjy (y = g +1, --- ,7r — 1) for which J* = 0 by an extremal for which 
J* <0. We obtain thereby a set of r extremals wj, satisfying the conditions 
v* = 0 and having 


J*(Wa, Ws) = 0 (a ¥ 8), J*(ws, ws) < 0 (a,8 =1,---,7). 
It follows that r S r*. 
In order to show that r* < r, let uy (y = 1, --- , Ax) be a maximal set of 


broken extremals for J having their corners at x = 23, having 
Uiy(t1) = Uiy(T2) = 0 
and 
J(u,, us) = 0 (y # 4), J(u,, Uy) = 0 (y,6 =1,---,7). 


According to Corollary 2 of Theorem 5.1 it is clear that J(u,, u,) > 0. Let 
ui (r = hi + 1, --- , h) be a maximal set of linearly independent accessory 
extremals having u;,(7:) = ui-(z2) = 0 and satisfying the accessory transver- 
sality conditions. Let nis (8 = 1, --- , m) be a maximal set of broken ex- 
tremals having their corners at z = 23, satisfying the conditions ¥, = 0 and 
having 

J(uy, 1g) = 0 (y =1,---,h), 
J (Na, n~) = 0 (a ¥ 8), J (na, ns) <0 (a, B = 1, ait , mM). 
It is clear that m = r*. We may suppose that the first q of the ares nis form 
a maximal set of accessory extremals satisfying these conditions. Then the 
matrix 


(9.4) || Sie(as — 0) — Fie(zs + 0) || (c=q+1,---,7*). 


will have rank r* — q, where {is denotes the values of w,, along nis. Other- 
wise there would exist a set of constants a, not all zero, such that 


[tie(as — 0) — Fie(7s + O)Ja, = 0 (co =q+1,---,7*). 


It would follow that the are 7; = 7iea@, would be an extremal are having J < 0 
and independent of the first q extremal arcs nia (a = 1, --- , g), contrary to 
our choice of these extremals. The matrix (9.4) accordingly has rank r* — q. 


(9.3) 
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We shall now show that r* — g S n — A, where A represents the number of 
extremals in the set u;, chosen above. To do this we recall that u;,(x,) = 
Uiy(%2) = 0. Since the ares n;, satisfy the conditions (9.3), it is found by the 
usual integration by parts that 


J (uy, Ne) = Uiy(xs) [fie(2s — 0) —_ Cie(Xs3 0)) => 0 
(y = 1, tee, ho=qt+ By t<« 5 Fp. 


Moreover, the matrix || u;,(z3) || has rank h since the point x; is not conju- 
gate to z,. It follows that the matrix (9.4) can have at most n — h columns 
if it is to have maximum rank. Hence we have r* — q S n — h. But from 
the choice of the functions u;, it is clear that n — h = r — q and hence that 
r* S r, as was to be proved. 

We can also establish the further interesting result: 

Lemma 9.3. There exists a functional J* and a set of end conditions ¥* = 0 
such that there are no conjugate points of x; on 2;X2 and such that the type number 
and orders of degeneracy of J* relative to the conditions ¥* = 0 are equal respec- 
tively to those of J relative to ¥, = 0. 

The proof is like that of Lemma 9.1. We select points t, (v = 0, 1, --- , A) 
on 2:22 such that 


b= %<bh < +++ Chan <t = Ze 


and such that there are no conjugate points of ¢,_; on the interval ¢,_,t, (v = 1, 
-»+,h). We map the interval t,:t2 on 2,22 by a transformation ¢ = ¢,(x) and 
set 


Ui,(z) = nile,(z)] (v - 1, nial h) 
(w) = (un, soe 5 Baty *** 9 Tp °° * 5 Unh)» 


2q*(wi, We) = 2qlui(z1), un(x2)], 
2w*(z, wv, w’) = > 2w(¢,, UW, u\/e.); 
J*(w) = 2q*(wi, W2) + - 2w*(z, wv, w’) dz, 


v*(w) ™ a, uin(x1) + by tin(Z2) = 0 (u = 1, see y P), 


Vt ,(w) -” Ui»(21) _ Ui,»—1(Z2) = 0 (i =1,---,njv=2,---, h). 


The proof that the functional /* so defined has the properties described in 
Lemma 9.3 is like that of Lemma 9.1. Thus we see that we can not only 
assume without loss of generality that point z2 is not conjugate to xz, but also 
that there are no conjugate points of x, on the interval 2,22. 
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10. The existence of minimal sets. We can now establish the following 

THEOREM 10.1. Let r be the order of concavity of J and s the sum of the orders 
of the conjugate points of x; between x, and x2. If the strengthened condition of 
Legendre holds on 2;x2, there exists a set of m = r + 8 natural isoperimetric con- 
ditions 


(10.1) J (és, n) = 0 (8 ae 1, pete m) 
such that the inequality 
(10.2) J (Ea; Es)daMg <0 (a, 8 _ 1, i ate m) 


is true for every set of constants (a) ¥ (0) and such that J(n) = 0 for every set of 
admissible variations n; satisfying the conditions (10.1), the equality holding only 
in case n; is an accessory extremal satisfying the accessory transversality condi- 
tions (7.2). 
For in view of Lemma 9.2 we may assume that the point z2 is not conjugate 

to x. Let 

J (Ea, 7) = 0 (a = 1, ---,8) 
be a proper minimal set for the fixed end point case and let 7;; (j = 1, --- , 7) 
be a maximal set of accessory extremals satisfying the conditions V, = 0 and 
having 
(10.3) J (nn, 75)bab; < 0 (hj =1,---,7) 
for every set of constants (b) # (0). Let 7; be an admissible arc satisfying 
the conditions 

J (Ea, 7) = 0 (a = 1,---, 8), 
(10.4) : 
J(ni, 0) = 0 Gj =1,---,7) 


and let u,; be the accessory extremal joining the end points of 7; The are u; 
satisfies the conditions (10.4) since &:e(z:) = Eia(z2) = 0 and 


=0, 





Tay U) = Evatoy (th wu’) | 
71 


9 
. 


- 
= J(nj,n) = 0, 


71 


, 
= 1i@(73, 05) 





J(nj,u) = Uw, (i, n;) 

zi 
as one readily verifies. The are 4; = n; — u; has 4:(2:) = 4:(z2) = 0 and 
satisfies the conditions (10.3). It follows from Theorem 5.1 that J(q) 2 0, the 
equality holding only in case 4; is identically zero since zz is not conjugate to 
Ti. But 


J(q) = J(n — u) = J(n) — 2 (n, u) + J(u) = J(n)— J(u) 
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since 
2 
= J(u). 


‘21 


|72 
J (n, u) = iW, (U, u’) = Uswye (U, u’) 
zi 


Hence J(n) = J(u), the equality holding in case 7; = u;. Moreover, if u; does 
not satisfy the accessory transversality conditions, we have J(u) > 0, since 
otherwise the set »;; could not be a maximal set of extremals satisfying the 
conditions (10.3) and ¥, = 0. It follows that J(n) > 0 unless n; is an accessory 
extremal satisfying the accessory transversality conditions. The set of natural 
isoperimetric conditions (10.4) accordingly has the properties described in the 
theorem. 

Corouuary 1. If the strengthened condition of Legendre holds, the type number 
of J is equal to the order of concavity of J plus the sum of the orders of the conju- 
gate points of x, between x, and x2." 

With the help of Theorem 8.6 one obtains the further result: 

Coro.LuaRY 2. Suppose the strengthened condition of Legendre holds and 


(10.5) J(éa, 7) = 0 (a = 1,---,8) 
is a proper minimal set for the fixed end point case. Let nin, (h = 1, --- , 7) be 
a set of admissible variations satisfying the conditions (10.5) and having 

J (mr, j)Q,0; <0 (h, j _ l, nn ae r) 


for every set of constants (a) # (0). The number of variations in a maximal set 
of such variations is always the same and is equal to the order of concavity of J. 

The following corollary will be useful in $13: 

Corouiary 3. If the strengthened condition of Legendre holds and there are no 
points conjugate to x, on the interval x,x2, the type number and order of degeneracy 
of J are equal respectively to the negative type number and the nullity of the quad- 
ratic form H(z) described in Theorem 7.1. 

In case there are conjugate points of x, on the interval 2x2, the type number 
and order of degeneracy of J can also be determined by means of a quadratic 
form. To prove this choose points t, (v = 0, 1, --- , h) on 2,72 as in the proof 
of Lemma 9.3, and let nis (@ = 1, --- , g) beasetof gq = (h + 1)n — plinearly 
independent broken extremals satisfying the conditions V, = 0 and having their 
corners on the hyperplanes z = t, (v = 1,---,h— 1). Let 


(10.6) H(z) = J (na; n3)Zaz3 (a, 8 = 1, ites » 9). 


Interpreted in terms of the functional J* described in the proof of Lemma 9.3 
it is clear that the quadratic form H(z) is one of the type described in Corollary 3 
for the new functional J*. Hence we have the further result: 


'* About a year ago Professor Morse stated to Dr. Hestenes that in an identically nor- 
mal problem of Bolza the negative type number of his index form is equal to the sum of 
the orders of the conjugate points of 2; on 2,22 plus the negative type number of the asso- 
ciated Mayer form. This is essentially the equivalent of the result described in this 
corollary. As far as we know, Professor Morse considers only the non-degenerate case. 
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Corouuary 4. If the strengthened condition of Legendre holds, the type num- 
ber and the order of degeneracy of J are equal respectively to the negative type 
number and the nullity of the quadratic form (10.6). 

The quadratic form H,(z) has been used by Morse to characterize the func- 
tional J. He defines the negative type number of H,(z) to be the index of J. 
Thus we see that the index of J as defined by Morse is identical with the notion 
of type number of J here defined. 

The order of concavity of J can also be determined by a quadratic form even 
if the point z2 is conjugate to z,. For let x; be a value of x such that there 
are no conjugate points of z, onz3; S x < 22. Let nia (2 = 1, --- , 3n — p) 
be a set of 3n — p linearly independent broken extremals having their corners 
at x = x; and satisfying the conditions ¥, = 0 and put 
(10.7) H(z) = J (na, 8)2023 (a,8 = 1,---,3n — p). 
The following theorem follows at once from the proof of Lemma 9.2. 

THEOREM 10.2. If the strengthened condition of Legendre holds, the order of 


concavity and order of degeneracy of J are equal respectively to the negative type 
number and nullity of the quadratic form (10.7). 


il. The order of concavity of a problem with respect to a sub-problem. 
Consider now a problem P determined by a functional J and a set of end con- 
ditions V, = 0 (wu = 1, ---, p). Let P* be the problem obtained by replacing 
the end conditions ¥, = 0 by ¥* = 0 (v = 1, --- , p*). If the functions ¥, are 
linearly dependent on the functions ¥*, the problem P* will be called a sub- 
problem of the problem P. 

Let A be the number of accessory extremals ni2 (a = 1, --- , h) in a maximal 
set satisfying the conditions V, = 0 but not the conditions ¥* = 0, and having 


J (na, 13)QqQg <0 (a, B = l, ails h) 


for every set of constants (a) # (0). Let k be the number of linearly inde- 
pendent extremals n;, (y = A + 1, --- , A + &) in a maximal set, every proper 
linear combination of which satisfies the end conditions ¥* = 0, the trans- 
versality conditions for P* and the conditions J(n., 7) = 0 (a = 1, --- , h), but 
not the transversality conditions for the problem P. The number g = h + k 
will be called the order of concavity of the problem P with respect to the sub- 
problem P*. One readily verifies that gq < p* — p. It is clear that the order 
of concavity r of P as defined in §7 is the order of concavity of P with respect 
to the sub-problem P* in which the end conditions are of the form 
ni(ai) = ni(ze) = 0. 

We can now establish the following result: 

THEOREM 11.1. Let m, m* be the type numbers and r, r* be the orders of con- 
cavity of P, P* respectively. Let q be the order of concavity of P with respect to P*. 
If the strengthened condition of Legendre holds, then 


(11.1) q=r—r* =m — m* Ss p* — p. 
Pp 
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This result is immediate. For, let Ui; (j = 1, --- , ki) be a maximal set 
of linearly independent accessory extremals having U;;(x,) = U;;(x2) = 0, 
every proper linear combination of which satisfies the transversality conditions 
for sub-problem P* but not those for P. If h, k are the numbers used in the 
definition of the order of concavity q of P with respect to P* and r, r* are the 
orders of concavity of P, P* as defined in §7, then clearly 


(11.2) ky < k, h + ky =rTr— r* 


by virtue of the definitions of r, r*. It follows that m* + g 2 m, since by 
corollary to Theorem 10.1 we have m = r + s, m* = r* + s, where s denotes 
the sum of the orders of the conjugate points of x, between z; and x2. More- 
over, m = m* + q. For, let ni,(x) (y = 1, --- , g) be a set of independent 
accessory extremals of the type used in the definition of g and consider the 
system 


J (Ea, n) 0 (a - 1, sthetls ,m*), 
J (ny, 2) 0 Vy =1,---,@), 


the first m* of which form a proper minimal set for P*. We may suppose that 
the functions £;., i, have been chosen so that 


J (Ea, ny) = 0, 


as one readily verifies. The last k functions of the set give the functional J the 
value zero since they satisfy the end conditions and the transversality condi- 
tions for P*. But since they do not satisfy the transversality conditions for P, 
each of these k functions can be replaced by an admissible are for which J < 0 
and which satisfies the remaining conditions (11.3), as can be seen by an argu- 
ment like that given in the proof of Theorem 3.2. It follows that m = m* + gq, 
as was to be proved. 

The inequality 0 < m — m* <S p* — p has been given by Morse (p. 92). 

Assuming that the strengthened condition of Legendre holds we have 

Corotutary. Suppose the conditions 


(11.4) J (Ea n) = 0 (a = 1, oh m*) 
form a proper minimal set for the sub-problem P* of P and let niy (y = 1, --- , @) 


be a set of q admissible variations for the problem P satisfying the conditions (11.4) 
and having 


(11.3) 


J (04, 15) Qy Qs <0 (7, 6= 1, se q) 


for every set of constants (a) # (0). The number of variations of this type in a 
maximal set is always the same and is equal to the order of concavity of P with 
respect to P*. 


12. Oscillation and comparison theorems. We assume that the strengthened 
condition of Legendre holds on 2:22. The following general oscillation theorem 
follows at once from Corollary 1 of Theorem 10.1. 
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THEOREM 12.1, Let m be the type number and r the order of concavity of J(n). 
There exist exactly m — r conjugate points of x, between x, and x2. 
We have: 
Corotuary. The number s of conjugate points of x, between x, and x2 satisfies 
the inequality 


(12.1) m—2n+pSsSm. 


This follows because r S 2n — p. The relation (12.1) is the best oscillation 
theorem of this type given heretofore (Morse, p. 95). 

The problem determined by the functional J and the end conditions ¥, = 0 
(u = 1, --- , p) will be referred to as the problem P. Let P* be a problem 
of the same type determined by a functional J* and a set of end conditions 
v* =0(v=1,---, p*). The following result is an immediate consequence of 
the above theorem. 

THEOREM 12.2. Let m, m* be the type numbers, r, r* the orders of concavity, 
and s, s* the sums of the orders of the conjugate points of x, between x, and x2 of 
J and J* respectively. Between these numbers we have the relations 


m—-m*=r—r*+s— s*, 
|m — m*| < |s — s* | + max [2n — p, 2n — p*]. 
The last relation follows from the fact that r < 2n — p, r* S 2n — p*. 
Corotuary 1. If w(n, 7’) = w*(n, 7’), then 
m—m* =r—r*, 
|m — m*| < max [2n — p, 2n — p*] S 2n. 

Theorem 12.2 is a special case of the following more general theorem. In 
this theorem we suppose that P,, P? are sub-problems of P, P* respectively 
and denote the type numbers of the problems P, P*, Pi, P| by m, m*, m,, m} 
and the number of end conditions for these problems by p, p*, p:, p; respec- 
tively. 

THEOREM 12.3. If q, q* are the orders of concavity of P, P* with respect to the 
sub-problems P,, P}, then 


m — m* = q — g* +m — mi, 
| m — m*| < | m — mj | + max (p: — p, p} — p*). 


This result follows at once from Theorem 11.1. 
Corotuary 1. If the problems P, P* have a common sub-problem P, = Pj, 
then 
m—m*=q—q*, 


m — m*| < max ([p: — p, pi: — p*) S 2n. 
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Coroutuary 2. If P;, P* are sub-problems of the problem P = P*, then 
m — my} = q* “8 
| m, — m; | S max [p, — p, pi — p] S 2n. 


Consider two problems P, P* having the same end conditions V, = 0 
(u = 1, --- , p) and let 


J’(n) = J(n) — J*(n). 


The functional J’(7) and the end conditions V, = 0 determine a problem which 
we shall denote by P’ = P — P*. 

TueoreM 12.4. If m’ is the type number of the difference problem P’ = P — P*, 
we have the relation 


m < m* +m’. 


The theorem clearly holds if m’ is infinite. Suppose now that m’ is finite 
and that the set 


(12.2) J'(&s, n) = 0 (8 = 1, eee m’) 


is a proper minimal set of natural isoperimetric conditions for the functional 
J’ = J — J*. It follows that J(m) = J*(n) for every admissible are 7; satis- 
fying these conditions. Let ni, (y = 1, --- , &) be a maximal set of admissible 
variations satisfying the conditions (12.2) and having 


J (14, 3) a5 <0 (y, = 1, i h). 


Clearly m < h + m’. Moreover, this relation holds if J is replaced by J*, 
since the functions n;, satisfy the conditions (12.2). Hence m — m’ < h S m*, 
and the theorem is established. 

In case m’ = 0 we have the stronger 

THEOREM 12.5. Let m, m* be the type numbers and d, d* the orders of de- 
generacy of P, P*, respectively. If J(n) = J*(n) for every admissible arc (n) A (0), 
then 


m* = m, m* + d* >m-+ d. 
Moreover, if J(n) > J*(n) for all such variations, then 
m* >m-4+ d. 


The proof of this theorem is like that of Theorem 6.4 in the fixed end point 
case. 

Consider now two problems P, P* having the same end conditions and having 
w(n, ’) = w*(n, 0’). Let 


D(m, 2) = qn, n2) > q*(m, n2). 























CONDITIONS IN CALCULUS OF VARIATIONS 229 


Let h, k denote respectively the negative type numbers of D(m, 72), — D(m, 12) 
subject to the conditions 


V, = Qaina + Oyine = 0. 


We have the following theorem: 
THEOREM 12.6. If the problems P, P* are related as described above, then 


m* —k ims m* +h. 


By virtue of the corollary to Theorem 8.6 it is clear that in this case the type 
numbers of the difference problems P — P* and P* — P are equal respectively 
toh and k. Hence by Theorem 12.4 we have m S m* + h, m* S m + k, as 
was to be proved. 

This result has been established by Morse by a different method (Theorem 
4.3, p. 93). The general comparison theorem given by Morse on page 94 
follows at once from Theorems 12.3 and 12.6. Results of this nature have 
also been established by Hu® by still another method. 


13. Functionals varying continuously with a parameter. Consider now the 
functional 


z2 
J(n, a) _ 2q(m, 2, a) + i 2w(n, n’, a) dz, 
7) 


where 2q is a symmetric quadratic form in nia, 72 whose coefficients are contin- 
uous in ¢ for all values of o, and 2w is a quadratic form in 9;, 7;. We shall 
assume that the functions 

IQix ORix 


Pa = Pii, Qn; Ru = Ris, ax ’ ax ’ 


belonging to 2w, are continuous in x and ¢@ for x on 222 and for all values of co. 
Moreover, the coefficients of 7; and 7i2 in the end conditions 


V,(n, 0) = ayi(o)ni(ri) + byi(o)ni(z2) = 0 
are assumed to be continuous in ¢ for all ¢ and the matrix || a,; 0,; || is sup- 
posed to have rank p. We shall assume further that the inequality 


Rix(z, o)m iw > 0 (i, k= 1, eer y n) 


holds on 2,22 for all values of o and for every set (x) + (0). It follows from 
Corollary 1 of Theorem 10.1 that the type number m(c) of J(n, ¢) relative to 
the end conditions V, = 0 is finite for all values of o. 

We have the following 

THEOREM 13.1. Let m(c) and d(c) be, respectively, the type number and the 
order of degeneracy of J(n, o). For values of o sufficiently near oo we have 


'§ Loe cit., pp. 425-443. 








230 G. D. BIRKHOFF AND M. R. HESTENES 


m(a) = moo). Ifd(oo) = 0, thend(c) = 0,m(c) = m(a). Ifd(c) = 0 (¢ ¥ a), 
the n 


(13.1) m(oo) S m(c) S mao) + d(ao). 


In order to prove the first statement in the theorem, let nia(z, ¢) be a set of 
m(a) admissible variations continuous in ¢, satisfying the conditions V,(n, ¢) = 0 
for ¢ near oo, and having 


J(na(c), na(o), lads <0 (a, 8 mead 1, sia. m(ao)) 


for ¢ = oo, where /(£, n, o) is the bilinear functional (7.3) formed for the quadratic 
functional J(y, ¢). This relation clearly holds for o sufficiently near oo and 
hence m(c¢) 2 m(oo) by Theorem 8.6. 

In order to prove the inequalities (13.1), we first note that if there are no 
conjugate points of x’ on an interval x’x” relative to J(n, oo), the same is true 
for o sufficiently near oo. This result follows at once by continuity considera- 
tions. It follows that the construction made in the proof of Lemma 9.3 is 
valid for all o sufficiently near oo and that we may accordingly assume that 
there are no conjugate points of x, on 2:22 relative to J(n, o) for these values 
of o. Let nua(z, o) (kh = 1, --- ,2n — p) be a set of 2n — p extremals for 
J(n, ¢) varying continuously with ¢ and satisfying the conditions V,(n, ¢) = 0. 
Let H(z, ¢) be the quadratic form 


H(z, 0) = J(m, 05, o)znz; (hy j = 1, «++ , 2n — p). 


This quadratic form is continuous in ¢. Moreover according to Corollary 3 
of Theorem 10.1 the negative type number and nullity of H(z, «) are equal 
respectively to type number m(c) and order of degeneracy d(c) of J(n, o), since 
there are no conjugate points of x, on 2:22 for these values of o. It follows 
from the theory of quadratic forms that if d(o.) = 0, then d(¢) = 0 and 
m(c) = m(ao) for values of o sufficiently near oo. Moreover, the same theory 
tells us that if d(¢) = 0 (@ # a), as o increases (or decreases) starting from oo, 
the negative type number m(c) of H(z, c) increases by at most the nullity 
d(a) of H(z, oo). This proves the relations (13.1), and Theorem 13.1 is es- 
tablished. The arguments used in this paragraph are of the type used by 
Morse in a similar situation. 

A value of ¢ for which J(n, o) is degenerate will be called a point of degeneracy. 
Such a point will be counted a number of times equal to the order of degeneracy 
of J(n, ¢). It is clear that points of degeneracy are identical with the charac- 
teristic roots of the boundary value problem 


Li(n, ¢) = oy — (d/dx)w,, = 0, 


Ta(n,l,¢) = 90, T i2(n, l,o) = 0, v,(n, g)=0, 
where the transversality conditions T, = 0, 7’ = 0 for the functional J are 
defined as in §7. 
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THEOREM 13.2. There are at least | m(o2) — m(o:) | points of degeneracy 
(characteristic roots) on the interval o, S o S on. 

This result follows at once from the inequality (13.1) if the number of points 
of degeneracy on this interval is finite. 

THEOREM 13.3. If for every integer k there exists a set of k constants o, < 
o2 < +++ < o, such that m(o;) ¥ moj) (fj = 1, --- , & — 1), there exist 
infinitely many points of degeneracy (characteristic roots). If the function m(c) 
oscillates at each point of degeneracy, this criterion is also a necessary condition for 
the existence of infinitely many points of degeneracy. 

This result follows at once from Theorem 13.2. Thus we see that if the 
points of degeneracy are to be finite, the function m(c) can have at most a 
finite number of points of oscillation. 

THEOREM 13.4. If there exists a sequence {ox} such that lim m(o;,) = ~, there 


k-+20 

exist infinitely many points of degeneracy (characteristic roots). This criterion 
is also necessary if m(c) is monotone and oscillates at each point of degeneracy. 

For clearly in this case m(c) must have infinitely many points of oscillation, 
since otherwise m(¢;) could not become infinite with k. 

The following further criterion is useful: 

THEOREM 13.5. If for every integer k there exist a constant o;, and a set of k 
admissible arcs nia (a = 1, --- , k) satisfying the conditions V,(n, ox) = 0 and 
having 


(13.2) J (na, NB) Tx)AeAg <0 (a, B - 1, piety k) 


for every set of constants (a) + (0), then there exist infinitely many points of 
degeneracy (characteristic roots). This criterion is also necessary if m(a) is mono- 
tone and oscillates at each point of degeneracy. 
For by virtue of Theorem 8.6 it is clear that m(o,) 2k. Hence 
lim m(ox) = ©. 
kow 
The theorem now follows from Theorem 13.4. 
A more special criterion is 
Coroutuary 1. If there exists a point xo, a positive constant M, and a set of 
constants (m1, +++, 7n) such that 


lim Rix, o) iT; < M, 


(13.3) lim | Qix(Xo, o) mT, | < M, 
lim Px(Xo, o) TT, =-®, 


there exist infinitely many points of degeneracy (characteristic roots). 
For from continuity considerations it is clear that the relations (13.3) hold 
for all values of x on an interval x’r” containing x in its interior. Let k be 
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an arbitrary integer and divide the interval x’x” into k equal segments 
ha (a = 1, +--+ ,k). Let pa(x) be a function of class C’ which is positive on the 
interval A, and identically zero elsewhere. Set nia = pa(x)7;:. By virtue of 
the relations (13.3) for any x on xx” it is clear that there exists a constant o, 
such that the condition (13.2) holds for these variations 7:2. The corollary is 
thereby established. 

The following simple criterion has been given by Morse (p. 99) in a some- 
what different form. 

COROLLARY 2. Suppose that the functions Rix, Qix are independent of « and 
Py = Mu — oN. If the functions Nx are not all identically zero on x;22, 
there exist infinitely many points of degeneracy (characteristic roots). 

For clearly in this case there exists a value zo and a set of constants (7) 
such that 


N ix-(20) 4 ire ~ 0 ’ 


since otherwise the functions N;, would all be identically zero on 2,22, the 
matrix || Ny |, being symmetric since P;, = P,; for all ¢. For this value 2» 
and set of constants (+) the relations (13.3) hold for either ¢ or —¢. This 
proves Corollary 2. 

The function m(¢) will be called a proper monotonically increasing function 
of a if 
(13.4) m(c) + d(c) S m(oc’) (¢ <a’). 


THEOREM 13.6. Jf the function m(c) is a proper monotonically increasing 
function, the points of degeneracy (characteristic roots) are isolated. Moreover for 
values of o sufficiently near a fixed value oo 


(13.5) m(a) = m(ao) (¢ < a), m(a) = m(oo) + d(oo) (a > ao). 


There are exactly m(o2) — m(o,) points of degeneracy on the interval o, S o¢ < az. 
If there exists a value a; such that m(o,) = 0, there are exactly m(c) points of 
degeneracy less than o. 

For by virtue of the inequality (13.4) it is clear that there can be at most a 
finite number of points of degeneracy on any interval a; S ¢ S oe, otherwise 
m(a) would become infinite as o varies from o; to og. This is not the case. It 
follows that in this case the points of degeneracy must be isolated. The rela- 
tions (13.5) follow at once from (13.1) and (13.4). The last two statements of 
the theorem are immediate consequences of the relations (13.5). Theorem 13.5 


is thereby established. 

TueoreMm 13.7. If m(c) is a proper monotonically increasing function, the 
criteria described in Theorems 13.3, 13.4 and 13.5 are necessary and sufficient 
conditions for the existence of infinitely many points of degeneracy. 

This result is immediate. 

The existence of properly monotonically increasing functions m(¢) is estab- 
lished by the following 











es 
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THEOREM 13.8. Suppose that the end conditions ¥, = 0 are independent of o 
and that the inequality 


(13.6) J(n, «) 2 J(n, 2’) (¢ <o’) 


holds for every set of admissible variations (n) # (0) satisfying the conditions 
WV, = 0. Then the function m(c) is a monotonic increasing function of ¢. If the 
points of degeneracy are isolated, then m(c) is properly monotonic. If the condition 
(13.6) holds with the equality sign excluded, then m(a) is properly monotonic. 

This result follows at once from Theorem 12.5. Thus we see that the con- 
clusions described in Theorems 13.6 and 13.7 are true for a functional which 
satisfies the condition (13.6) with the equality sign excluded, at least if the end 
conditions are independent of ¢. This problem has been fully treated by 
Morse (ch. IV). He makes the added assumption that m(c) = 0 for —o 
sufficiently large. This assumption is not as restrictive as it seems since if one 
is interested in the characteristic roots greater than a value oo, one can always 
modify the functional for values ¢ < oo so that this condition is satisfied. 

Consider now the functional J/(») and the end conditions ¥, = 0 used in the 
preceding sections. The functional 


zo 


J(n, 0) = J(n) — “| nine dx 
| 
will be called the characteristic functional of J. This functional is clearly of 
the type described in the last statement of Theorem 13.8. Moreover it is well- 
known that in this case m(c) = 0 for —o sufficiently large, provided that the 
strengthened condition of Legendre holds for J(), as we shall assume. It 
follows that the characteristic roots of this functional are not only isolated but 
infinite in number by virtue of Corollary 2 of Theorem 13.5. We have the 
following result first proved in the general case by Morse:'* 

THEOREM 13.9. The type number m of J(n) is equal to the number of negative 
characteristic roots of its characteristic functional J(n, «) and its order of degeneracy 
is equal to the order of « = 0 as a characteristic root. 

The Euler equation, the transversality conditions, and the end conditions 
associated with the characteristic functional /(, ¢) are the equations 


Li(n) — oni = 0, 
T a(n, l) = 0, T io(n, l) = 0, V,(n) = 0, 


where L,(n), Ta, Ti2 are the functions defined by equations (7.1) and (7.2). 
This system is commonly called the accessory boundary value problem. The 
functions 7; associated with a solution (7;, ¢, l,) of this system are called char- 
acteristic solutions corresponding to the characteristic root ¢ provided these 


(13.7) 


16(‘f. Richardson, Das Jacobische Kriterium der Variationsrechnung und die Oszilla- 
tionseigenschaften linearer Differentialgleichungen 2-Ordnung, Mathematische Annalen, 
vol. 68 (1910), pp. 279-304. 
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functions are not all identically zero. It follows that if oo is a characteristic 
root, then the number d(oo) of linearly independent characteristic solutions 
corresponding to oo is equal to the order of degeneracy of J(n, oo). We shall 
call d(oo) the order of the characteristic root ao. 

Let J(é, ») be the bilinear functional belonging to J(m) and let é:(x) be a 
characteristic solution corresponding to a characteristic root. If the are n; 
satisfies the conditions ¥, = 0, then it can be shown that 


(13.8) J(é, n) = “[ ; E:ni dz. 

a | 
This result follows at once by the use of equations (13.7). For, let 1, be the 
constants with which £;(r), ¢ satisfy these equations. We then have 


J(é, 7) = QE, n) + r ag, n) dx 


QE, n) + L.Vu(n) + [mimes] + / ; ni L(&) dx 


z 


2 
nit; dx 


Tn(&, Ynilar) + Tia(E, Yni(e2) + “| 


| 
=2 
=d¢0 Ein dz, 
“5 


as was to be proved. Thus we see that if ¢ # 0, the orthogonality condition 


z2 
(13.9) i Eni dz = 0 


is equivalent to the natural isoperimetric condition J(~, 7») = 0. The condi- 
tion (13.9) has been widely used in the study of boundary value problems. 
Let 


6, So, S++ Som 


be the negative characteristic roots, each repeated a number of times equal to 
its multiplicity, and let 


Eu(x), Ese(x), -++ , Eim(2) 


be a set of corresponding characteristic solutions. It is understood, of course, 
that the solutions which correspond to the same characteristic root are linearly 
independent. It is well known that /J(y) = 0 in the class of admissible ares 
ni(x) which satisfy the conditions V, = 0 and 


z2 
i Eianidz = 0 (a = 1, ---,m). 
71 
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We shall give here a new proof of this fact by showing that the conditions 
J(éa, n) = 0 (a = 1,---,m) 


form a proper minimal set of natural isoperimetric conditions for J(n). In 
view of equations (13.8) and Theorem 13.9 it is sufficient to show that 


(13.10) J (Ea, £3)dads <0 (a, B= l, ii m) 


for every set of constants (a) # (0). To prove this we first note that 
0= J (Ea; Es) = J (&s, Ea) - (a = os) / : fiakis dx 
#1 


and hence that J(é., &s) = 0 whenever co. # og, by virtue of equations (13.8) 
again. Moreover, as is easily seen, we may suppose that solutions £;. have 
been chosen so that J(&., 3) = 0 even in case og = og (a ¥ B). The in- 
equality (13.10) now follows at once since o, < 0 and 


an 

J (Ea, a) = Fa | bia kia dx (a not summed), 
ad | 

by virtue of equations (13.8)." 


14. The case of one variable end point. Suppose now that the functional 
J is of the form 


(14.1) J(n) = 29(m) + | ” aula, 1, 9') de, 


where 2q is a symmetric quadratic form in the variables 7, and that the end 
conditions are of the form 


(14.2) Vv, = a,:n(r1) = 0, ni(te) = 0. 
The transversality condition then takes the form 
(14.3) T a(n, 1) = Qn + eVuny — wy: (11) = 0. 
A value x3 = 2; will be called a focal point of the point x, if there exists an 
accessory extremal 7;(x) satisfying the conditions 
Vv, = 0, T a(n, 1) = 0, ni(ts) = 0 


with a set of constants J, and having (n) # (0) on 2,23. By the order of a focal 
point x; will be meant the maximum number of linearly independent accessory 
extremals satisfying these conditions. 


17 See Hickson, An application of the Calculus of Variations to boundary value problems, 
Trans. Amer. Math. Soc., vol. 31 (1929), pp. 563-79; Reid, A boundary value problem 
associated with the Calculus of Variations, American Journal of Mathematics, vol. 54 
(1932), pp. 769-780; Hu, loc. cit. Further references are given in these papers. 








236 G. D. BIRKHOFF AND M. R. HESTENES 


The following theorem is well-known. We assume that determinant | Rj, | 
is different from zero. 


Lemma 14.1. Let nix (k = 1, --- , m) be a set of n linearly independent ac- 
cessory extremals satisfying the conditions 
(14.4) v,=0, T a(n, l) = 0 


with a set of constants l,,. The system nix forms a conjugate system. Every ac- 
cessory extremal n; satisfying the equations (6.1) at x = x, with a set of constants 
l,, is expressible linearly with constant coefficients in the form 


= Nikar, Ll, — Lunar. 


Moreover a value x; is a focal point of x, if and only if | nix(xs) | = 0. 

We have the further well-known 

Lemma 14.2. Every conjugate system jx satisfies the conditions (14.4) for a 
suitably chosen functional J and end conditions of the form (14.1) and (14.2). 

To prove this, let ¢; be the values of w,. along the extremals n;.. Let n — p 
be the rank of the matrix || »:«(2:) ||, and suppose that the functions 7; have 
been chosen so that ;,(7:) = 0 (u = 1,---,p). Set a,; = ¢,(2:). The con- 
ditions V, = a,:n:(z1) = 0 will be chosen as our end conditions. In order to 
determine the quadratic form, we make second choice of our conjugate system 
nix SO that fi = f:: atxr = 2. We then set 2g = fu(xi)nunu. One readily 
verifies that the problem so obtained has the properties described in the theorem. 

If one uses the conjugate system x described in Lemma 14.1 and makes the 
obvious changes such as replacing conjugate points by focal points, etc., one 
obtains the following theorem by precisely the same arguments as those used 
in the proof of Lemmas 5.1, 5.2 and Theorem 5.1. 

THeoreM 14.1. Let t be the sum of the orders of the focal points of x, between 
x, and x. If the strengthened condition of Legendre holds, there exists a set of t 
natural isoperimetric conditions 


J(&s, n) = 0 (8 = 1,---,t) 


such that the inequality J(n) = 0 is true for every admissible arc yj; satisfying 
these conditions, the equality holding only in case n; is an accessory extremal satis- 
fying the transversality conditions (12.3). Moreover, the admissible arcs £3 are 
such that the inequality 


J (a, E3)daQ3 <0 (a, B= 1, a t) 


is true for every set (a) # (0). 

We have the following immediate corollaries. We assume that the strength- 
ened condition of Legendre holds. 

Corouuary 1. The type number m of J is equal to the sum of the orders of the 
focal points of x; between x, and x2. The order of degeneracy d of J is equal to 
the order of x2 as a focal point of x. 














an 
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In the following corollary and elsewhere we count a focal point (or a conju- 
gate point) a number of times equal to its order. 

CoroLuary 2. The number of focal points of x, between x, and x2 is equal to 
the number of conjugate points of x; between x, and x2 plus the order of concavity 
of J. To obtain the number of focal points of x, on x, < x S 22, we add to this 
sum the order of degeneracy of J. 

This result follows from Corollary 1 of Theorem 10.1. 

We may call the order of concavity r of J the order of concavity on 2,22 of 
the conjugate system 7; determined by J. Since every conjugate system deter- 
mines a functional J by virtue of Lemma 14.2, we have the following further 
results. 

Coro.uary 3. Let t, t* and r, r* denote respectively the number of focal points 
and the order of concavity of two conjugate systems nix, 13, 0n an open interval 
XiX2. Then 


t—-f ar — s*, 


Further results of this nature will be given in the next section. 

We shall now give a convenient method of finding the orders of concavity 
and degeneracy of J. Todo so, let ni be the conjugate system determined by 
the conditions (12.4) and let u;, be the conjugate system having uj(r2) = 0. 
Let {ix, vie be respectively the values of w,, along the extremals 74, wiz. We 
have the following preliminary result: 

Lemma 14.3. If h is the rank of the matrix 


(14.5) \| Sse — newer |I, 
then n — h is equal to the order of degeneracy of J, that is, the order of x2 as a focal 
point of 2. 


For since the elements of this matrix (14.5) are all constants, we may evaluate 
them at z = ze. It is found then that the rank of this matrix is equal to that 
of the matrix || nix(z2) ||, since at z = x2 we have ux, = 0 and |vy% | ¥ 0. 
The lemma now follows from Lemma 14.1 and Corollary 1. 

The following theorem gives a method of computing the order of concavity 
of J. We assume, of course, that the strengthened condition of Legendre holds. 

THEOREM 14.2. Let x; be a value such that there are no focal points of x; or 
conjugate points of x2 on the interval x, < x S 2x3. If nix(xs) = wix(xs), the 
order of concavity and the order of degeneracy of J are equal respectively to the 
negative type number and the nullity of the quadratic form 


(14.6) (fix —_ Nii sk) a jx (i, d; k = 1, 7 n). 
To prove this let 
(14.7) J (és, n) = 0 (8 aS 1, eee, 8) 


be a proper minimal set for the fixed end point case. We may assume that 
the functions £;3 are identically zero on the interval z,273. Let ;. (¢ = 1, --- , 7) 
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be a maximal set of admissible variations satisfying the conditions (14.7) and 
having 
(14.8) J (fie; 9,)b,b, <0 (c, T= 1, ttt r) 


for every set of constants (b) # (0). Suppose the functions jx, ui, have been 
chosen so that 


Nie (Xs) = Nia (2) = Uie (13) (o = 1, teey r). 
If now we set 
U ie = Nie (x1 < x a Z3), tio = Ui (x3 = zx 4 Xe), 


it is clear that the inequality (14.8) is still true if we replace the functions 
fic by die since the set (14.7) forms a minimal set for the fixed end point case. 
Moreover, by the usual integration by parts and the use of the transversality 
conditions it is found that along the are n; = a:b, we have 


23 z2 
2q + / 2w dx + [ 2w dx 
a | 23 


= ni(xs _ 0)¢i(xs ~“ 0) — ni(Xs + 0) s(2s + 0) 
= ni(zs + 0)F (zs — 0) — ni(zs — 0)Fs(z3 + 0) 
(f ie Use = Nie Virb, b, (c, T= 1, Pa r). 


J(n) 


ll 


One readily verifies that every broken extremal satisfying the end conditions 
(14.2) and having its corners at x = 2; also satisfies the conditions (14.7). It 
follows that the negative type number of the quadratic form (14.6) is equal to r. 
The nullity of this form is clearly equal to n — h, where h is the rank of matrix 
(14.5), and the theorem is proved. 


15. The case of two end manifolds. Consider now the functional 
z2 
(15.1) J = 2:(m) — 2q2(n2) + / 2w(n, 0’) dz, 
#1 


where 2q; and 2q2 are symmetric quadratic forms in the variables yn; and np, 
respectively. The end conditions are assumed to be of the form 
_ Vyi(m) =m a,ini(rs) = 0 (u _ 1, cee y Pi < n), 
(15.2) 
V,2(n2) = b,ini(ze) = 0 (v= 1,--+,p2 Sn). 
In this case the transversality conditions are expressible in the form 
Ta(m, l) = Jin; + Lyi yi = Wy" (21) = 0, 


T i2(n2, ls) = {20,5 + Lob, i — Wy: (2) _ 0, 


as one readily verifies. 
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The problem determined by the system (15.1) and (15.2) will be called the 
problem P. The problems obtained by replacing the end conditions ¥,2 = 0 
by 7:(z2) = 0 will be called the problem P;. By the problem P, will be meant 
the problem obtained by replacing the end conditions V,, = 0 by the condi- 
tions 7:(z1:) = 0. The problems P; and P: are of the type described in the 
last section. By the use of Theorem 11.1 we obtain the following important 

THEOREM 15.1. Let m, m, me be respectively the type numbers of the problems 
P, P;, Ps, and let q, 2 be the orders of concavity of P with respect to P; and P2. 
If the strengthened condition of Legendre holds, then 


(15.3) m=m + qi = Me + Qe. 


The transversality conditions and the end conditions for the problem P, are 
given by the system 


(15.4) Vulm) = 0, Tia(m,h) = 0, 
and for the problem P, by the system 
(15.5) V,2(n2) = 0, T i2(n2, lz) = 0. 


Let n},, 73, be the conjugate systems of accessory extremals determined by 
(15.4), (15.5) respectively. It will be convenient to denote these systems by 
H, and H». According to Lemma 14.2 every pair of conjugate systems H,, H2 
determine a pair of problems P;, P2, which are obviously sub-problems of a 
problem P defined by a functional of the type (15.1) subject to end conditions 
of the form (15.2). It follows that the general theory concerning pairs of con- 
jugate systems is obtained by the study of the problem P. 

Let ¢; be the value of w,, along the are 7;. It is well-known that if an ex- 


tremal satisfies the conditions 
fun — nhs = 0, 


where 7;; is a conjugate system, then 7; is linearly dependent with constant 
coefficients on 7;;. Hence we have the following result. 
Lemma 15.1. If h is the rank of the matrix 


| ft; 0% = mis oin ll, 


the order of degeneracy of J is equal ton — h. 

Thus we see that the order of degeneracy of J is equal to the maximum 
number of linearly independent extremals which the systems H,, H» have in 
common. 

The zero x; of the determinant | n(x) | will be called a focal point of the 
conjugate system 7, and its order will be defined to be n — h, where h is the 
rank of the matrix || (x3) ||. A focal point will be counted a number of 
times equal to its order. 

Suppose now that we have given two conjugate systems H,, He, as above. 
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Let d denote the maximum number of linearly independent extremals which 
these systems have in common. Let zx; be a value of xz which is not a focal 
point of either H, or Hz and choose the functions 7},, 73, belonging to H,, H2 
respectively so that 9}, = 7, atx = x3. Let q(z;) be the negative type num- 
ber of the quadratic form 

(15.6) (Simin — ij Sidajae (i,j,k =1,---, 7). 
The nullity of this quadratic form is clearly equal to d. The function q(x) is 
well defined except at focal point x; of H, or Hz At such a point we define 
q(xs — 0), g(vs + 0) to be the left hand and right hand limits of g(x). It is 
clear that g(x) is a constant on any interval which contains no focal point of 
either //, or H». The function q(x) will be called the index function of H, with 
respect to H»2. The index function of H». with respect to H, is clearly the 
function n — d — q(x). It follows that g(x) S n — d. 

Suppose that /7,, Hz. belong to the problems P,, P2, P described in the para- 
graph preceding Theorem 15.1. We have the following result. 

LemMa 15.2. The number q(x, + 0) ts equal to the order of concavity of the 
problem P with respect to the sub-problem P2. The number q(x2 — 0) is equal to 
the order of concavity of P with respect to P,. 

The proof of the first statement of the theorem is precisely that of Theorem 
14.2 except for obvious changes in notation. In this case we choose the set 
(14.7) to be a proper minimal set for the problem P2 such that the functions 
are identically zero on an interval x; < x S 2x; which contains no focal points 
of 2, or 22. If we replace the conjugate system nix, uix by nix, 724, it is found 
that g(rs) = g(x: + 0) is equal to the order of concavity of P with respect to 
P,. The last statement follows similarly. 

The following important result can now be proved. 

TueoreM 15.2. Let H;, He be two conjugate systems and q(x) be the index 
function of H, with respect to He. Let ty, tz denote the number of focal points of 
H,, Ho, respectively, on an interval y. Then 


t; — te = q(a1 + 0) — g(av2 — 0) on (a, < x < 22), 


(15.7) t, — te = g(a1 + 0) — g(az2 + 0) on (4%) < & S 22), 
5. 

t; — te = g(r — 0) — g(avz2 — 0) on (4) SZ < 22), 

i, — te = g(xi — 0) — q(avz + 0) on (xm, S 2 S 22). 


In each of these cases | t; — te| S n — d, where d is the maximum number of 
linearly independent extremals belonging to both H, and Ho. 

For, the systems H,, 1, determine problems P, P;, P2 of the type described 
above. The first of the relations (15.6) follows at once from Lemma 15.2 and 
the relations (15.3) since m, = t, mz = te in this case. The remaining rela- 
tions follow at once from the first by increasing x2, or decreasing 1, slightly. 
The last statement is a consequence of the fact that 0 < q(x) S n — d, as was 


seen above. 
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Thus we see that the equations (15.6) give us a method of finding the number 
of focal points of a conjugate system H, on an interval y when the number of 
focal points of a second system H2 are known. In particular, if the number of 
conjugate points of xz; on 2,22 is known, the number of focal points of any con- 
jugate system 7, can be computed by the use of equations (15.7). 

The quadratic form (15.6) has appeared in the literature in many different 
forms. It has been used effectively in the two dimensional case by Bliss,“ 
and in the n-dimensional case by Morse, Currier,” and Hestenes.2! This quad- 
ratic form has been used by Morse to obtain the inequality | 4; — t2| S n — d 
and other stronger inequalities.22 The relations (15.7) were first given by 
Currier.” 


16. Periodic extremals. Suppose now that the strengthened condition of 
Legendre holds and that there exists a constant 7 and a set of n? constants A ;,, 
with A = | A;;| # 0, such that the equation 


(16.1) 2Qw(x, n, n’) = Qw(x + 7, u, wu’) 
. . . . , 
is an identity in x, :, n;, where 
ui = Aijni, uy = Aun}. 
It follows that the expression 
(16.2) L(x, 9, 9’, 9”) = Aj Lie +7, u, wu’, wu"), 


where 


Li = w, — (d/dt)wy:, ull = Ajj}, 
is an identity in x, 7;, 7;, 7;. The identities (16.1) and (16.2) are still valid if 
we replace t by at and A;; by A‘,;, where a@ is an integer and A‘, are the ele- 
ments of the matrix A“. 
Lemma 16.1. Jf nix is a conjugate system of accessory extremals and 


U(e + ar) = Af; ni(z), 


the functions u(x) define a conjugate system. Moreover, the number of focal 
points of the conjugate system uy, on the interval 2, + ar < x S 2% + ar is equal 
to the number of focal points of nix ona, <2 S Xo. 


18 Bliss, A boundary value problem of the Calculus of Variations, Bulletin of the American 
Mathematical Society, vol. 32 (1926), pp. 317-331. 

19 Morse, pp. 65-70, 106. See also A generalization of the Sturm separation and com- 
parison theorems in n-space, Mathematische Annalen, vol. 103 (1930), pp. 52-69. 

20 Currier, The variable end point problem of the Calculus of Variations including a 
generalization of the classical Jacobi condition, Transactions of the American Mathematical 
Society, vol. 34 (1932), pp. 689-704. 

*1 Hestenes, Sufficient conditions for the problem of Bolza in the Calculus of Variations, 
Transactions of the American Mathematical Society, vol. 36 (1934), pp. 793-818. 

22 In this connection one should also see Hu, loc. cit. 
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The functions ux, (& = 1, ---,m) are clearly extremals by virtue of the 
identity (16.2) with + replaced by ar and A,; by Af;. If a similar replacement 
is made in equations (16.1), by differentiating with respect to 7; it is found that 


Wy (2,7, 7’) = AG Wy (x + ar, u,u’). 


If we denote the values of w,, along ix, Uix by ¢ ix, viz, it is clear from this last 
expression that 

ni(x)Sin(z) = U(r + ar)vin(e + ar), 
and hence that 

O = nikic — niekig = Uiin — Uinds;. 


The extremals u;, accordingly form a conjugate system. The last statement in 


the lemma is immediate. 
An extremal 7; will be said to be periodic if there exists an integer a such that 


(16.3) nx + ar) = AS,n,(2), tx) = A%,o,(¢ + a7). 


If @ is the smallest integer for which this condition holds, then 7; will be said 
to be of period ar. It is clear that if the relation (16.3) hold for one value of x 
it holds for all values of x by virtue of the identities (16.1) and (16.2). 

Let ni be a conjugate system and ¢,(2:) be the number of focal points of ix 
on the interval 7, < 7 S x, + hr. Let d, be the maximum number of periodic 
extremals which are linearly dependent on the system 7;, and whose periods 
are divisors of hr. We have the following” 

THEOREM 16.1. The limit 
(16.4) pn = lim tn(21) 


h—20 





exists, is independent of x,, and is the same for all conjugate systems nix. More- 
over, the inequalities 


lA 


(16.5) lhu —ti(m)| Sn —d, (hk = 1,2,---) 
are true for all values of 1. If nix(ai) = 0, then 
(16.6) th(ai) S hp S thts) + n — dy (h = 1,2,---). 
For, let a = hk and 
Uin(a@ + ar) = Af;nj(z). 
23 Cf. Morse and Pitcher, On certain invariants of closed extremals, Proceedings of the 
National Academy of Sciences, vol. 20 (1934), pp. 282-287. See also Hedlund, Poincaré’s 


rotation number and Morse’s type number, Transactions of the American Mathematical 
Society, vol. 34 (1932), pp. 75-97. 
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The number of focal points of ui.(x) on 41 + (a — h)tr < & S 1 + arr is equal 
to t,(2:), by Lemma 16.1. According to Theorem 15.2 the number of focal 
points of ;, on this interval differs from ¢,(z:) by at most n — d,. This 
statement holds for all values of the integer k in a = hk and hence 


| ta(a1) — kta(m1) | S k(n — dy), 
| ta(ai) — Ats(m1) | S h(m — dy). 


If now we divide by a = hk, we find that 











O0< |fa(ar) _ &a(a) S (n — d,)/h S n/h 
at h ‘ 

(16.7) 
on |. ay < (n— dy)/k S n/k, 








and hence that 


Jae) _ tla) 


; - Ss n/h + n/k. 





These relations hold for all values of 2;. For h, k sufficiently large, the right 
member in the last expression can be made as small as we please. It follows 
that the limit » in (16.4) exists and is the same for all values of z;. Since the 
numbers ¢,(z:) for two different conjugate systems differ by at most n, it is 
clear that the constant yu is the same for all conjugate systems nix. The rela- 
tion (16.5) follows from the first of the relations (16.7) by letting the integer k 
in a = hk become infinite. If ;;(7:) = 0, the expressions (16.7) are still valid 
if the absolute value signs are removed. The relation (16.6) is then obtained 
by letting k become infinite again. This proves Theorem 16.1. 

The constant yu will be called the frequency number: 

Coroutuary. [If there exists a conjugate system nix all of whose extremals are 
periodic, then the frequency number yu is rational.* 

For, in this case the constant d, appearing in (16.5) is equal to n for a suitably 
chosen integer h. For this value of h we have hu = ¢,(x,). It follows that yu 
must be rational. 


24 By the use of a theorem of Birkhoff on linear differential equations with periodic 
coefficients (Dynamical Systems, pp. 77-89) it can be shown immediately that all conjugate 
points of x; satisfy an equation A(z, x:) = 0, where in the general case A(z,, rz) = A(z, 21) 
is a linear homogeneous expression of the form 


> p(z) eft MtrA2+-° + An) 2 


p(x) is periodic in z of period 7 and Aj, --- , A, are m quantities, real or complex. By 
means of this form complete results on the asymptotic distribution of the conjugate points 
can be obtained. Results of this sort have been announced by Morse and Pitcher (loc. cit.) 
without indication of the method employed. 
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III 
The general fixed end point problem in non-parametric form 


In §§$17-21 we shall be concerned with the characterization of extremals of 
an integral of the form 


‘on , , 72 , 
r= | fley is <= Uns tis => sundae = | f(z, y, y’) dx 
1 S3 


in (m1, ¥1, «++ » Yx)-space. Among other things, it will be shown that if there 
are m conjugate points of the initial point 1 on an extremal are Fj2, there exists 
a set of m natural isoperimetric conditions (and no fewer) such that E12 affords 
a minimum to J relative to neighboring admissible arcs joining the end points 
of Fi, and satisfying these m natural isoperimetric conditions, provided, of 
course, that the strengthened conditions of Weierstrass and Legendre hold on 
E\. and the point 2 is not conjugate to 1. The strengthened condition of 
Weierstrass here used is a modification of the classical one and reduces to the 
latter in case there are no conjugate points of the point 1 on Ey». This result 
is established without the use of the classical isoperimetric theory. This is 
possible only because of the special properties of natural isoperimetric conditions. 


17. Hypotheses and preliminary results. It is assumed that the function 
f(x, y, y’) is of class C* in an open region ® of points (2, y, y’). A set of 
elements (x, y, y’) will be called admissible if it is in R. By an admissible arc 
will be meant an are 


yi=y(t) (mM SrSx,1=1,---,2) 


of class D’, all of whose elements (2, y, y’) are in ®, and joining two fixed points 


(a1, ya) and (22, yiz). 
An are of class C’ with elements (x, y, y’) in R which satisfies the Euler 


equations 
(17.1) P; = f,, — (d/dz)fy, = 0 G=1,---,9 


will be called an extremal arc. Such an are will be said to be non-singular if 
the determinant 


R= | Suu, | 


is different from zero at each element (z, y, y’) on it. It is well-known that a 
non-singular extremal are Ej. is a member of a 2n-parameter family of ex- 
tremal ares 


(17.2) ¥i= yi(z, Cig **% 5 Con) 
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for special values 2; S x S 22, c, = Co. The functions y;,(z, c), yiz(z, c) are of 


class C* in a neighborhood of the values (z, c) on £2 and the determinant 


Yics 


Yize (s = 1,--- , 2n) 








is different from zero on Ej». 
Along an extremal are £;2 the second variation of the integral J is expressible 


in the form 


ze 
J 2(n) = / 2w(z, ; n’) dz, 


1 
where 
, , , 
20 = Sun nine + 2fy ; uj 141% + Suing i Nk- 


The variations 7;(x) which we admit are of class D’ and vanish at x, and zz. 
Thus we see that the study of the second variations leads us to a problem of 
the type described in §$1-6. 

A point 3 on £1, will be said to be conjugate to the point 1 on F,: if it is defined 
by a value x; conjugate fo x, in the sense described in §1. By the order of 
the point 3 as a conjugate point of 1 will be meant the order of x; as a con- 
jugate point of z,. It is well-known that the conjugate points of x; are defined 
by the zeros x; + 2, of the determinant 


Yics (x ’ Co) 
Yics(X1, Co) 








belonging to the family (17.2). This result follows because the functions 
Nis = Yic,(2, c) form a set of 2n linearly independent accessory extremals for the 
functional J2(n). An important consequence of this fact is that if the point 2 
on FE, is not conjugate to the point 1, then every pair of points which lie re- 
spectively in a sufficiently small neighborhood of the end points of Ey» can be 
joined by a unique extremal are. The conjugate points of the point 1 are also 
determined by the zero x; ¥ x of the determinant 


| yion (2, bo) | 
belonging to an n-parameter family of extremals 
Yi = yi(z, bi, +++ , dn) 


passing through the point 1 on Ej2, containing Fi. for the values x, S x S 22, 
b; = by, and having its determinant | y;2, | different from zero at the point 1 
on E\2. The continuity properties of this family are, of course, the same as 
those of the family (17.2). This result follows from the remarks made in §1 
since in this case the functions 9i%.(z) = yw,(z, 6) form a set of n linearly inde- 
pendent accessory extremals having ni(x) = 0. 
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18. Natural isoperimetric conditions. Let £;(x) be a function of class C* on 
2X) 22 and vanishing at 2, and xs. The condition 


Ji(é) = / {Suki + Sukh de = 0 


1 
will be called a natural isoperimetric condition. This condition is satisfied by 
every are which satisfies the equations 


(18.1) Su = [hn dx + ¢; (@ =1,---,n) 
71 


with a set of constants c;, and hence also by every extremal arc. This fact is 
readily established by integration by parts. Conversely, an admissible arc 
which satisfies all natural isoperimetric conditions is necessarily a solution of 
equations (18.1). This result follows from the fundamental lemma in the Cal- 
culus of Variations, since in this case /;(n) = 0 for every admissible are 7; of 
class C* and hence also for those of class D’. 

It is clear that the function £,;(z) used in the definition of natural isoperimetric 
conditions can be replaced by functions £;(z, y) which vanish at the points 
1 and 2. However, for the present purposes, we shall restrict ourselves to 
functions of the first type. 

Consider now a set of m natural isoperimetric conditions 


(18.2) Ji(éa) = 1s dx = 0 (a = 1,---,m), 
a | 


where 
Sa = fiafyi + Eiady:- 
If we set 
F(a, y, y's) =f + rafa, 
the Euler-Lagrange equations of the integral J relative to the conditions (18.2) 
take the interesting form 


(18.3) Fy, - (d/dx) Fy = P; + A.Li(é&.) = 0, 


where P; are the functions (17.1) and 
Li(n) = &,, — (d/dx)w,: . 
An are 
yi = yz) (7, S x S 2), 
which satisfies these equations with a set of constant multipliers \, will be called 
an isoperimetric extremal. Along such an are we have by the usual integration 
by parts 


z2 z2 
(18.4) Ji(Ea) = / bia Pi dr = -| Eia LilEs)Xs dx = —J (Ea; Es)Xs, 
aad os 
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where J2(é, 7) is the bilinear functional associated with the quadratic functional 
J2(n), as described in §2. It follows that if the determinant 


(18.5) | J2(Ea, Es) | 


is different from zero along an isoperimetric extremal Fj:, this arc can satisfy 
the conditions (18.2) only in case its multipliers \, are all zero, that is, only in 
case Ej, is an extremal of the functional J. 

It should be noted that if the determinant 


| Fuevg | 


is different from zero along an isoperimetric extremal Fy, then Ej, is a mem- 
ber of a (2n + m)-parameter family of isoperimetric extremals 


(18.6) ¥i= yi(a, Ciy +++ » Cany Ay inane Am) 


with multipliers \,, --- ,A». The functions y;(z, c, A), yiz(z, c, A) are of 
class C’’ in a neighborhood of the values (z, c, \) belonging to Ey» and the deter- 
minant 

Yics 
Yizes 


is different from zero along Ej. It is clear that for fixed values of (A) the family 
(18.6) defines the usual extremal family belonging to the integral 


z2 
n= | F dz. 
ad | 


We shall make use of this fact in our sufficiency proofs. If the isoperimetric 
extremal Ej, satisfies the conditions (18.2) and is such that the determinant 
(18.5) is different from zero on it, then 22 is a member of a 2n-parameter family 
of isoperimetric extremals satisfying the conditions (18.2) and this family is 
precisely the extremal family (17.2) for the functional J, as one readily verifies. 








19. Minimal sets. A set of m natural isoperimetric conditions 
z2 
(19.1) J (a) = / Je dx = 0 (a = 1, eee y m) 
ad | 


will be said to form a minimal set for an admissible arc Fj. satisfying these con- 
ditions if the are Ej, affords at least a weak minimum to the integral J relative 
to neighboring admissible ares satisfying the conditions (19.1), and if no proper 
subset of these conditions has this property. Such a set will be called a proper 
set if the determinant 


(19.2) | Jo(Ea, &) | 


is different from zero on E,2. In the following pages we shall restrict ourselves 
to proper minimal sets unless otherwise expressly stated. In this case there 
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are infinitely many admissible ares joining the end points of Fj. and satisfying 
the conditions (19.1). This result follows from the proof of the following 
lemma: 

Lemma 19.1. Jf the set (19.1) forms a proper set for an admissible arc E\2 and 
ni(x) is a set of admissible variations for E\2 satisfying the conditions 


(19.3) J (Ea; n) = 0 (a = 1, eee, m) 
on E\, there exists a one-parameter family of admissible arcs 
(19.4) yi = yz, d) (m1 S$ tS 22) 


satisfying the conditions (19.1), containing E\, for b = 0, and having n; = yo(x. 0). 
The further derivatives Y iz, Yio, Yiz» exist and are continuous except possibly at a 
finite number of values of x on 222. 

To prove this, let »;(x) be an arbitrary admissible variation which satisfies 
the conditions (19.3) along Ei, and let 


Y ,(z, Gy, +** 5 Amy b) = y (x) + Qata(xr) + bn;(x) ’ 


the functions y;(z) being those belonging to E12. When these functions are 
substituted for y; in the equations (19.1), a set of m functions Ji.(a, b) having 
Jie(0, 0) = 0 is obtained. The determinant of the derivatives of Jia with 
respect to a, --- , @m at (a, b) = (0, 0) is equal to the determinant (19.2) and 
is accordingly different from zero on Ey... The equations J;.(a, b) = 0 there- 
fore have a unique solution a; = A,(b) of class C* near b = O and having 
A.(0) = 0. Moreover A,(0) = 0. This is also a consequence of the non- 
vanishing of the determinant (19.2) since in this case we have 


(d/db) Jia(A(b), b) |mo = Salta, ts) A5(0) + Jo(éa, 2) 
= Js(&a, &3)A;(0) = 0, 
as one readily verifies. It is clear, therefore, that the one-parameter family 
yi = yi(x, b) = Yaz, A(d), 6] 


satisfies equations (19.1), contains Ej, for b = 0, and has n(x) = ya(z, 0). 
This proves Lemma 19.1. 

If now we substitute the family (19.4) in the integral J, a function J(b) of 
class C”’ is obtained. We must have /(b) = J(0), if the set (19.4) is to form a 
minimal set for E;2. Hence we have 


z 


(19.5) J’) = A(n) = / thane + Symi} de = 0 


sa | 


along Ei. for every set of variations 7; satisfying the conditions (19.3). It 
follows that the determinant 
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Ji(n) 
Jo(Ea ’ nv) 


vanishes for every set of m + 1 variations ni, (v = 1, ---,m-+ 1).% There 
exists therefore a set of m + 1 constants A», Aq not all zero such that 


dod 1 (7) + Nad (Ea, n) = 0 


for every set of admissible variations n; If now we substitute for 9; the varia- 
tions £3 it is found that 








Ned a(Eay fs) - 0, 


and hence that the multipliers \, are all zero, since the set (19.1) forms a proper 
set. We may accordingly choose \)5 = 1. The expression (19.5) must there- 
fore hold for all admissible variations whatever. By the use of the funda- 
mental lemma in the Calculus of Variations we obtain the following result: 

THEOREM 19.1. Jf the set (19.1) forms a proper minimal set for an admissible 
arc Ej, there exists a set of constants c; not all zero such that the equations 


(19.6) fu, = i "fas de + 64 


hold at each point on E>. 

If the set (19.1) is a minimal set but not a proper minimal set, the function f 
in (19.6) must be replaced by a function of the form F = of + Aafa. This 
result follows from the theory of isoperimetric problems. 

An admissible are Fj: will be said to satisfy the condition of Weierstrass if at 
each element (2, y, y’) on it the inequality 


E(z,y,y’, Y’) 20 
for every admissible element (x, y, Y’) ¥ (2, y, y’), where 
(19.7) E= f(z, Y; Y’) sie: f(z, Y; y’) = (Y; = VidSu:(a, Y; y’). 


We have the following result: 

THEOREM 19.2. Suppose that the conditions (19.1) form a proper minimal set 
for an admissible arc Ey. If E,2 affords a strong minimum relatively to neighbor- 
ing admissible arcs satisfying these conditions, then E\2 satisfies the condition of 
Weierstrass. 

In order to obtain this result, let the point 3 be an arbitrary point on Fj», 
not a corner point or an end point of E,:. Let Y;, be an arbitrary direction and 
Y ,(x) be an arbitrary curve of class C’ passing through the point 3 and having 
Y‘ (zs) = Y{,. The functions defining Ej. will be denoted by y;(z). We now 


25 Cf. Bliss, The problem of Lagrange in the Calculus of Variations, American Journal of 
Mathematics, vol. 52 (1930), pp. 682, 692. 
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construct a one-parameter family of ares y;(z, 6) joining the end points of Ei: by 
setting 
y(z, b) = y(z) (1 SxS 2), 
yi(z, b) = Y,(z) (xz, Sz <b), 


yi(t, 0) = ya) + (%0) — xOIE—F Sam). 





This family is of the type usually used in the proof of the necessity of the 
Weierstrass condition for a minimum in the classical sense. It has the follow- 
ing important properties 
yo(z,%3)=O0 (1% Sz SF 2s), yo(r2, b) = 0, 

yo(ts + 0, 23 +0) = Yi (ts) — yi (as). 
However, this family does not necessarily satisfy the conditions (19.1). In 


order to construct the one-parameter family of admissible arcs which satisfies 
these conditions, we substitute the functions 

(19.9) yi(z, b) + Qa kia(x), Yie(2, b) + at; q(2) 

for y:, y; in J:(é) and obtain a set of functions J,.(a, 6) having Jia(0, x3) = 0. 
The functional determinant of these functions with respect to the variables 
a), «++ , @m is precisely the determinant (19.2) and is accordingly different from 
zero. It follows that the equations Jia(a, b) = 0 have a unique solution 
dq = A,(b) of class C’ for b = zs and sufficiently near b = z;. Moreover 
A,(x3) = 0. The one-parameter family 


(19.10) yi = ys(z, b) + Aalb)Eia(z) 


therefore satisfies equations (19.1) for 6 = 23 and sufficiently near b = 2:2, as 
was desired. 

By substituting the functions (19.9) for y; and y in the integral J one ob- 
tains a function J(a, 6). Reealling that the family (19.10) satisfies the condi- 
tions (19.1), one sees that 


(19.8) 


J{[A(6), b] 2 J (xs) (6 2 2s), 
since the set (19.1) forms a minimal set for Z;2. Hence we must have 
(19.11)  (d/db)J[A(b), b] | mo = Jea(O, 23)A,(0) + Jo(0, xs) 2 0. 

By differentiating the function J(a, b) with respect to a, it is found that 
(19.12) Jaa(0, ts) = Ji(—.) = 0. 


Moreover, if we write 


J(0;b) = [sacs [sae, 
zy b 
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by differentiating this expression with respect to b and setting b = x3 we obtain 
from relations (19.8) and the usual integration by parts the relation 


, 72 , 
Jv(0, xs) = f(xs, ys, Ys) — f(y, y’) — / fui yo + SuYin} dx 


#3 
— E(xs, Y3y Ys, Y;). 


Combining this result with the relations (19.12) and (19.11) we find that the 
theorem is true for all points on £2. except possibly at the corners and end points 
of E\2. That the theorem is also true at these points follows at once from con- 
tinuity considerations. 

An admissible are E,: will be said to satisfy the condition of Legendre if at 
each element (z, y, y’) on it the inequality 


Fury wit, 20 


holds for every set (x) ¥ (0). If this inequality holds with the equality sign 
excluded, then the strengthened condition of Legendre will be said to hold on Ej. 

THeoreM 19.3. If the conditions (19.1) form a proper minimal set for an 
admissible arc Ey2, then the condition of Legendre holds on Ey2. If Ey. is non- 
singular, then the strengthened condition of Legendre holds on Ej». 

To prove this, we note that according to the proof of the last theorem the 
function 

¢(b) = E(x, Y; y’, y’ + br), 


where the elements (z, y, y’) are on Ej. and (x) is arbitrary, must have a mini- 
mum at b = 0. It follows that ¢’(0) = 0, ¢’(0) = fuxj7im 2 0, as was to be 
proved. This simple proof has been used by Morse. 

Theorems 19.3 and 19.4 give a new and broader significance to the conditions 
of Weierstrass and Legendre in the sense that they are not only necessary con- 
ditions for a minimum in the classical sense but also in the more general sense 
here defined. 

We have the further result 

THEOREM 19.4. If the set (19.1) forms a proper minimal set for an extremal 
arc E\s, the inequality J2(n) = 0 is true for every admissible variation ;(x) satis- 
fying the m conditions J2(éa, n) = 0 along Ey». 

This result is obtained by differentiating the function J(b) appearing in the 
proof of Theorem 19.1 twice for b and noting that J’’(0) = J2() must be posi- 
tive or zero if the set (19.1) is to form a minimal set for Ey2. 


20. Mayer fields and an analogue of Hahn’s Lemma. Consider now an 
n-parameter family of extremals 
(20.1) ¥i= yi(z, Q,***, an) 


whose functions y;(z, a), yiz(z, a) are of class C” in a region of points (z, a) with 
ron % S$ x S #;anda;in A. Suppose further that the determinant | ya, | is 
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different from zero within this region and that this region has been chosen so 
small that the equations (20.1) have unique solutions a; = a,(z, y) of class C” 
for all (z, y) in a region § in zy-space. The family (20.1) is then said to simply 
cover the region §. Let 


pi(z, y) = Yielz, a(x, y)). 
The region § will be called a Mayer field if the Hilbert integral 


J* = / S(z, y, p) dx + (dy; — pi dx)f,.(x, y, Pp) 


with p; = p(x, y) is independent of the path in §. The functions p,(z, y) are 
called the slope functions of the field and the solutions (20.1) of the equations 
y, = pix, y) are called the extremals of the field §. Along an extremal of the 
field we have clearly J* = J. 

The following theorem is well-known. In this theorem the function 
E(x, y, p, y’) is the Weierstrass E-function defined by the equation (19.7). 

TueoremM 20.1. Jf E.2 is an extremal of a field § at each point of which the 
condition 


Elz, y, p(x, y), y') > 0 


holds for every admissible set (x, y, y') # (2, yu, p), then the inequality 
J(Ciz) > J(E x2) is true for every admissible arc C\z in § joining the end points 
of E\2 but not identical with E2. 

This result follows in the usual manner by the use of the Weierstrass integral 
formula 


J (C12) = J(E;2) = [ E(2, Y; P; y’) dz ’ 


Cre 
which is readily established by the use of the equations 
J(Ey) = J*(Ew2) = J*(Ci). 


We shall need the following lemma: 

Lemma 20.1. Jf the Hilbert integral J* formed for the family (20.1) is inde- 
pendent of the path on the hyperplane x = xo, the family (20.1) defines a Mayer 
field over every region § which it simply covers. 

This result is well-known and is due to Hilbert.” 

A lemma of a different type is the following one: 

Lema 20.2. If a non-singular extremal E,2 has on it no point 3 conjugate to 1, 
there exists a conjugate system of accessory extremals nix for E\2 having its deter- 
minant different from zero on Eo. 

This result and its proof are also well known. One needs only to take the 


26 Géttinger Nachrichten, (1905), p. 165; Math. Annalen, 62 (1906), p. 356; see also Bliss, 
loc. cit., p. 733. 
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conjugate system having ni. = 0 at a value 2 to the left of x; and sufficiently 


near 2}. 
Consider now a proper set of m natural isoperimetric conditions 


(20.2) Ji(Ea) = [rs dx = 0 (a =1,---,m), 


and let F = f + Aafa. The Weierstrass Z-function formed for the function F 
will be denoted by E,(z, y, y’, Y’). It is precisely the Z-function for the integral 


22 
J, = i F(a, y, y’, d) dz. 
#1 
An extremal are Ej. for our original integral J will be said to satisfy the 
strengthened condition of Weierstrass relative to the conditions (20.2) if at each 
element (z, y, y’) in a neighborhood ® of those on Ej. the inequality 


E\(z, Y; y’, Y’) >0 


holds for every admissible set (x, y, Y’) ¥ (2, y, y’) and for every set of con- 
stants (A.) in a neighborhood A of (A) = (0). If there are no conditions of 
the type (20.2), this condition becomes the usual strengthened condition of 
Weierstrass. 

We have the following analogue of Hahn’s Lemma.” The proof here given 
is like that of Bliss.” 

Lemma 20.3. Let E\2 be an extremal are having on it no point conjugate to its 
initial end point 1. If the strengthened conditions of Weierstrass and Legendre 
hold on E,2, there exists a neighborhood § of E:2 in xy-space and a neighborhood 
N of the end points of E,2 in (x:y:tey2)-space such that every isoperimetric extremal 
E, in § with end points in N and having its multipliers () sufficiently near 
(A) = (0) affords a proper strong minimum to J) relative to admissible arcs in § 
joining the end points of Ey. 

To prove this let ni be a conjugate system of accessory extremals for Ej: 
having its determinant 7,(x) different from zero on 2:22. Such a conjugate 
system surely exists by virtue of Lemma 20.2, since in this case there is no 
point on Fj, conjugate to the point 1. Let ¢i be the values of w,, along nix 
on Ey. We may suppose that the functions 4; have been chosen so that 
Nik = 6x,atzxz = xX. 

Consider now the (2n + m)-parameter family of isoperimetric extremals 


yi = Y<(x, di, «++ , Any bi, +++  Dny Ary «= » Am) 


described in §18. The constants a;, b; may be chosen to be the values of y;, 


* Hahn, Uber Variationsprobleme mit variablen Endpunkten, Monatshefte fir Mathe- 
matik und Physik, vol. 22 (1911), pp. 127-136. 

28 Bliss, The problem of Bolza in the Calculus of Variations, Annals of Mathematics, 
vol. 33 (1932), pp. 267-270. 
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and z; = Sur + Aafey at r= 2. Let ajo, bio, Xe = 0 be the values of (a, b, A) 
belonging to 2:2. and let 

2w(a) = Fix(m1)(ai — aio)(ax — ayo). 
The family 
(20.3) yi = yi(z, a, b, rX) = Yi(z, a, b + wa, d) 
contains E\2 for a; = aj, bi = bio, Xe = 0, and has 
(20.4) Yiax(X1, a, b, A) = da = nin(Xi), Zing (21, a, b, A) = Fix(21) ’ 
where z; = Fy. Along £2 the functions ya, form a set of n accessory extremals 
for which z;., represents the values of Wy? Hence we must have ya, = nx along 
E\. since they have the same initial conditions at = 2x, by virtue of the 
equations (20.4). The determinant | ya, | is accordingly different from zero 
along Ej. and hence also for all values of (x, y, b, A) near those on Ey». The 
equations (20.3) therefore have a unique solution a; = a,(z, y, b, \) of class C”’ 
for values (z, y, b, \) in a neighborhood S of those on Ey». Let § be the pro- 
jection of this neighborhood in zy-space. For fixed values of (b, A) belonging 
to a set (x, y, b, A) in S the n-parameter family (20.3) defines a Mayer field 
with slope functions 


pi(z, Y; b, d) = Yizl2, a(x, Y; b, d), b, d} 


over the region § in zy-space. This follows from Lemma 20.1, the Hilbert 
integral J* being independent of the path on the hyperplane x = 2; since on 
this hyperplane we have 

J* = f d(w + bja;), 


as one readily verifies. Moreover, if the region S is diminished still further, 
then by virtue of the strengthened condition of Weierstrass for E,2 the inequality 


E,[z, Y, p(z, Y; b, d), y’) > 0 


will hold for every set (x, y, p, A) in S and for every admissible set (x, y, y’) ¥ 
(xz, y, p). It follows from Theorem 20.1 that every extremal of the family 
(20.3) with elements (z, y, b, 4) in S and a; = a,(z, y, b, d) will afford a proper 
minimum to the integral J relative to admissible ares in § joining its end points. 

The proof of Lemma 20.3 will be complete if we show that every isoperimetric 
extremal with end points (2, ya, 22, Yi2) in a neighborhood N of those of Fis 
and with multipliers (A) in a neighborhood A of (A) = (0) is an extremal of the 
family (20.3) with elements (z, y, 6, A) in S and a; = a,(z, y, 6, A). This result 
follows at once. For, since the end points of E,, are not conjugate, every pair 
of points (%, 41), (%2, ye) in N can be joined by an extremal EF of the family 
(20.3). If N and A are taken sufficiently small, the elements (2, y, b, d) be- 
longing to E will lie in S. The constants a; must accordingly be given by the 
functions a,(x, y, 6, \), since these solutions are unique. Lemma 20.3 is now 
proved. 
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21. The existence of minimal sets. We are now in position to establish the 
following basic result: 

THEOREM 21.1. Let s be the sum of the orders of the conjugate points of the 
point 1 on an extremal arc Ey. If Ei: satisfies the strengthened conditions of 
Weierstrass and Legendre, and the point 2 is not conjugate to the point 1, then 
there exists a set of s natural isoperimetric conditions 


Ji(Ea) = 0 (a = 1, ---,8) 


such that E\2 affords a proper strong minimum to the integral J relative to neigh- 
boring admissible arcs joining its end points and satisfying the conditions (20.1). 
Moreover, no proper subset of these conditions has this property. 
As a first step in the proof of this theorem let 
b=am<t<--- < tg < lit = Xe 


be a set of points on the z-axis such that there are no pairs of conjugate points 
on the sub-are of E,. defined by the successive points determined by the values 
t, and t,4:. Let &« (x) be a set of s functions of class C* such that the equations 


(21.1) J2(Ea, 0) = 0 (a = 1,---,8) 


form a proper minimal set of natural isoperimetric conditions for the second 
variation J2(n) along Ey». The number of these conditions is equal to the sum 
of the orders of the conjugate points of the point 1 on Ey2, by Theorem 5.1. 
Moreover, according to the corollary of Theorem 3.1 we have 


J2(Eay Eg)daag < 0 (a, 8 = 1,---,8) 


for every set of constants (a) ¥ (0). Let nia be a set of broken accessory ex- 
tremals having 


(21.2) Nia(t,) = Eia(t,) (r = 0, 1, “7° a+ 1). 
Since each extremal segment of nia is a minimizing are for J2(n) we have 
(21.3) J2(Nay 13)QeQg = J 2(Ea; Es)Qa%g < 0. 


The equality holds only in case the a’s are all zero, since otherwise the functions 
EiaQa, Niele WOuld be identical. This, however, is impossible since the first 
of these arcs has no corners. An important consequence of this fact is that 
the determinant 


(21.4) | J2(nay 2) aad J (Ea, &s) | 


is different from zero along Fj». 
As a second step in the proof of Theorem 21.1 let 


(21.5) — Ja(éa) = / "fade = i ” Iu bia + Sykial de = 0 
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be the natural isoperimetric conditions for E,, determined by the functions é;. 
just described. The Euler equations of the integral J subject to these condi- 
tions are the equations (18.3). Let 


(21.6) ¥i= yi(z, bu, ee bans At, +++ y As) (x1 S x S 22) 
be a (qn + s)-parameter family of broken isoperimetric extremals having its 
corners on the hyperplanes 
z= i, Zml, ---, cml, 

and containing FE, for the special values 

be = bin, Ae = 0 G=—il,---,nrxl,---,g;a =1,---,8). 
The parameter b,, can be chosen to be the values of y; on the hyperplane x = ¢,. 
We have accordingly the equations 

yi(X, b, A) = Yily yiltr, b, \) = bir, Yi(r2, b, A) = Vie. 
If now we set Uia = Yin, (2X, bo, 0), then by differentiating these equations with 
respect to \, it is seen that 
(21.7) Uia(t1) = 0, Uia(t,) = 0, Uia(te) = 0. 
Upon substituting the family (21.6) in the Euler equations (18.3) and differ- 
entiating with respect to \. again we obtain by setting (6b, 4) = (bo, 0) the 
equations 
Li(ua + &a) = 0. 


It follows that the variations uia + £&ia form a set of s broken accessory ex- 
tremals nie = Uia + Ea. By virtue of the equations (21.7) these extremals 
satisfy the conditions (21.2) and are accordingly identical with the extremals 
nia described in the last paragraph. The determinant 


(21.8) | J2(Eay us) | (a, 8 = 1, oe 8) 


can now be shown to be different from zero on the are Ey»2. For, if we substi- 
tute for ujg its values ni3 — &:3 it is found that 


J2(Ea; Us) = J (Ea; na) 7 Joa, &,). 


Moreover, J2(£<, n3) = Je(na, 72), as can be seen by the usual integration by 
parts with the help of equations (21.2). The determinant (21.8) is therefore 
equal to the determinant (21.4) and hence must be different from zero, as was 
to be proved. 

As a third step in the proof of Theorem 21.1 we substitute the family (21.6) 
in the functions Ji(&.) and obtain a set of s functions Ji.(b, A) having 
Jia(bo, 0) = 0. The determinant of the derivatives of these functions with 
respect to the variables \:, --- , Am at (b, 4) = (bo, 0) is equal to the deter- 
minant (21.8) and is therefore different from zero. The equations J;.(b, A) = 0 
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accordingly have solutions Ae = Aa(Ou, --- , ben) of class C’”’ such that A_(bo) = 0. 
When the functions A.(6) are substituted in the equations (21.6) a new qn- 
parameter family 


(21.9) ¥i= yi(x, bu, apt » Den), Nea = Aa(bu, a a Dan) (x1 Ss x Ss L2) 


of broken extremals is obtained which satisfies the conditions (21.5) and con- 
tains Ey. for bi, = bi. For this new family the parameters b;, still represent 
the values of y; on the hyperplane x = ¢,. It follows that the variations 


bys = Yaj,(x, bo) dj, (j, r both summed) 


are not all identically zero if the constants db;, are not all zero. Since the 
family (21.9) satisfies the conditions (21.5), it is clear that the variations 
ni = dy; must satisfy the conditions (21.1). Hence we have J2(éy) > 0 along 
E\2, by Theorem 5.1, since the point 2 is not conjugate to 1. An important 
consequence of this fact is that the functional J takes a proper minimum on 
E\,. relative to the family (21.9). To prove this we need only substitute the 
family (21.9) in the integral J and note that for the function /(b) thus obtained 
we have dJ = 0, d?J = J2(dy) > 0, (6y) F (0), at b; = bio and hence J(b) > J (bo) 
for (b) # (bo). 

We are now in position to complete the proof of Theorem 21.1. To do so 
let §’ be a neighborhood of Fi: so small that each extremal sub-are of the family 
(21.9) with ends on successive hyperplanes x = t,, x = t,; affords a strong 
minimum to the integral 


=2 
j= i ‘f+ Nafa} dx 
a | 

relative to admissible ares in §’ joining its end points. This is possible by 
virtue of Lemma 20.3. Let § be a neighborhood of Ej, interior to ¥’ such that 
every admissible are C joining the end points cuts the hyperplanes x = ¢, in 
points (¢,, b;,) whose coérdinates b;, determine an extremal FE, of the family 
(21.9) lying in §’. By Lemma 20.3 we have J,(C) = J,(&), the equality hold- 
ing only in case C = E,. Suppose now that the arc C satisfies the conditions 
(21.5). We then have J(C) = J(&,), since the are £, also satisfies these con- 
ditions. If necessary, we may diminish the region § still further so that 
J (Ey) 2 J(£i2), as described in the last paragraph. We then have J/(C) > J(E12) 
unless C = Ey. The proof of Theorem 21.1 is now complete. 

By the use of Taylor’s expansion with integral remainder it is found that the 
strengthened condition of Legendre implies the strengthened condition of Weier- 
strass, if we restrict the admissible sets (x, y, y’) to lie in a sufficiently small 
neighborhood §, of those on Fiz. Hence we have the following result: 

Corouuary 1. If the phrase ‘strong minimum’ is replaced by “weak mini- 
mum,” the conclusions of Theorem 21.1 are still true if the extremal E\.2 satisfies 
the strengthened condition of Legendre but not necessarily that of Weierstrass, at 
least if the final end point 2 is not conjugate to the initial point 1 on Ey». 
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We have further 
CoroLtuaRy 2. Jf an extremal Ej. satisfies the strengthened condition of 


Legendre and the point 2 is not conjugate to 1, the number of conditions in a minimal 
set of natural isoperimetric conditions for Ey. is always the same and is equal to 
the sum of the orders of the conjugate points of the point 1 on E\2. 
With the help of the corollary to Theorem 3.1 we obtain the further result: 
Corouuary 3. If the strengthened condition of Legendre holds on an extremal 
arc Ey, whose end points are not conjugate, and if the set (21.5) forms a proper 
minimal set for Es, the inequality 


J (Ea, £3)Qaag <0 (a, B=1,---, 8) 
holds on E\» for every set of constants (a) # (0). 


22. The variable end point case. Consider now the functional 
z2 
J = gly(x:), y(xs)] + / Sz, y, y’) dx 
a | 


subject to a set of conditions of the form 
Vuly(21), y(x2)] = 0 (u - 1, dy Tt s 2n). 
The values 2, x2 are, of course, assumed to be constants. The functions 
g(y:, ¥2), Va(Y, Y2) are assumed to be of class C” in a neighborhood of the end 
values of the extremal F), in question and the matrix 
| Yavin Paves || 


is assumed to have rank p. An arc C of class D’ with elements (2, y, y’) in the 
region R described in §17 will be called an admissible arc for the variable end 


point case if it satisfies the conditions y, = 0. 
If we set G = g + l,,, the transversality conditions for the problems here 


considered are given by the equations 
(22.1) Fuz(a1) = Gy, Jv,(%2) = —Gy2. 


Along an extremal £, satisfying the end conditions y, = 0 and the transversality 
conditions (22.1) with a set of constants J, the second variation is expressible in 


the form 
(22.2) Ian) = 2aln(x1), n(x2)) + / ” ga(z, 2, 0’) de, 


where 2w is defined as before, and 
2q = Gyiryjr nana + 2G yi1 vj2 nianjie + Gyia yj2 Hi2Nj2- 
To prove this let 


yi = yi(z, 5) (mq, S XS 22) 
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be a one-parameter of admissible ares containing Zi, for b = 0 and having 
suitable continuity properties. Substituting this expression in the functional 
J we obtain a function J(6). This function is expressible in the form 


J(b) = Gly(x,, b), yes, b), U + i * gle, y(x, b), y’(a, b)] de, 


where I, are the constants belonging to Fy2. Differentiating twice with respect 
to b and setting b = 0, 7; = yw(z, 0) one obtains the expression (22.2) by 
the usual integration by parts and by the use of equations (22.1), as one readily 
verifies. 

The equations of variation of the end conditions y, = 0 on Fiz are the equa- 
tions 


(22.3) w(y) = Yuu ni(a1) + Yuu ni(X2) = 0. 


It follows that the functional (22.2) subject to the conditions (22.3) determines 
a problem of the type described in §§7-10. If functional J2(n) is non-degen- 
erate on Ej2, then the extremal £2 will be said to be non-degenerate. By the 
order of concavity of Ey, will be meant the order of concavity of the functional 
J2(n) relative to the end conditions. 

Let é,{z, y, y:, ys] be a set of functions of class C* satisfying the conditions 


Young + Yuvjee iz = 0, 
where 
fu - é(x, y(x), y(z), yi(x2)], fie = Exe, y(x2), y(x%), y(x2)] ° 


A condition of the form 


Ji(§) = IyF + Guio6 22 + [ {fugi + fy. &) dz = 0 


where £; = fi2 + £4, yx Will be called a natural isoperimetric condition. It is 
satisfied by every extremal arc satisfying the conditions y, = 0 and the trans- 
versality conditions (22.1). 

Let E,2 be an extremal are satisfying the end conditions y, = 0 and the trans- 
versality conditions (22.1). A set of m natural isoperimetric conditions 


(22.4) Ji(€a) = 0 (a = 1, ---,m) 


will be called a minimal set for E\2 if the are Ey, affords at least a weak relative 
minimum to the functional J relative to neighboring ares satisfying the condi- 
tions (22.4), and if no proper sub-set of these conditions has this property. 
Such a set will be said to form a proper set for FE: if the determinant 


| J2(Ea, &s) | 


is different from zero on E\2. By an argument similar to that used in §19 it can 
be shown that if the set (22.4) is a proper set for Ei, there are infinitely many 
admissible ares satisfying the condi‘ions (22.4) in every neighborhood of Fi». 
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THEOREM 22.1. Suppose the conditions (22.4) form a proper minimal set for 
the extremal arc E\2. If Ei. affords a strong minimum of J relative to neighboring 
admissible arcs satisfying these conditions (22.4), the condition of Weierstrass 
holds on Ej». 

The proof is similar to that of Theorem 19.2. Let 7;,(x) be a set of (m + p) 
variations such that the determinant 








J2 (Ea; n ) 

(22.5) F (y =1,---,m+p) 
Vu (ny) 

is different from zero on Ej2, and set 

(22.6) yi(z, a, b) = yi(z, b) + ayniz(z) 


where y;(z, b) is the family used in equations (19.9). When this family is sub- 
stituted in the expressions J:(.), Yj, a set of m + p functions J:.(a, b), ¥,(a, b) 
is obtained having J;.(0, z3) = 0, ¥,(0, z3) = 0. Moreover, the functional 
determinant of Ji2(a, b), (a, 6) with respect to a, --+ , Gnyp at (a, b) = (0, x3) 
is the determinant (22.5) and is accordingly different from zero. The 
equations 


Ji(a, b) =0, ¥,(a, b) = 0 
therefore have solutions a, = a,(b) of class C' with a,(z3) = 0. The family 
(22.7) ys = yi(z, b) + a,(b)n:4(2) (v1 S$ tS 2) 


satisfies the conditions (22.4) and y, = 0 and contains FZ), for b = z;. The 
remainder of the proof is now like that of Theorem 19.2 if we replace the families 
(19.9), (19.10) by (22.6), (22.7) respectively. 

THEOREM 22.2. If the set (22.4) forms a proper minimal set for E\2, the con- 
dition of Legendre holds on Ey. If E2 is non-singular, the strengthened condi- 
tion of Legendre holds. 

The analogue of Theorem 19.4 is the following 

THeoreM 22.3. If the set (22.4) forms a proper minimal set for E\2, the in- 
equality J2(n) = 0 is true for every set of admissible variations satisfying the con- 
dition V, = 0, J2(Ea, ) = 0 along Ey. 

If our end conditions are of the special form 


(22.8) Yui [y(x)] = 0 ’ Vu2 [y(x2)] =0 ’ 


the functions £; used in the definition of natural isoperimetric conditions can 
be taken in the form &;[z, y(x)]._ The following theorem can then be estab- 
lished by arguments similar to those used in the proof of Theorem 22.1. We 
assume that Ey» is not tangent to the end manifolds and that the end points 
of Ey» are the only pairs of points on Ey» satisfying these end conditions. 
TueoreM 22.4. Let Ey be a non-degenerate extremal satisfying the end condi- 
tions (22.8) and the transversality conditions (22.1). Let r be the order of con- 
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cavity of E\2 and s the sum of the orders of the conjugate points of 1 on Ey2 between 
l and 2. If Ey» satisfies the strengthened conditions of Weierstrass and Legendre, 
there exists a proper set of m = r + 8 natural isoperimetric conditions (22.4), 
such that E\2 affords a proper strong minimum for the integral J relative to neigh- 
boring admissible arcs satisfying these conditions. Moreover, no proper sub-set 
of these conditions has this property. 

It is interesting to note that Theorem 22.5 holds even if the point 2 is conju- 
gate to 1. Our only restriction is that the arc E,2. be non-degenerate. 

Corotuary 1. The conclusions of Theorem 22.5 are still true if we replace 
the phrase “‘strong minimum’? by “weak minimum’ and omit the condition of 
Weierstrass. 

Corottary 2. If the strengthened condition of Legendre holds on a non- 
degenerate extremal E\2 which satisfies the transversality conditions (22.1), the 
number of conditions in a minimal set is always the same and is equal to the order 
of concavity plus the sum of the orders of the conjugate points of the point 1 on Ey. 
between 1 and 2. 

The analogue of Corollary 3 of Theorem 21.1 is also true, as one readily 
verifies. 


IV 
The general problem in parametric form 


In §§23-27 we shall be concerned with a functional of the form 
te 
J = olett), 20a) + f "ste, 2) a 
ty 


defined on an (n + 1)-dimensional Riemannian manifold ® with local coérdinates 
of the form (z°, z', --- , 2"). Our end conditions will be taken in the form 


Yulx(t), x(te)] = 0 (u = 1, roe oF = 2n + 2). 


In our sufficiency theorems we shall restrict ourselves to the separated end point 
case, that is, to the case in which the end conditions are of the form 


Vu, [x(t)] = 0, Yup [x (te)] = 0. 


In this part we shall show that if a non-degenerate extremal arc EF: satisfies 
these end conditions, the associated transversality condition and the usual 
strengthened conditions of Weierstrass and Legendre, there exists a set of m 
natural isoperimetric conditions such that E\2 affords a strong proper minimum 
relative to neighboring admissible ares satisfying these isoperimetric conditions 
and the end conditions. Moreover, there is a smallest set of natural isoperi- 
metric conditions and the number of conditions in such a set is equal to the 
order of concavity of Z,2 plus the sum of the orders of the conjugate points of 
the point 1 on Ej, between 1 and 2. It should be noted that this result is true 
even if the end points of Ey. are conjugate to each other, provided that Fj: is 
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non-degenerate. In the fixed end point case Ej, is clearly degenerate if its end 
points are conjugate. Of particular interest is Theorem 26.1, below, which 
gives an extended sufficiency theorem for the fixed end point case. The results 
of this part are obtained without the use of the classical isoperimetric theory. 
In this case we do not need to modify the strengthened condition of Weierstrass 
as was done in the non-parametric case. 


23. Hypotheses and preliminary definitions. The function f(z, @) is assumed 
to be of class C* for loca] coérdinates (x) on the Riemannian manifold R and 
for all vectors (¢) # (0). The function f(z, #) is defined so as to be invariant 
under transformations of the form 


yi = y*(z, z!, --- , 2"), yi = — (i,k =0,1,---,n), 


where the functions y‘(z) are of class C®. We assume also that f is positively 
homogeneous of order one in the variables (%). 
Let 3° be the product manifold R K MR. Its local codrdinates 


0 0 
(x1, wih » Xi, 2s, ie » ty) 
are composed of the coérdinates (x,) and (ze) of its image in ® and are to be 
transformed accordingly. The functions g(x, t2) and Y,(%, 22) are assumed 
to be of class C* on 9°. 
A regular arc is a sensed are defined locally by equations of the form 
zi = z(t) (4 St S tr) 


of class C’ and having (#) # (0). A neighborhood of a regular are Ej, which 
does not intersect itself can be imbedded in a single admissible codrdinate sys- 
tem (x) with # > 0 along Eiz. It will be understood throughout this part that 
such a coérdinate system has been chosen. Our results are, of course, inde- 
pendent of the coérdinate system used. 

By an admissible arc will be meant a continuous sensed are which is composed 
of a finite number of regular sub-ares and which satisfies the conditions y, = 0. 
At times it will be convenient to call an are admissible even if the particular 
set of end conditions y, = 0 here given are not satisfied. In such a case an 
explicit description of the end conditions used will be given. Unless otherwise 
expressly stated, it will be assumed that the matrix 


vet Vet || 


has rank p on the are Ej, in question. 
The Euler equations associated with the functional J are the equations 


(23.1) P,; = Sai — (d/dt)fzi = 0 (¢ = 0, 1, ett y n). 


A solution of these equations of class C”’ is called an extremal arc. Such an are 
will be said to be non-singular in case the matrix 


(23.2) || fete || (i,k = 0,1, --- , 2) 
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has rank n. For a non-singular extremal are the parameter ¢ can be chosen so 
that the functions z‘(t) defining E,2 are of class C*. 

The transversality conditions associated with the functional J are the equa- 
tions 


(23.3) Sula, 4:1) = Gi, — fii(%x, 42) = — Gj, 
where G = g + l,y,. 
24. The accessory problem. Along an extremal arc £2 satisfying the end 


conditions y, = 0 and the transversality conditions (23.3) the second variation 
is always expressible in the form 


Jo(n) = 2¢(m, 12) + [° 2w(n, 9) dt, 


where 
2¢q = G.izi aint + 2G.i.j nind + Geiei noni, 
20 = fis n't + 2 fas n'P + fou ry. 
This result follows at once if we consider our problem as a non-parametric 


problem in (tx)-space with ¢; and ¢2 fixed. The variations n‘(¢) are assumed to 
be of class D’ and to satisfy the conditions 


Yun) = yurz n'(ti) + Yorn n'(tz) = 0 (uv =1,---,p). 


Such variations will be termed admissible variations. 

The problem determined by the functional J2(n) subject to the conditions 
Vv, = 0 will be called the accessory problem. It is of the type described in §§7-10. 
We define, as before, a natural isoperimetric condition to be a condition of 


the form 
J2(&, n) = Q(é, n) + i "OE, n) dt = 0, 


where 

QUE, 0) = Eidei + E2Ge§ = Qn, 6), 

OE, n) = Sw,, + Haj, = An, £), 
and the functions £'(¢) define admissible variations of class C’’. We define 
minimal sets, proper sets, type number, etc., as in §8. However, Theorem 10.1 


is not applicable in this case since the determinant (23.2) is now identically zero. 
The accessory equations are the equations 


(24.1) Li(n) = wy; — (d/dt)um, = 0. 


A solution of class C’’ of these equations will be called an accessory extremal. 
It is well known that if p(t) is of class D’, then n' = pz‘ is a solution of equa- 
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tions (24.1). Moreover, the functions L,(y) are not independent since they 
satisfy the conditions #‘L (yn) = 0. These results are immediate consequences 
of the identities 

xi z= ft. Xf zizk = 0, fei gk a Sik ’ 


which hold because of the homogeneity relations f(z, kz) = kf(x, #) (k > 0). 
In order to establish the analogue of Theorem 10.1, it is convenient to intro- 
duce first the notion of special accessory extremals. To do so, let ¢(, ) be a 
function of class C* which is different from zero along Ej2, is positively homo- 
geneous of order one in the variables (¢), and is such that the equations 


ga — (d/dt) ox = 0 


hold along Zy2. Such a funetion can be constructed in many ways. For ex- 
ample, if f(z, #) is different from zero along E12, we may choose ¢g = f, or if W(x) 
is a function of class C* such that dW > 0 along E,2. we can choose g = W,i #, 
as one readily verifies. It should be noted that the determinant 
(24.2) pie ie | 

giz 620 | 
is different from zero on E\, if and only if the matrix || fii || has rank n on Ej. 
This fact can be established readily with the help of the following well-known 
consequences 

fix =O, Hou =¢ 


of the positive homogeneity of the functions f and ¢. 
We now define a special accessdry extremal™ to be an accessory extremal which 
satisfies the equations 


(24.3) (d/dt)(yzin') = gn’ + ¢:' = a = constant. 


It is easily seen by direct substitution that a special accessory extremal 7‘ is 
of the form 7‘ = pz’ if and only if pis of the form p = (at + b)/g, where a, b 
are constants. 

A value t; # ¢; will be said to define a point 3 conjugate to the point 1 on FZ): if 
there exists a special accessory extremal having n‘(t,) = n'(ts) = Oand (n) ¥ (0) 
on ét3. By the order of 3 as a conjugate point of 1 will be meant the num- 
ber of linearly independent special accessory extremals in a maximal set having 
n'(i) = n'(ts) = 0 and (nm) ¥ (0) on dfs. It will be convenient to say that ¢; is 
conjugate to ¢, if ts defines a point 3 conjugate to 1 on Ey:. 

Every special accessory extremal satisfies with 4 = 0 the equations 


(24.4) Lin) + \eox = 0, (d?/dt?)(¢;in') = 0. 


2° Bliss, Jacobi’s condition for problems of the Calculus of Variations in parametric form, 
Trans. Amer. Math. Soc., vol. 17 (1916), pp. 195-206. Hestenes, A note on the Jacobi 
condition for parametric problems in the Calculus of Variations, Bull. Amer. Math. Soc., 


vol, 40 (1934), pp. 297-302. 
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Conversely, every solution 7’, \ of class C’’ of these equations has \ = 0 since 
#'L (n) = 0, £93; =oF 0, 


and hence the functions y' define a special solution. The equations (24.4) 
therefore completely characterize special accessory extremals. 

When the determinant (24.2) is different from zero, the equations (24.4) can 
be solved for the variables 7‘, A. The solutions have the form A = 0 (since 
Z'Li(n) = 0) and 

i =A, On + BOW. 

It follows that special accessory extremals have properties like those of ordinary 
accessory extremals described in §1. For example, there are 2n + 2 linearly 
independent special accessory extremals 7n'*(t) (s = 1, --- , 2n + 2) such that 
every special accessory extremal ' is expressible linearly with constant coefficients 
in terms of these 2n + 2 extremals. Moreover, the conjugate points of ¢, are 
determined by the zeros t; ~ t, of the determinant 

n'*(t) 
n'*(th) 
It follows that if ¢, is not conjugate to 4, the points (4,, m) and (¢2, 72) can be 
joined by a unique special accessory extremal. Similarly, there are n + 1 linearly 
independent accessory extremals n*(t) (k = 0,1, --- ,) having n*(t,) = 0 and 
such that every accessory extremal 7‘ having n‘(t:) = 0 is expressible linearly in 
terms of these extremals and such that the conjugate points of 4; are deter- 
mined by the zeros t; ¥ t; of the determinant | n‘*(t) | . 

In this case the condition of Legendre will be said to hold on Ey if at each ele- 
ment (z, <) on Fj, the inequality 


Size w'n* 20 (i,k = 0, 1, ---,m) 


(s =1,---,2n+42). 








is true for every set of constants (x) ¥ (p%). If the equality sign can be ex- 
cluded then the strengthened condition of Legendre is said to hold on Ej. 

It was seen in §3 that if the type number of J2(7) is finite, the condition of 
Legendre must hold. Conversely, if we set 


I(x) = / * eon, 9) at, 
t1 


I2(é, 0) = i Q(E, n) dt, 


1 
We have the following result: 
THEOREM 24.1. Let s be the sum of the orders of the conjugate points of i 
between t, and te. If the strengthened condition of Legendre holds, there exists a 
set of s (and no fewer) natural isoperimetric conditions 


Ix(Ea, 0) = 0 (a = 1, «--,s) 
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such that Iz (nm) 2 0 for every admissible arc n‘(t) vanishing at t, and tz and satis- 
fying these s conditions. The equality holds only in case n' is expressible in the 
form ni = ui — px‘ where u' is a special accessory extremal having u'(t;) = u‘(te) 
= 0 and p(t) ts a function of class D’ vanishing at t; and te. 

The proof of this result is like that of Theorem 5.1. Lemma 4.1 is true here 
also if the conjugate system »,, there used is replaced by a set of linearly inde- 
pendent special accessory extremals yn“ having n“(t:) = 0, as one readily veri- 
fies. The proof of the fact will be simplified if one notes that one of the ex- 
tremals y(t), say the first, can be chosen to be the special accessory extremal 
n”® = (t — 4)#'/y, and that the remaining n solutions can be chosen so as to 
satisfy the condition ¢;;n' = 0. Moreover, in this case the equation (4.4) takes 
the form 


ts 
Ix(n) = | Six, viv® dt 20, 
oD | 


. , ry . . 2 «=; al 
where v' = n“a,. The equality holds only in case v' = o(f)¢‘'. From the rela- 
tion 


gv! = alte 
we conclude that (¢ — t,)a, = o(t)¢ and hence that the derivatives a;, --- , a, 


are zero. It follows that in this case the functions a, --- , a, are all constants 
and a = p(t) vanishes at ¢, and te and hence that 7‘ is expressible in the form 
described in the last statement of the theorem. The remainder of the proof can 
now be made by the arguments like those used in the proof of Theorem 5.1. 

We now return to the functional J2(n) and define the order of concavity of 
J(n) formally as in §7 using special accessory extremals instead of the accessory 
extremals there used. With these definitions in mind we can prove the fol- 
lowing: 

THeoreM 24.2. Let r be the order of concavity of J2(n) and s the sum of the 
orders of the conjugate points of t, between t; and ty. If the strengthened condition 
of Legendre holds, there exists a set of m = r + s natural isoperimetric conditions 


(24.5) J (Ea; n) = 0 (a = 1, Ste , m) 


such that the inequality J2(n) = 0 holds for every set of admissible variations n‘ 
satisfying the m conditions, the equality holding only in case n* is expressible in 
the form n' = u‘ — px’, where u‘ is a special accessory extremal satisfying the condi- 
tions y, = 0 and p(t) is a function of class D’ having p(t:) = p(t2) = 0. More- 
over, the inequality 


J2(Ea, Es)Qadg <0 (a, 8 = 1, sarhcst m) 
is true for every set of constants (a) # (0). 


The proof is like that of Theorem 10.1 with the help of Theorem 24.1. 
Corouuary 1. The set (24.5) forms a minimal set for the functional J2(n). 
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25. Natural isoperimetric conditions. In this section we assume that F,2 is 
an extremal are (not intersecting itself) satisfying the end conditions y, = 0 
and the transversality conditions (23.3). 

Let £‘(z) be a contravariant vector of class C* such that*®® 


v,(&) = Wuzi €'(a1) + Wusit' (22) = 0 


on the manifold y, = 0. The condition 
to ra 
Ii() = ge, E(t) + gait (22) + i {fat + fut} dt = 0, 
‘1 


where é' = 3,7", will be called a natural isoperimetric condition. It is satisfied 
by every extremal are which satisfies the conditions y, = 0 and the transversal- 
ity conditions (23.3), as one readily verifies. 

Consider now a set of m natural isoperimetric conditions 


(25.1) Ji(Ea) = 0 (a =1,---,m). 


Such a set will be called a minimal set for the extremal are Ej. if Ey. affords at 
least a weak minimum in the class of admissible arcs satisfying these m condi- 
tions (25.1), and if no proper subset of these conditions has this property. The 
set (25.1) will be called a proper set for E\, if the determinant 


| Je(Ea, £3) | 


is different from zero on Ej». In this case there exist infinitely many admissible 
ares satisfying the conditions (24.1) in every neighborhood of E,2, as follows 


from 
Lemma 25.1. Jf the set (25.1) forms a proper minimal set for E\2, for every 


admissible variation n‘(t) satisfying the conditions 

Joan) = 0 (a = 1, --:,m) 
there exists a one-parameter family of admissible arcs 

xi = ri(t, b) 
satisfying the conditions (25.1), containing E,2 for b = 0 and having 7° as its 
variations along Ey2. The derivatives x}, X14, Li5, Li 5, exist and are continuous 
except possibly at a finite number of points on tite. 


The proof is like that of Lemma 19.1. Let 9/(t) (y = 1, ---,m-+p) bea 
set of m + p admissible variations whose determinant 


Jo(Ea, ny) 
V,(n,) 








(25.2) 


8°In order to discuss the general case completely one must choose the functions ¢' of 
the form £(z, 2, 22). However, the functions (zx) are sufficiently general for the sep- 
arated end point case. We shall accordingly restrict ourselves to this simple case. 
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is different from zero on Ey. We substitute the functions 
x(t) + a,n() + bn) 


in equations (25.1) and y, = 0 and obtain a set of functions J,.(a, 6), (a, b) 
having J:.(0,0) = 0. The functional determinant of Jia(a, b), ¥,(a, b) with 
respect to the variables a, --- , d+, at (a, b) = (0, 0) is precisely the determinant 
(25.2) and is accordingly different from zero. The equations Jia(a, b) = 0, 
v,(a, b) = 0 have solution a, = A,(b) of class C’’, with A,(0) = 0. Moreover, 
if we differentiate the expression J;.[A(b), 6], we find, as in the proof of Lemma 
19.1, that A/(0) = 0. It follows that the family 


xi = x(t) + A,(b)n}O® + bn’ 


has the properties described in the lemma, as one readily verifies. 
The are Ej. will be said to satisfy the condition of Weierstrass if at each ele- 
ment (z, #) on Ej. the inequality 


E(x, %z,y) 20 
holds for every non-null set (y) # (kx) (k > 0), where 
(25.3) E(x, 4,4) = f(z, 9) — y'fu(a, 2). 


We have further 

TueroreM 25.1. Jf the set (25.1) forms a proper minimal set for the extremal 
Ey, and E\2 affords a strong minimum relative to neighboring admissible arcs satis- 
fying these conditions, then Ej, satisfies the condition of Weierstrass. 

This result follows at once from Theorem 22.1. For, if we consider our prob- 
lem as a non-parametric problem in (¢x)-space, the image of E,. must be a 
minimizing are for this problem and hence we have 


f(z, 9) — f(z, 4) — (y' — #fx(z, 4) 20. 


But this function is precisely the Z-function (25.3) since f = Z*f;;. 

The condition of Legendre has been defined in the last section. We now have 

TueroreM 25.2. If the set (25.1) forms a proper minimal set for the extremal 
arc Ej, then the condition of Legendre holds on Ey. If E,2 is non-singular, the 
strengthened condition of Legendre holds on Ej». 

This result follows from Theorem 25.1 in the same manner as Theorem 19.3 
follows from Theorem 19.2. 

TueoremM 25.3. If the set (25.1) forms a proper minimal set for E,2, the in- 
equality J2(n) = 0 holds for every set of admissible variations y* satisfying the 
conditions 


J(Ea,n) = 0 (a = 1,---,m). 


The proof is like that of Theorem 19.4 with the help of Lemma 25.1. 
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26. A fundamental theorem. In this section we shall establish an extended 
sufficiency theorem of apparently new type for the fixed end point case. This 
theorem will be useful in our final sufficiency theorems to be given in the next 
section. 

We begin with the notion of Mayer field. A Mayer field is a region § on our 
Riemannian manifold ® together with a set of contravariant vectors p‘(zx) 
with (p) # (0) and of class C’ on § such that the Hilbert integral 


I* = ffzlx, p(x)] dx 


is independent of the path in §. The solutions of class C” of the equations 
z* = p*(x) are called extremals of the field. Along such an extremal E we have 
I*(E£) = I(E), where 


t 


Pe [Pswaw. 


The following basic lemma is well-known and follows at once from the inde- 
pendence of the path of the Hilbert integral J*. The function F used in this 
lemma is, of course, the Weierstrass E-function (25.3). 

Lemma 26.1. Jf E is an extremal of a field § at each point of which the in- 
equality 


(26.1) Elz, p(x), t] > 0 


holds for every admissible set (x, z) # (x, kp) (k > 0), the inequality I(C) > I(E) 
holds for every admissible arc C in § joining the end points of E but not identical 
with E. 

An extremal F;, will be said to satisfy the strengthened condition of Weierstrass 
if at each element (x, #) on Ej2, the inequality 


(26.2) E(x, z,y) > 0 


holds for every non-null set (y) # (kz) (k > 0), where E is the Weierstrass E- 
function. The strengthened condition of Legendre has been described in §24. 

Lemma 26.2. If the extremal E2 satisfies the strengthened condition of Weier- 
strass and Legendre, the inequality (26.2) holds for every set (x, &) in a neighbor- 
hood N of those on E)2 and for all values of (y) # (kz) (k > 0). 

The proof of this lemma is well-known. 

We have the following analogue of Theorem 20.1: 

Lema 26.3. Jf an extremal arc Ej, satisfies the strengthened. conditions of 
Weierstrass and Legendre and has on it no point conjugate to its initial end point 1, 
there exists a neighborhood § of Ei. and neighborhoods Ni, Nz of the end points 
1 and 2, respectively, such that every extremal E in § with ends in Ni, Ne affords 
a proper minimum of the functional I in the class of admissible arcs in § joining 
its end points. Moreover, every sub-arc of E affords a proper minimum relative 
to admissible arcs in § joining its end points. 

For suppose the coérdinate system (x) has been chosen so that #°(t) > 0 
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along Ey». We may accordingly choose t = x° as the parameter for Ej. and 
and also for the neighboring extremals. These extremals will accordingly be 
the extremals for the non-parametric integral 


22 
r= F(z, y, y’) dz, 


1 
where (2°, z', --- , 2") = (2, m1, «++ , Yn) and 
F(z, y, y’) = f(r’, ore y 2%, 1, 2’, baat , 2"). 


The Legendre condition for the non-parametric integral is clearly the same as 
that for the parametric integral. Similarly, the conjugate points of 1 are the 
same for the two problems. Hence it follows from the proof of Lemma 20.1 
that there exist neighborhoods § of E:. and Ni, N2 of the ends of E\2 such that 
every extremal in § with ends in N;, N2 is an extremal of a Mayer field defined 
over §. Moreover, if § is taken sufficiently small the condition (26.1) will 
hold in each of these fields, by virtue of Lemma 26.2. The lemma now follows 
from Lemma 26.1. 

We come now to our fundamental theorem. We assume, of course, that 
E\2 does not intersect itself. 

THEoreM 26.1. Let Ey be an extremal are satisfying the strengthened conditions 
of Weierstrass and Legendre and let Ex be a sub-arc of E\2 having on it no point 
conjugate to its initial point 3. There exists a neighborhood § of E.2 such that Es 
affords a proper minimum of the integral I relative to admissible arcs in § joining 
its end points. 

In order to obtain this result, we choose a constant d so small that no sub-are 
of Ei. whose length does not exceed d has on it a pair of conjugate points. 
This can be done by virtue of the fact that the conjugate points of a given 
point are isolated. 

Let Po, Pi, «++ , Pos: be a set of successive points on Fj. such that the length 
of the sub-are P;P;,; does not exceed d. We may suppose the point P» lies a 
little to the left of the point 1 and P,,, lies a little to the right of the point 2 
and that for some value of k the points P;, Px, coincide with the points 3 and 4 
of the sub-are Ey in question. Through the points P; pass analytic manifolds 
7; cutting Ej, orthogonally. From Lemma 26.3 it follows readily that there 
exists a neighborhood ¥’ of Ei. such that not only Ey but also every extremal 
E in §’ with ends on the manifolds P;,, Pj» affords a proper minimum of J 
relative to admissible ares in §’ joining its end points but not crossing the 
manifolds passing through its end points. Let § be a neighborhood of Ei. 
interior to §’ such that every pair of points Q;, Qj: in § on the manifolds 
Tj, Tj41, respectively, determine an extremal segment £ in §’ with ends on the 
hyperplanes 7;, and wj;2. Let Ej be the segment of E between Q; and Qjx:. 
It is clear that E; affords a proper minimum to the integral J relative to ad- 
missible ares in §’ joining its end points but not crossing the manifolds 


TW j—1y W j+2- 














CONDITIONS IN CALCULUS OF VARIATIONS 271 


With the help of these preliminary constructions we can prove the theorem 
as follows. Let C be an admissible arc in § joining the end points of the sub- 
arc Ey. It is clear that the curve C crosses the manifolds 7; at most a finite 
number of times. If C does not cross the manifolds 7; and 7;,, which pass 
through the end points of Ey, then J(C) > I(£%), unless C = Ey, by virtue of 
the remarks made in the last paragraph. Suppose now that C crosses the 
hyperplane z,. Let wz, be the first manifold on the left which C does not 
cross. As the point P moves along the are C from the point 3 to 4 it will 
cross the manifold 7, at a first point Q, and will subsequently reach the mani- 
fold m,: at a first point Q,.:. Let C’ be the segment of C bounded by the 
Q, and Q,.: and let E be the extremal joining its end points. The are C’ is 
not identical with E, since otherwise C could not cross 7, at the point Qp. 
Hence we have /(C’) > J(£) according to the remarks made in the last para- 
graph. If now we replace the sub-are C’ of C by E, we obtain a new curve 
C, with I(C;) < I(C). The segment E of C; may not lie wholly in §, but this 
fact leads to no difficulties since the are C, crosses the manifolds 7; at points 
in §. It is clear that the are C; crosses 7, at most r — 2 times, where r de- 
notes the number of times the are C crosses 7,. By a repetition of this process 
to the are C;, and so on, we finally obtain a curve C, which does not cross 74. 
Proceeding in this manner we obtain next a curve Cy: which does not cross the 
manifold z,,;: and finally a curve C2 which does not cross the manifold 7, 
passing through the point 3 on Ey. Clearly 7(C2) < Z(C). In similar man- 
ner we may replace the curve C2 by a curve C; in §’ which joins the end points 
of E34 but does not cross either of the manifolds 7, or 7.42 passing through 
the end points of £3. We have accordingly 


I(C) > (C3) = I(Fi2) 


and the theorem is established. 

Corotuary. Every extremal sub-arc in §’ joining points in § lying on suc- 
cessive manifolds xj, 7,1 affords a proper minimum of J relative to admissible 
arcs in & joining its end points. 

The results described in Theorem 26.1 can be extended readily to the case 
in which Ey has pairs of conjugate points on it provided that its end points 
are not conjugate. This can be done by adjoining a suitably chosen set of 
natural isoperimetric conditions for the are EZ. The key point in the proof 
lies in the fact that we can choose these natural isoperimetric conditions to be 
identically zero on the left of the manifold 7; passing through the point 3 and 
on the right of the manifold 7,4; passing through the point 4. 


27. The existence of minimal sets. Consider now a set of natural iso- 
perimetric conditions 


(27.1) J (Ea) = Ja(Xi, 2) + [se z) dt = 0 (a = 1, tae m) . 
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Let F = f + Aafa and Ey(x, ¢, y) be the Weierstrass E-function formed for the 
function F. 

We shall need the following lemma which can be established by the usual 
arguments: 

Lemma 27.1. Jf an extremal arc Ej. satisfies the strengthened condition of 
Weierstrass and Legendre, there exists a neighborhood N of the values (x, %, i) 
on Ej. such that the inequality 


E\(z, Z, y) > 0 


is true for all values (x, %, \) in N and every non-null set (y) # (ke) (k > 0). 
Let 


iw [rot Nefe) dt 
ty 


and suppose that the are 2, satisfies the strengthened condition of Weierstrass 
and Legendre. With the help of the last lemma it is seen that the analogues of 
Lemmas 20.1 and 26.3 are true also for the functional J, with (A) in a neighbor- 
hood A of (A) = (0). Suppose now that Fy. be cut orthogonally by regular 
analytic manifolds mo, ™, ---+ , t+; as described in the proof of Theorem 26.1. 
By an argument like that used in the proof of Theorem 26.1 and its corollary 
one obtains the following 

LemMA 27.2. Under the above hypotheses there exist neighborhoods §' of E12 
and A of () = (0) such that every isoperimetric extremal arc E, in §’ with multi- 
pliers \q in A and joining a pair of points on successive manifolds x, and r+, 
affords a proper minimum to I, relative to admissible arcs in §' joining its end 
points. 

By the order of concavity of E\. will be meant the order of concavity of the 
second variation J2(m) along Ei2, The are Ej. will be said to be non-degenerate 
if the order of degeneracy of J2(n) along E;2 is zero. 

In the following theorem we assume that the end conditions y, = 0 are of the 


form 
Vay [x(t,)] = 0, Vag [x(te) = 0 (us = 1, c7e oe Ss n; k= 1, ***: .e Ss n). 


We assume further that Ly» is not tangent to these end manifolds and that the 
end points of Ey» are the only pairs of points on Ey» satisfying the conditions 
vy, = 0. 

THEOREM 27.1. Let Ej. be a non-degenerate extremal arc (not intersecting 
itself) satisfying the end conditions y, = 0 and the transversality conditions (23.3). 
Let r be the order of concavity and s the sum of the orders of the conjugate points 
of the point 1 between 1 and 2. If Ej. satisfies the strengthened conditions of 
Weierstrass and Legendre, there exists a set of m = r + s (and no fewer) natural 
isoperimetric conditions (27.1) such that E,. affords a proper strong minimum to J 
relative to neighboring admissible arcs satisfying the conditions y, = 0 and (27.1). 

In order to obtain this result, we suppose that the are Ej, is cut orthogonally 
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in points P;, --- , P, by regular analytic manifolds ™, --- , 2, as described in 
the proof of Theorem 26.1, replacing the manifolds 7, 741 by ¥,, = 0, ¥,. = 9, 
respectively. We shall denote the value of the parameter ¢ of Z,2 at the point 
P,, by ty and set to = th, T241 = te. We next select a minimal set 
J2(Ea, 7) = 0 (a = 1, ---,m) 

for the second variation J2(7) along Fiz. It is clear from Theorem 24.2 that the 
number of the conditions in this set is precisely equal to the desired sum r + s. 
We may suppose that the functions £3 (¢) are of class C*. 

Let {(t) be a set of broken accessory extremals having its corners at t = rT, 
such that 


(27.2) na(ta) = £5(rn) (h = 0,1,---,9+1). 
If necessary, we can modify the functions £/(¢) so that the inequality 

J2(nay 13)4ads < J2(Ea, Es)dads < 0 
holds for every set of constants (a) ~ (0). It follows that the determinant 
(27.3) | J2(nay 18) — J2(Eay Es) | 


is different from zero on Ej». 

Let ¢i(x) be a set of m = r + s functions of class C‘ on ® satisfying the con- 
ditions V,(é.) = 0 on the manifold y, = 0 and having £[z(t)] = &i() along Ey». 
The isoperimetric conditions obtained by substituting these functions in equa- 
tions (27.1) can now be shown to have the properties described in the theorem. 
In order to do so, let the equations of the manifolds 7, be given by 


(27.4) x = X*(bip, +++ , dar) (h=1,---,9), 
the parameters (b;,) = (0) defining the point P, on Ei2. Since the manifolds 
are regular, the determinant | aX“/db,, | is different from zero for (b) = (0) 
and for all h. It is clear also that end conditions y, = 0 are equivalent to 
conditions of the form 
(27.5) zi = x*(b, +++ , de) (s = 1, 2) 
with | x3" (0) | + 0 the end points of E,, being given by the values (6,) = (0). 
Let 
(27.6) x‘ = zi(t, bh, wae be, bu, satan, Buns Ay oe? s Am) (t, s t s te) 
be a (o + gn + m)-parameter family of broken isoperimetric extremals for the 
integral 

ts t 

h= [ran [ "G4 rfoa 
e + 


having its corners on the manifolds 7,, satisfying the conditions y, = 0, and 
containing E,. for (b, 4) = (0,0). We may suppose that this family has been 
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chosen so that 
xi(t,, b, A) = x*(b), xi(r,, b, A) = X*(b) (s = 1,2;h =1,---,@Q). 
It follows that if we set 4; = (8/Ad.)r‘(t, 0, 0), we have 
(27.7) Ai(rs) = 0 (h = 0,1,---,q+1). 
Moreover, if we substitute the functions z‘(¢, b, \) in the Euler equations 
Fy — (d/dt)Fyi = Pi + rake wPe + AaLilE.) = 0 


for J,, where P;, L; are defined by equations (23.1), (24.1), and differentiate with 
respect to Aq, it is found that for (6, 4) = (0, 0) we have 


Lila + Ea) = 0 


along Ey. The are ni = 4, + £(t) is therefore a broken accessory extremal 
satisfying the conditions (27.2) by virtue of equations (27.7). It follows that the 
functions differ from those described in the last paragraph by at most pz‘ with 
p(t,) = 0 (h = 0,1, --- ,g + 1) and hence can be taken as identical. By the 
use of equations (27.2) and the usual integration by parts it is found that 


J (Ea; ns) = J 2(na; ns) 
and hence that 


J2(Ea, na) = J (Ea, Es) 
J2(Na, ns) _ J (Ea, Es) ° 


J (Ea; fis) 


The determinant 


(27.8) | Ja(Ea, Ms) | 


is therefore equal to the determinant (27.4) and hence must be different from 


zero. 

When the family (27.6) is substituted in the functions J;(&.) a set of m func- 
tions J:e(b, \) is obtained having J:.(0, 0) = 0. Moreover, the functional 
determinant of J:.(b, \) with respect to Ai, --- , Am at (b, A) = (0, 0) is pre- 
cisely the determinant (27.8), and is accordingly different from zero. The 
equations Jia(b, \) = 0 therefore have solutions \z = Aa(b) of class C” with 
Aa(O) = 0. The family 


(27.9) xi = ri(t, b) = zx'‘[t, b, A(b)], Na = Aa(b) (4 StS t), 
of broken isoperimetric extremals satisfies the equations (27.1) and y, = 0 and 
contains Ej. for (b) = (0). Renumber the b’s, bj, --- , Densm. The variations 

ni = dx = x'b,(t, 0)db; (jg =1,---,qn+m) 


accordingly satisfy the conditions J2(t., 7») = 0 and W,(n) = 0. Hence 
J,(éxz) 20. Since Ei. is non-degenerate, the equality holds only in case 62‘ is 
of the form pz‘, where p(t;) = p(t2) = 0. But this is impossible unless p = 0 








———— 
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by virtue of the fact that the are £,,2 is not tangent to the manifolds z,. It fol- 
lows that when the functions z‘(t, 6) are substituted in the functional J the 
function ./(b) so obtained satisfies the condition J(b) > J(0) for (6) # (0) and 
sufficiently near (b) = (0) since dJ = 0, @J = J2(éx) > 0 at (6) = (0) for 
(db) ¥ (0). 

We are now in position to complete the proof of Theorem 27.1. Let §’ be 
a neighborhood of E,z. and A a neighborhood of (A) = (0) related to Ey. as in 
Lemma 27.2. Let § be a neighborhood of Fj, interior to §’ such that every 
set of g + 1 points in §, one on each of the manifolds (27.4), (27.5), determines 
a set of parameters (b) such that J(b) > J(0), (6) # (0), and such that the 
broken extremal of the family (27.9) determined by (6) is in §’ and A,(b) is 
in A. Consider now an admissible C in § and let Q, be one of the points in 
which the curve C cuts the manifold z,. The points Q, and the end values 
of E\2. determine a set of parameters (6), which in turn determines a broken 
isoperimetric extremal EF, of the family (27.9). Since the are E; passes through 
the points Q, on C and joins the end points of the are C, we have 


K(C) > K(k), 


unless C = E;,, the multipliers \. being those belonging to 2). Since the ares C 
and E, satisfy the conditions (27.1) and have the same end values, it follows 
from the last relation and the above remarks that 


J(C) = J (Ei) = J(b) = J(0) = J (E12) , 


the equality holding only in case C = Eis, as was to be proved. 

It is clear that none of the conditions (27.1) can be dropped, since otherwise 
J (Ea, n) = 0 could not be a minimal set for J2(n) along Ey. The set (27.1) 
accordingly forms a minimal set. From the above proof it follows readily 
that the set (27.1) forms a minimal set for Ey, if and only if the equations of 
variations J2(é., 7) = 0 form a minimal set for J2(n). Hence we have the 
following corollary. 

Corouuary. If a non-degenerate extremal arc E\:2 satisfies the strengthened con- 
ditions of Legendre, then the number of conditions in a minimal set is the same 
for every such set. 


28. More general natural isoperimetric conditions. In the fixed end point 
case and in the case of closed extremals it is possible to define natural iso- 
perimetric conditions of a very general type. In the fixed end point case 
we select a function H(z, #) of class C* such that 


(28.1) H(z, kt) = H(z,%)(k >0), Hx, %) = Haz, 9) 


for all non-null values of (#) and (y), where (z;) and (x2) are the coérdinates of 
the fixed points 1 and 2. Let £'‘(z, <) be a solution of the equations 


Hx = ffir. 
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The condition 
a 

(28.2) K(§) _ / (fat + (Hx = ES uk) a} dt = 0 
ty 


is a general natural isoperimetric condition. It is clear that this condition is 
satisfied by every extremal joining the points 1 and 2, since along such an arc 
we have 


K(§) = [ {dH /dt + [fa — (d/dt)fz]} dt = 0. 


If f(z, ) > 0 we can always choose the functions £' so that H = £*(x, £)f,i, at 
least in the non-singular case. The condition (28.2) can then be written in the 
simpler form 


J\(§) = J {fati + futia*} dt = 0, 


as one readily verifies. The natural isoperimetric conditions described in §25 
are of the special type in which the function H is of the form H = &*(z)fj:. 

It is clear that by the use of the general isoperimetric condition (28.2) mini- 
mal sets can be defined, as above, for a non-singular extremal are. More- 
over, the equation of variation of the equation (28.2) is expressible along Ei. 
in the form 


J2(E, n) = 0, 


where J2(é, 7) is the usual bilinear form for the second variation J2(n), and 
Ei = £[x(t), z(t]. It is understood, of course, that n‘(t:) = n*(t2) = 0. From 
this fact it follows readily that the theorems described in §§25 and 27 are still 
true in the fixed end point case if we replace the natural isoperimetric conditions 
there used by the more general conditions there defined. We have accordingly 
the following result. 

THEOREM 28.1. Jf the strengthened condition of Legendre holds on a non- 
degenerate extremal, the number of conditions in a minimal set of general iso- 
perimetric conditions is always the same, and is equal to the sum of the orders of 
the conjugate points of the point 1 on Ey. 

In the case of closed extremals general isoperimetric conditions can be defined 
as above by omitting the second condition (28.1). 

In the study of geodesics on a closed convex surface H. Poincaré showed that 
there is a shortest closed curve C on S which satisfies the condition 


(28.3) ff Kdo = 2x 


and that C is a geodesic. Here K denotes the Gaussian curvature of S and the 
integral is taken over one of the regions bounded by C. This condition can be 
transformed into one of the type here described. In fact, if we use isothermal 
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coordinates (x, y) (x being an angle of period 27) so that the element of are 


becomes 
ds? = \*(dx* + dy’), 


condition (28.3) can be shown to be equivalent to a condition of the form 
[ {(A,2” — A.y’)/A — 2} dt = 0. 
a 


This is a natural isoperimetric condition defined by the function 


H = arc tan (y’/x’) — x. 


V 
The case of multiple integrals 


Many of the results described in the preceding pages can be extended at 
once to multiple integrals. A complete theory for multiple integrals is not to 
be expected since such a theory does not exist even for the classical minimum. 
However, by the use of natural isoperimetric conditions one can go a long way 
towards a complete classification of extremals which do not satisfy the Jacobi 
condition. To illustrate this theory we shall use the non-parametric double 
integral problem.*! 


29. The double integral problem. Let A be an open region in the zy-plane 
bounded by a simply closed continuous are C. Let S be a surface defined over 
A + C by an equation of the form 


(29.1) z = 2(7, y) [(x, y) on A + C]. 


In the following pages we shall be concerned with the classification of the ex- 
tremals of an integral of the form 


J= [ [te uer0 dedy, 


A 


where p = 02/dx,q = 02z/dy. 

The function f(z, y, z, p, g) is assumed to be of class C‘ in a region ® of 
points (x, y, z, p, g). We shall suppose that the boundary C of A is composed 
of a finite number of regular sub-ares. A surface S will be called a regular 
surface if the are C bounding A in the zy-plane is regular and the function 
z(z, y) is of class C’, or if it is composed of a finite number of partial surfaces 
having these properties. 

By an admissible surface will be meant a regular surface, all of whose elements 
(x, y, Z, p, g) are in R, and which passes through a fixed curve L. The curve L 


*! In this part free use has been made of the unpublished lectures on multiple integrals 
given by Bliss at the University of Chicago, summer, 1933. 
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is assumed to be a simply closed continuous curve composed of a finite number 
of regular sub-ares, and having the boundary C of A as its projection in the 
ry-plane. 

The Euler equations of the integral J are the equations 


f. — (0/ax)f, — (d/dy)f, = 0. 
A solution (29.1) of these equations of class C’” with elements (2, y, z, p, q) in R 


will be called an extremal surface. 


30. The accessory problem. Along an extremal surface S the second varia- 
tion of J is expressible in the form 


J2(n) = IJ 2w(zx, Y, 2, Ney My) ar, 
A 


where 
Qn = fern + 2fep Me + 2 fea 2% +S pp 1: + 2S vq Mey + Sea 1; - 


A variation n(x, y) will be termed admissible if it is a regular surface vanishing 
on the boundary C of A. The Euler equations for this integral are the equations 


L(y) = w, — (0/dr)o,, — (8/dY) ny =0, 


and will be called the accessory equations. A solution of class C’’ of these equa- 


tions will be called an accessory extremal. 
The quadratic functional J2(n) has associated with it a bilinear functional 


J (&, n) = II Qs, n) dx, 


Q(E, 2) = bey + Ervye + Evry. 


If the function £(z, y) is of class C’”’ and vanishes on the boundary C of A, the 


where 


condition 

J2(&, n) = 0 
will be called a natural isoperimetric condition for the functional J2(n). It is 
satisfied by every accessory extremal n(x, y), since by the use of Green’s theorem 
it is found that in this case 


J2(§ ) = [ E(w,, dy — w,, dr) = 0. 
Conversely, a variation (x, y) of class C” which satisfies all natural iso- 


perimetric conditions is an extremal surface. This follows from the funda- 
mental lemma, since now we have 
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J2(é 1) = // L(n)& dx dy + [ x. dy — w,, dx) = II L(n)§ dx dy = 0 


for every set of admissible variations & of class C’”’. 
Consider now a set of natural isoperimetric conditions 


(30.1) J (Es, n) = 0 (8 = 1, Ht m). 
The Euler equations of J2 subject to the conditions (30.1) are the equations 
L(n + wsés) = 0, us = 0. 


A solution 7, u of these equations of class C”’ will be called an ‘soperimetric 
extremal. 

The set of conditions (30.1) will be called a proper set of natural isoperimetric 
conditions if the determinant 


| Je(Eay £3) | (a, B= 1, sharia ife m) 
is different from zero. 
Lemma 30.1. Jf the set (30.1) ts a proper set of natural isoperimetric conditions, 
every isoperimetric extremal ;:, us satisfying these conditions has us = 0. 
For, by the use of Green’s theorem, and from the fact that & = 0 on the 
boundary C of A, it is found that 


J2(Ea, 1) = /| Eql.(n) dx dy = —us J [eotcen dx dy = —J2(a, &s)us = 0, 
A A 


and hence that us = 0, as was to be proved. 

The set of conditions (30.1) will be called a minimal set for Jo(n) if the in- 
equality J2(n) 2 0 is true for every admissible variation n(x, y) satisfying the 
conditions (30.1), and if no proper sub-set of these conditions has this property. 

THEOREM 30.1. Jf the set (30.1) is a minimal set, there exists a proper minimal 
set composed of the same number of natural isoperimetric conditions. 

This result can be proved by the methods in §3 used in the fixed end point 
case for simple integrals. In a similar manner we obtain further results. 

Tueorem 30.2. Jf the set (30.1) forms a proper minimal set, the inequality 


(30.2) J (Ea, £3)AaQg <0 (a, B _ 1, a oe m) 


is true for every set of constants (a) # (0). Conversely, if the set (30.1) forms 
a maximal set of natural isoperimetric conditions such that the conditions (30.2) 
hold, the set (30.1) forms a minimal set. 

THEOREM 30.3. The number of conditions in a minimal set of natural iso- 
perimetric conditions is the same for every such set. 

In view of the last theorem we may define the type number of the functional 
J2(n) to be equal to the number of isoperimetric conditions in a minimal set, if 
such a set exists. If there is no minimal set, the type number of J2(n) will 
be said to be infinite. 
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TueoreM 30.4. Jf the set na(z, y) (a2 = 1, ---,m) forms a set of m ad- 
missible variations satisfying the conditions 


(30.3) J (Na, n3)Qag <0 (a, 8 _ 1, oT oe m) 


Sor every set of constants (a) # (0), the type number of J. is at least m. If these 
functions form a maximal set of such variations, the type number of J2 is equal to m. 
This follows at once from Theorem 30.2, since the functions a(x, y) can be 
replaced by admissible variations £.(x, y) of class C’’ without disturbing the 
inequality (30.3). 
The condition of Legendre on a surface S will be said to hold if the inequality 


Q(x, y, 0) = fpp COS? 0 + 2fn_ cos O sin 6 + fy sin? @ = 0 


is true on S for every constant @. If the inequality sign is excluded, the strength- 
ened condition of Legendre will be said to be satisfied on S. 

TuHeoremM 30.5. If the type number of J2(n) is finite, the condition of Legendre 
holds on the extremal S. Moreover, if the expression fyyfyqg — f7, is different from 
zero on S, the strengthened condition of Legendre holds on S. 

To prove this let m be the type number of J2(), and suppose the theorem 
is false. Then at some point (xo, yo) and for a particular value 6) we could 
have Q(2xo, yo, 9%) <0. In fact, there would exist m + 1 points Pa = (Xa, Ya) 
(a = 0,1, --- , m) such that 


Q(Lay Yay 9) <0 (a = 0, 1, ---,m). 


With each of these points P, as a center we could describe a set of m + 1 
circles h, in A which do not intersect. By the methods used by Mason® we 
could construct a set of m + 1 admissible variations 7.(z, y) having ne = 0 
outside the circle h, and having J(n.) < 0. It would follow that 


J2(Na, Na) < 0, J (na; na) = 0 (a ~ Ba, B= 0, 1, oer ie m), 


and hence that the type number of J2(n) would be at least m + 1, by Theorem 
30.4. From this contradiction we infer the truth of Theorem 30.5. 

A continuous curve C composed of a finite number of regular sub-ares will 
be called a conjugate curve if there exists an accessory extremal n(x, y) having 
» = 0on C but not both 7, = 0, n, = OonC. 

We have the following interesting theorem concerning these curves. 

THEOREM 30.6. Suppose the strengthened condition of Legendre holds on the 
extremal surface S. If the type number m of the functional J2(n) on S is finite, 
the number of curves in any set of non-intersecting conjugate curves cannot exceed m. 

To prove this let C. (a = 1, --- , p) be a set of non-intersecting conjugate 
curves and 7.(x, y) be the corresponding accessory extremals having nz = 0 
on C, and (naz, Nay) # (0,0) on Ca. Let Pa = (Xa, Ya) be a point on Cy, at 
which (naz, Nay) ~ (0,0). With P, as a center, describe a circle h, which does 


32 See Bolza, Vorlesungen tiber Variationsrechnung, pp. 673-5. 
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not intersect the curves C3(8 # a). Let ua(z, y) be an admissible variation 
which is identically zero except on the circle h,, and is such that 


(30.4) [ Ualwye(na) dy — wy, (na) dx] ¥ 0. 


Such a function surely exists, since otherwise the expression 


Wy2(Na) dy — Woy (Na) dx = (fop naz + foatay) dy — (Soa Naz + Soanay) ax 


would be identically zero, by virtue of the fundamental lemma in the calculus 
of variations. Moreover, on C, we have 


Naz 1x + Nay dy = 0, 


since ne = O0onC,. But these relations and the Legendre condition would imply 
that (naz, Ney) = (0,0) at Pa, which is not the case. The functions u(x, y) 
accordingly can be chosen as described. 

As a next step in the proof of Theorem 30.6 we set 72 = na Within C, and 
identically zero elsewhere. By the use of Green’s theorem it is seen that 


J (fa) = II Q(na, Na) dx dy 


= [ Nal&yz( Na) dy 7 Way (Ma) dz] = 0, 


where A, denotes the region bounded by C.. If now we set ga = fla + bata 
(a not summed), it is found that 


Jolt) = Joa) + bad 2(ha, Ua) + bE S2(Ue) 
Qbad 2(fay Ua) + 62 Jo(Ua) (a not summed). 


By the use of Green’s lemma again one sees that J2(f2, Ua) is equal to the ex- 
pression (30.4). We may accordingly choose b, such that J2(é.) < 0. We 
shall now prove that J2(é.2, §s) = 0 (a # 8). This result is clearly true if the 
curve Cz does not lie in the region A, bounded by C,. If Cg is within Aq we 
have 


J (Ea; fs) - J (Ea fis) + hg Joa, Ug). 


By the usual integration by parts it is seen that 


Jo(Ea, Hs) = | [ 2% ns) dx dy 
Ag 


= I/ np Léa) dx dy + [ nal@r2 (Ea) dy ia Wry (Ea) dz] = 0. 
Ag 6 
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Similarly, we have /2(&., 73) = 0, and hence J2(&., &3) = 0 in this case also. 
We have accordingly 


Jo(Ea, a) < 0, Je(Ea, &3) = 0 (a = Bja,B=1,---,p). 


It follows from Theorem 30.4 that p cannot exceed the type number m of J2(n), 
as was to be proved. 

It is clear that this last result can be extended to sets of conjugate curves 
which may have points or sub-ares in common. 


31. The existence of minimal sets. We shall now show that under certain 
conditions, which are known to be satisfied in many cases, the type number of 
the functional /2(») is finite. We assume that the boundary C of A is regular, 
and that the strengthened condition of Legendre holds. 

The accessory boundary value problem is given by the system 
(31.1) L(u) = ou, u=0onC. 

A value of o for which this system has a solution (u) # (0) of class C” on A 
will be called a characteristic root, and the corresponding function u(z, y) will 


be called a characteristic solution. 
Suppose now that there exists a sequence of characteristic roots 


(31.2) mSe285--- 30,8 
with lim o, = * and a sequence of corresponding characteristic solutions 
n--2o 
U1, Ua, +++ y Uny oe? 


such that every function »(z, y) of class C’’ with » = 0 on C can be expressed 
by a uniformly convergent series in the form 


(31.3) n(x, y) = } a CyUg, 
k=1 
where the c’s are constants. We suppose further that 


(31.4) II u;u, dx dy = bx [6,= 1,64 =0( #k)). 


An immediate consequence of this assumption is that 


(31.5) — | / — 
A 


as one readily verifies by multiplying the equation (31.3) by u; and integrating 


term by term. 
TueoreM 31.1. Let m be the number of negative characteristic roots in the 
sequence (31.2). If we set £4 = Ua (a = 1, --- , m), the inequality 


(31.6) J2(Ea, &3)aads < 0 (a, 8 = 1,---,m) 
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holds for every set of constants (a) # (0). Moreover, J2(n) = 0 for every ad- 
missible variation (x, y) having n = 0 on C and satisfying the conditions 


(31.7) J2(Ea, 1) = 0 (a = 1, ---,m). 


To prove this we first note that by integration by parts we have 
(31.8) J2(Ea, 0) = // nL(Ea) dx dy _ c.| | Ean dx dy , 
A A 


since §. = Ua. It follows from equations (31.4) that 
J (Ea, fa) =a < 0, J2(Ea; £3) = 0, 


and hence that the condition (31.6) is satisfied. 

Consider now a surface 7(z, y) of class C’” having 7 = 0 on C and satisfying 
the conditions (31.7). Such a surface is expressible in the form (31.3). The 
first m constants in this expression are all zero, since 


C= lI néa dx dy = (1/ea)J (Ea, n) = 0 (a not summed). 


If now we multiply the series (31.3) by L(y) and integrate, we find that 


I/ nL(n) dx dy = } > Ck I uz L(m) dx dy. 


From this expression we see by integration by parts and the use of equations 
(31.1) and (31.5) that 
J(n) = > o,C; 20. 
k=m+1 


The equality holds only in the case 


N = CmiiUmy + +++ + CmpsUmis, 


where Omii = +--+ = Omis = 0, Omisi1 > 0. This proves the theorem for sur- 
faces 7 of class C’’. 

In order to show that the theorem holds for all admissible surfaces vanishing 
on C, we note that every such surface (zx, y) is a limit of a sequence of ad- 
missible surfaces n,(z, y) of class C’. Let us, be a set of constants satisfying 
the conditions 

Tabak = J2(ta, Ea)use = J2(Ea, 1). 
From this equation we see that lim ys, = 0 if 7 satisfies the conditions (31.7). 


k—2 
It follows that the sequence n; — £ us, satisfies the conditions (31.7), has 
Jo(ni — Esusx) 20 (kK = 1,2,---), 


and has n(z, y) as its limit. Hence J2(n) = 0, as was to be proved. 
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CoROLLARY. The set (31.7) forms a minimal set, and the type number of J2(n) 
is equal to m. 


32. Natural isoperimetric conditions in the general case. We shall now re- 
turn to the functional J described in §29. If &(z, y) is an admissible variation 
of class C’’, the condition 


I® = | | Ef. + bafy + bfal dx dy = 0 
A 


will be called a natural isoperimetric condition. This equation is satisfied by 
every extremal S, as can be seen by the use of Green’s theorem. Conversely, 
every admissible surface of class C” which satisfies all natural isoperimetric 
conditions is necessarily an extremal surface. This result is readily obtained 
by the use of Green’s theorem and the fundamental lemma for double integrals 
in the manner described in §30. 

Consider now a set of m natural isoperimetric conditions 


(32.1) Ji(&s) = 0 (8 = 1, cial m). 


Such a set will be called a minimal set for an extremal S if S affords a weak 
minimum to the integral J relative to neighboring admissible surfaces satis- 
fying the conditions (32.1), and if no proper sub-set of these conditions has 
this property. The conditions (32.1) will be said to form a proper set of natural 
isoperimetric conditions for S if the determinant 


(32.2) | Ja(Ea, Es) | 


is different from zero on S. In this case there are infinitely many admissible 
surfaces satisfying the condition (32.1), as can be seen from the proof of the 
following theorem. 

TuHeoreM 32.1. If the set (32.1) forms a proper minimal set for an extremal 
surface S, J2o(n) 2 0 on S for every set of admissible variations n satisfying on S 
the conditions 


(32.3) J (Ea n) = 0 (a = 1, Se m). 
To prove this let z(z, y) be the function defining the surface S, and n(z, y) 


be an arbitrary admissible variation satisfying the conditions (32.3). When 
the function 


(32.4) 2(z, y) + Gaka(z, y) + bn(z, y) 


is substituted for z in J;(&.), a set of m functions Ji.(a, b) is obtained, for 
which J;.(0, 0) = 0. Moreover, the functional determinant of J:.(a, b) with 
respect to the variables a), --- , a, at (a, b) = (0, 0) is the determinant (32.2), 
and is accordingly different from zero. It follows that the equations 
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Jia(a, b) = 0 have solutions ag = A4q(b) of class C’ with A,(0) = 0. By differ- 
entiating the identity 


JialA(b), b] = 0 
with respect to b it is found that for b = 0 
0= J 2(Ea, £3) 5(0) + J (Ea, n) = J2(Ea; 3)A3(0), 


and hence that A;(0) = 0. It is clear that the one-parameter family of ad- 
missible surfaces 


z(z, y, b) = 2(2, y) + Ao(b)Ea(z, y) + bn(z, y) 


satisfies the equations (32.1), contains the extremal S for 6 = 0, and has 
z(z, y, 0) = n(z, y). It follows that the function J(b) obtained by substi- 
tuting this family in the functional J satisfies the relation J(b) = J(0), since 
the set (32.1) forms a minimal set for S. We have, accordingly, J’(0) = 0, 
J” (0) = J2(n) = 0, as was to be proved. 

THEOREM 32.2. If the set (32.1) forms a proper minimal set for an extremal S, 
the condition of Legendre holds on S. 

This result follows at once from Theorems 32.1 and 30.5. 

A surface S will be said to satisfy the condition of Weierstrass if at each ele- 
ment (z, y, Z, Zz, Zy) on it the inequality 


E(z, y, 2, 22; 2y, Pp,» gq) 2 9 
is true for every admissible set (x, y, z, p, q), where 
E = f(x, y, 2, P,Q) — S(2y Ys 25 Ze) 2) — (PD — Ze)fp(Z, Ys 2, 22s 2y) 
— (@ — 22)fa(X, Ys 2, 22 2y)- 


THEOREM 32.3. Suppose the set (32.1) forms a proper minimal set for an 
extremal surface S. If S affords a strong minimum relative to neighboring ad- 
misstible surfaces satisfying the conditions (32.1), the condition of Weierstrass holds 
on S. 

In the case that S forms a minimum in the classical sense the theorem is 
usually proved by showing that if the Weierstrass condition fails to hold at 
some point on S, there exists a one-parameter family of surfaces n(z, y, b) which 
is well defined for b = 0, contains S for b = 0, and is such that J’(0) < 0 for 
the function J(b) obtained by substituting this family in the integral J.4 We 
shall use this fact to establish the more general theorem here given. 

By an argument like that used in the proof of Theorem 32.1 it is readily 
seen that there exists a set of functions A.(b) of class C’ for b = 0 such that 
the family of admissible surfaces 


z(z, y, b) = 2(z, y) + Aa(b)Ea(z, y) 


% Bliss, loc. cit. 
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is well defined for 6 = 0, satisfies the conditions (32.1), and contains S for 


b = 0. If now we substitute the functions z + a.&. for z in the integral J, a 
function J(a, b) is obtained such that 


J{A(b), b] = J(O, 0) 


for 6 = O and sufficiently near zero. It follows that we must have 

Joa(0, 0)AL(0) + J,(0, 0) = 0. 
The values J,,,(0, 0) are the values of the functions J;(£.) on S and hence are 
zero. Hence we have J,(0, 0) 2 0. But J,(0, 0) is equal to the derivative 


J'(0) of the function J(6) described in the last paragraph and is accordingly 
negative. From this contradiction we infer the truth of Theorem 32.3. 


HARVARD UNIVERSITY. 














THE NEIGHBORHOOD OF A SEXTACTIC POINT ON A PLANE CURVE 
By Ernest P. LANE 


1. Introduction. In recent years projective differential geometers have mani- 
fested increasing interest in the neighborhoods of singular elements. For ex- 
ample, in studying the neighborhood of an ordinary point on an analytic plane 
curve, inflexion points are usually excluded from consideration as singular. How- 
ever, Bompiani has constructed a theory' of the neighborhood of an inflexion 
point on a plane curve, which has found fruitful applications in some work? of Su, 
and also in a recent paper* of the author. 

An inflexion point on a plane curve being defined as usual to be a point where 
the curve possesses a unique tangent having precisely three-point contact, the 
singularity which naturally presents itself next for consideration is the sextactic 
point, which is defined to be a point where the curve possesses a unique tangent 
having precisely two-point contact, and also possesses a proper osculating conic 
having precisely six-point contact with the curve. So at a sextactic point the 
osculating conic hyperosculates the curve in the same sense as does the inflexional 
tangent at an inflexion point. 

In this note a brief study is made of the neighborhood of a sextactic point. In 
§2 a canonical power series expansion is deduced which represents an analytic 
plane curve in the neighborhood of a sextactic point on it. In §3 are found 
some applications of this expansion. 


2. Canonical power series expansion. Let us establish a projective codér- 
dinate system in a plane, in which a point has non-homogeneous coérdinates 
xz, y and homogeneous coérdinates 21, 22, 23, connected by the relations x = x2/x, 
y = 23/2. The context will show in any instance which coérdinates are being 
used. Then let us consider a curve C which, in the neighborhood of a point 
O(b, c) on it, can be represented by a power series expansion of the form 


(1) y —¢ = a(x — b) + ar(x — 6)? + asx — bP + ---. 


By suitable choice of the coérdinate system this expansion can be very much 
simplified, and it is the purpose of this section to carry this simplification as far 


Received June 6, 1935. 
1E. Bompiani, Per lo studio proiettivo-differenziale delle singularila, Bollettino dell’ 


Unione Matematica Italiana, vol. 5 (1926), p. 118. 
2 B. Su, On certain quadratic cones projectively connected with a space curve and a surface, 
Tohoku Mathematical Journal, vol. 38 (1933), p. 233. 
3E. P. Lane, Plane sections through an asymptotic tangent of a surface, Bulletin of the 
American Mathematical Society, vol. 41 (1935), p. 285. 
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as possible, the result being a canonical form for the expansion representing a 
plane curve in the neighborhood of a sextactic point. 

It is well known‘ that if the vertex (1, 0, 0) of the triangle of reference is taken 
at the point O, then’ = c = 0. Furthermore, if the side y = 0 of the triangle 
coincides with the tangent of the curve C at O, then a, = 0. If the vertex 
(0, 0, 1) is on the oseulating conic of C at O, and if the side x = 0 is the polar 
line of the vertex (0, 1, 0) with respect to the osculating conic, then a; = a, = 0. 


Finally, if the unit point is on the osculating conic, then a. = 1. The 
equation (1), after these simplifications, becomes 

(2) y = 2? + asx? + agx® + se, 

and the equation of the osculating conic is 

(3) y= 2°. 


The coérdinate system is now determined except for the actual position of the 
vertex (0, 1, 0) on the tangent, and that of the unit point on the osculating conic. 

It is evident that necessary and sufficient conditions that the point O be a sextac- 
tic point, as defined above, on the curve C are as = 0,a, # 0. Let us suppose from 
now on that these conditions are satisfied, and write as = a, so that equation 
(2) becomes 


(4) y = 2? + ax’ + ax’ + asx? + --- (a ~ 0). 


It will be useful to consider the cubic curves having contact of various orders 
with the curve C at the point O. The equation of the cubics having six-point 
contact with C at O is found by writing the most general equation of the third 
degree in z, y and demanding that this equation be satisfied identically in x as 
far as the terms in 2° by the power series (4) for y; the result can be written in 
the form 


(5) (yy —2)(1+Fre+Gy)+Hy=0, 


where F, G, H are arbitrary constants. It is obvious geometrically that each 
one of this three-parameter family of six-point cubiecs has a sextactic point at 
O. Moreover, the tangent, y = 0, at O meets each of these cubics in the cor- 
responding tangential of O, namely, the point (—F, 1, 0). This point is an 
inflexion point on any one of the six-point cubies through it, the equation of the 
corresponding inflexional tangent being 


(6) 1+ Fr + Gy =0. 


It is easy to show that the cubies (5) having seven-point contact with the 
curve C at the point O are characterized by the condition 


(7) H = —-a, 


‘Lane, Projective Differential Geometry of Curves and Surfaces, University of Chicago 
Press, 1932, p. 14. 
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and that for the eight-point cubics the condition is 
(8) F= —a;/a ° 


It follows that the tangent, y = 0, meets all the eight-point cubics in the same tan- 
gential point (a;, a, 0). But the point distinct from O at which all the eight- 
point cubics intersect is habitually called the Halphen point of O. Thus we 
have proved the following theorem. 

The Halphen point corresponding to a sextactic point O of a plane curve C is the 
tangential of O with respect to every one of the one-parameter family of eight-point 
cubics of C at O. 

The position of the vertex (0, 1, 0) on the tangent, y = 0, will now be pre- 
scribed by taking it to be the Halphen point. Then a; = 0. Therefore F = 0, 
and the equation of the eight-point cubics becomes 


(9) (y — x?) (1+ Gy) —-ay¥=0, 


where G is an arbitrary constant. It is worthy of note that the only eight-point 
cubic with a double point at the point O is composite, its two components being the 
tangent line and the osculating conic. Moreover, there is only one non-composite 
eight-point cubic with the property that its inflerional tangent, 1 + Gy = 0, at the 
Halphen point is tangent to the osculating conic, y = x*; the equation, 


(10) y—2z?—ay=0, 


of this cubic is obtained by setting G = 0 in equation (9). Finally, the line x = 0 
is the harmonic polar of the Halphen point (0, 1, 0) with respect to every one of the 
eight-point cubics. 

Among the eight-point cubics (9) is the osculating, or nine-point, cubic. De- 
manding that equation (9) be satisfied identically in x as far as the terms in 2* 
by the series (4) for y, with a; = 0, we find the value of the parameter G for the 
osculating cubic: 


(11) Ga -a/6. 


The equation, a — asy = 0, of the inflexional tangent of the osculating cubic at 
the Halphen point shows that the following theorem is true. 
The inflexional tangent of the osculating cubic at the Halphen point is tangent to 


the osculating conic if, and only if, ag = 0. 
Let us suppose hereinafter that ag ~ 0. Then the inflexional tangent of the 
osculating cubic meets the osculating conic, y = x*, in the two points 


(=). 


The characterization of the coérdinate system will now be completed by taking 
one of these points for the unit point. Then ag = a, and we have reached the 
desired canonical form of the equation (1). Some of the results of this section 
are contained in the following summary. 
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By suitable choice of the projective coérdinate system the expansion representing a 
plane curve C in the neighborhood of a sextactic point O which is not a singularity of 
any higher type can be reduced to the form 
(12) y = 2? + ax’ + ar? + ayr® + apr” +... (a #0). 


The equations of certain elements are as follows. 
The tangent of C at the sextactic point O(0, 0) is 


(13) y= 0. 
The osculating conic of C at O is 
(3) y=2. 
The osculating cubic of C at O is 
(14) (y—2*)(L—y)-—ay=0. 


The inflexional tangent of the osculating cubic (14) at the Halphen point (0, 1, 0) 
is 

The lines from O to the intersections (+1, 1) of the osculating conic (3) and the 
inflexional tangent (15) are 


(16) y= +r. 


3. The neighborhood of a sextactic point. The canonical expansion (12) 
and other results of the preceding section will now be used to study more in- 
tensively the neighborhood of a sextactic point on a plane curve. 

First of all, by means of equation (14) it is easy to show that the equation of 
the polar conic of the sextactic point O(0, 0) with respect to the osculating cubic 
(14) is 
(17) Q—-2-—-y=0. 

It follows that this conic passes through the points (+1, 1) previously character ized. 

By direct calculation the equation of the Hessian of the osculating cubic (14) 
is found to be 
(18) (1 — y) [y(1 + 3ay) — 2x? + (1 — y)*] + 2°71 + (Ba — 1)y] = 0. 


Hence the inflexional tangent, y = 1, of the osculating cubic at Halphen point 
(0, 1, 0) is tangent to the Hessian at the point (1, 0, 1) and intersects the Hessian 
also at the point (0, 1,0). The equation of the inflexional tangent of the Hes- 
sian at the Halphen point is 


(19) 1 — (3a + ly = 0. 


If we write the most general equation of the fourth degree in z, y lacking, 
however, the terms of the second and lower degrees, and if we then demand 
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that this equation be satisfied as far as the terms in x” by the power series (12) 
for y, we find that there exists a unique eleven-point quartic with a triple point at 
the sextactic point O. In fact, the equation of this quartic is found to be 


(20) (y? — 2°) y — 2) + ay = 0. 


One branch of this curve passes through the point O tangent to the line y = z; 
another passes through O tangent to the line y = —z; the third branch has nine- 
point contact with the curve C at the point O, its tangent at O being, of course, 
the line y = 0. 

Let us denote the left member of equation (20) by Q(z, y), so that 


(21) Q(z, y) = (y? — 2’) y — 2?) + ay. 

If the power series (12) is substituted for y in the polynomial Q(z, y), the result 
to terms of degree thirteen is 

(22) Q(z, y) = —agx" — (ay — 4a? — a)z® — (an — ay)x® 4+ ---. 


It is important to observe in subsequent calculations that the eleven-point quartic 
(20) with a triple point at the sextactic point O of the plane curve C hyperosculates C 
if, and only if, aa = 0. We shall suppose hereinafter that a, ¥ 0. 

Procedure analogous to that used in obtaining equation (20) enables one to 
calculate the equation of the unique fourteen-point quintic with a quadruple point 
at the sextactic point O of the plane curve C: 


(23) ao[(z* — xy? — agy*/a) (y — 2°) — azxy‘] + (aw — 4a* — a)yQ(z, y) = 0. 


Let us now consider quartic curves with a double point at the sextactic point O. 
The equation of the two-parameter family of eleven-point quartics with a double point 
at the sextactic point O of the plane curve C is 
K[x(1 — y — aya/a) (y — 2*) — ary® + ayy’ 

+ Lily — x’)? + MQ(@z, y) = 0, 
where K, L, M are arbitrary constants. If K = L = 0, M #0, this equation 
reduces to equation (20). If K = M = 0, L ¥ 0, we get the osculating conic 


counted twice. The equation of the one-parameter family of twelve-point quartics 
with a double point at O is found to be 


K[(z@ — ry — agy?/a) (y — x”) — azy® + (ai — 3a? — a)Q(z, y)/as] 
+Liy —2)?=0. 


(24) 


(25) 


If L = 0, K # 0, this is the unique twelve-point quartic with the lines x = 0 and 
y = 0 for nodal tangents at the point O. If K = 0, L ¥ 0, we see that the unique 
twelve-point quartic with coincident nodal tangents at the point O is composite, 
consisting of the osculating conic counted twice. Finally, the equation of the unique 
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thirteen-point quartic with a double point at the sextactic point O of the plane curve C 

is R(x, y) = 0, where R(x, y) is defined by placing 

(gg) B19) = © — 29 — a /0) & — 24) — axy'+ (on — 36° — @)QG, 9) /t 
6 


2/q2 


— [ay — 2ay — (ay — 3a? — a) (ay — 4a2 — a)/ay] (y — 2x*)?/a?. 
In fact, on substituting the power series (12) for y in the polynomial R(z, y), we 
find, to terms of degree thirteen, 
(27) R(z, y) = Ar®4+..-., 
where A is defined by the formula 
(28) A = a2 — ay — a;/a — 4a? — (ay;/a9 — 1) (ay — 3a? — a). 


Let us now drop the restriction that each of the quartic curves under considera- 
tion must have a singular point at O. By direct calculation we find that the 
equation of the one-parameter family of quartics having thirteen consecutive points 
in common with the curve C at the sextactic point O is 


H [2 oe ry + (* aaa + 2a — 1) y= — (2s _ 1) =| — z*) 
rt a ag a ag 


(29) — ary +a (2 _ 2) y* -(4 fe _ 1)iy a “| 
9 


9 
+ KR(z, y) =0, 
where A is defined in (28) and R(z, y) in (26), while H, K are arbitrary constants. 


Among the thirteen-point quartics (29) is the osculating, or fourteen-point, quartic 
for which the ratio of the constants H, K has the value given by 


(30) Hlays + 2ay — ay(1 + a) — aj, /a9 — 2 agay/a] + AK = 0. 


Equation (27) shows that if A = 0 the quartic R(x, y) = 0 is the osculating 
quartic, which therefore has a node at O. 


UNIVERSITY OF CHICAGO. 

















ON CRITERIA FOR FOURIER CONSTANTS OF L-INTEGRABLE 
FUNCTIONS OF SEVERAL VARIABLES 


By CuHarites N. Moore 


1. Introduction. In a note published in the Proceedings of the National 
Academy of Sciences I have given for Fourier constants of a function of one 
variable a criterion which includes several previously known criteria.! In a 
paper presented to the American Mathematical Society in December 1933 I 
obtained an analogous criterion for Fourier coefficients of functions of two 
variables.” 

The criterion in the case of functions of one variable was also obtained inde- 
pendently by Cesari,* who more recently has formulated for the case of functions 
of one variable a more general criterion which includes the previous one and a 
variety of other interesting special cases.‘ It is the purpose of the present paper 
to obtain an analogous criterion for functions of several variables. For the sake 
of simplicity we shall give the detailed discussion only for the case of two varia- 
bles, as the extension to the more general case is fairly obvious. 


2. Terminology. We are given two doubly infinite sets of constants Ama, 
Crmn (m,n = 0, 1, 2, --- ), formally related in the following manner 


(1) DD Amat"y" ~ 1 / | > Cou"y" |, 
m=0,n=0 m=0,n=0 
where the symbol ~ indicates that like powers of x and y on the two sides of the 
relationship are to be set equal to each other. For ranges of values of x and y 
for which the two power series converge, the relationship becomes an equality. 
Let us set 


=p, q 
(2) Smn(, Yy; P; q) = ; Cunt, n—iBii(2, y) (0 = Pp s m, 0 s q S n), 
i=0 0 


where 


B(x, y) = cos ix cos jy (i,j = 1,2,.---), Boo = }, 


(3) 
Bo;(x, y) = 3 cos jy (j= a, 2, +++), Bio(z, y) = 3 cos tx (i= 1, 2,---). 


Received May 6, 1935; presented to the American Mathematical Society, October 27, 
1934. 

1 Vol. 19(1933), pp. 846-848. Cf. also Bull. Amer. Math. Soc., vol. 39(1933), pp. 907-913. 

? For abstract see Bull. Amer. Math. Soc., vol. 40(1934), p. 40. 

3 Annali d. R. Se. di Pisa, (2), vol. 3(1934), pp. 105-134; see, in particular, pp. 119-129. 

*L. Cesari, Sulle condizioni sufficienti per le successioni di Fourier, Boll. della Unione 
Mat. Ital., vol. 13(1934), pp. 100-104. 
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Suppose we have further two doubly infinite sets of constants, ln», Nmn, Which 
are positive for all m, n and satisfy 


(4) (1/Umn) | Smn(z,y,p,9q)|<K (allm,n,p,g; -r SxS y,-r Syn), 


except for a set of points E of measure zero, and 
(5) (1/Amn) / i | Sinz, y, m,n)| dx dy < Ky (all m, n), 


where K and K, are positive constants. 

Consider now any doubly infinite set of constants a,,,, such that a,, tends to 
zero as m and n become infinite, or as either index becomes infinite while the 
other one remains fixed. We set 


2, © 


(6) Lamn = _ A jAm+i, n+i » 


i=0, ;=0 
it being now assumed that the A,; are so chosen that the double series on the 
right hand side of (6) is convergent. We assume further that the La,,,, are such 
that the series 
“,2 
(7) > Cy Lani, n+j 
i=0, 7=0 
converges absolutely. Making use of (6), the series (7) may be rewritten in 
the form 


2, © 2, 
> Cij > A pqm+i+p, ntite- 
i=0, j=0 p=0,q=0 


Let us now suppose that the terms of the above series may be rearranged in such 
a manner that all the terms involving a’s with the same indices occur in groups, 
which is certainly the case, for example, if the quadruple series is absolutely 
convergent. If we set i + p = r,j + q = 8, the rearranged series may be 


written 


“=. i=r. j=@ 
eb eee eee 
0, 0 


In view of (1) all the expressions in parentheses vanish, if either r or s exceeds 
zero, and for the case r = 0 = s, the expression has the value unity. Thus we 
obtain the relationship 


ew, 2 
(8) ann = z. Ci Lani, n+j° 
0 


i=0, j= 


3. The general theorem. Our criterion for Fourier constants of functions 
of two variables may now be stated as follows: 
TueoreM. If we have a doubly infinite set of constants, Amn, for which Amn tends 
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to zero as m and n become infinite, or as either index becomes infinite while the other 
remains fixed, and if these constants satisfy conditions 


oo, 20 2, © 


(9) — tetitinl =e, sz. An bee] < 


m=0,n=0 m=0, n=0 


where the Inn and the Xmn are the constants occurring in (4) and (5), then the mn 
are the Fourier cos-cos coefficients of an L-integrable function. 

Proof. Making use of (8) and (2), we may make the following transformation 
of the (p + 1) (q + 1) terms in the upper left hand corner of the double trigo- 
nometric series whose general term is Gmn8mn(r, y): 


Pp.@q P.@ , 0 
> a,;B;;(z, y) = > 83; > Cre Lise, i+0 
i=0, j=0 F i=0, j=0 r=0, s=0 
P.4@ m,n 
= po ( Pom Cn, .-iBi) Lam 
m=0,n=0 \i=0, j=0 


a > ( > Cui, n—j bu) Lana 


m=0,n=q+1 i=0, j=0 


n 


(10) + ¥ ( = Cant, .-iBi) Lawn 


m=p+1,n=0 i=0, j=0 


2, 2 


+. > ( = Cat, Bs) Laan 


m=p+1,n=q+1 


Ss suey, m,n) Lane + 3: Seal, y, *,¢) Lows 


m=0, n=0 m=0,n=q+1 
e,q 2, 2 
+ BD — San(z,y,p,n) Lame + 2  — Smnlz, y, P,Q) Lan - 
m=p+1,n=0 m=p+1,n=qtl 


It follows from (4) and the first condition in (9) that the last three terms on 
the right hand side of (10) approach zero as p and q become infinite, throughout 
the region (—7, +; —7, x) except for the set of points for which (4) does not hold. 
Also for the same reasons the first term approaches a definite limit as p and q 
become infinite, with the same exceptions. Passing to the limit, we obtain the 


result 


m=0,n= 


(11) f(z, y) = > a Onn Bmn(X, y) = b ‘ Smnn(Z, y,m, n) Lamn (Fi), 


where the set EZ; over which f(z, y) is defined is the set complementary to E with 
regard to the region (—7, 7; —7, 7). 

Let us now choose a set of ¢,’s tending to zero as n becomes infinite, and repre- 
sent by R,, a region which includes all points of the region (—7, 7; —7, 7) except 
those in a set of regions of total area e, including the points of E. We then set 
fn(z, y) = | f(z, y) | in R, and = Oin the remaining part of (—7, 7; —7,7). Then 
we have from (11), the second part of (9), and (5) 
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[i [ne y) dz dy = II | f(x, y) | dx dy 


©, 2 


p [ rw II | Sin(a, y, m,n) | dx ay | Amn | Lann| < Ke, 
Rn 


m=0,n=0 


(12) 


IIA 


where Kz is a positive constant. Moreover, from the definition of f,(z, y), the 
above integral is a monotonic non-decreasing function of n. Hence its limit as 
n becomes infinite exists, and therefore by a well-known theorem! | f(z, y) |, the 
limit function of f,(z, y) for almost all points in (—7, +; —7, x), is L-integrable 
in that region. Thus our theorem is proved. 


4. Special cases. We consider now some of the more interesting special 
cases. Suppose the relationship (1) takes the form 


(13) (1 — zy (1 — y)* = [1/(1 — 2) — y)--4, 


where r > 0. Then in (2) the coefficients on the right hand side are 


(14) cr) a ( a ys oa 7 
nn m n ’ 


and 

(15) Smn(z, y,m,2)/Con 

is the mean that arises in applying Cesaro summation of order r to the double 
trigonometric series whose terms are (3). This breaks up into the product of 
the means arising in applying the same process to the analogous simple series in 
xandy. From the well known expression for the partial sums of such series and 
the monotonic properties of the binomial coefficients used in forming the numera- 
tor of (15), it follows by an application of Abel’s lemma that (15) is bounded for 
each (x, y) in (—z, +; —7, 7), except when one or the other of the variables is 
equal to zero. The same procedure serves to deal with the case where the 
arguments m and n in the numerator of (15) are replaced by p < mand q < n. 
Moreover, in the various proofs concerning Cesaro summability of order r 
(r > 0) of the Fourier series,’ it is shown that the integral from —7z to z of the 
absolute value of the expression in one variable analogous to (15) is bounded for 
all n. Since the double integral of the absolute value of (15) over (—z, 7; 
—r, 7) breaks up into the product of two simple integrals of the type indicated, 
it is readily seen that this double integral remains bounded for all m and n. 
It is apparent then that the l,,, and Aw, of (4) and (5) may in the present case 
each be taken equal to (14). Since (14) is O (m’n’) as m and n become infinite, 
and La,,, reduces to the double difference of order (r + 1) of the a’s when the 


5 Cf. Hobson, Theory of Functions of a Real Variable, 2nd or 3rd ed., vol. I, §399. 
* For the simplest proof, see Marcel Riesz, Sur la sommation des séries de Fourier, Acta 
Lit. ac Sei., vol. 1(1922-23), pp. 104-113; see, in particular, pp. 109-111. 
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A’s are determined from the left hand side of (13), it follows that in the present 
case conditions (9) may be combined into 


(16) > mn" | Ar+1,7412mn | < ©. 


We thus have the theorem referred to in the second footnote. A special case 
of this theorem is the extension to functions of two variables’ of a criterion due 
to Young. 

Let us now consider the case where the r in (14) is equal to zero. Then the 
Cm are each equal to unity and (2) takes the form of a partial sum fer the 
double trigonometric series whose terms are (3). If in (5) we take Amn = log m 
log n (m = 3, n = 3), replacing log m or log n by unity when m or n is less than 
three, and take l,,, = 1 for all values of m and n, (4) and (5) are readily seen 
to be fulfilled from known facts about the partial sums of the ordinary Fourier 
series. Conditions (9) may then be expressed in the form 
(17) > log (m + 2) log (n + 2) | Aamn | 
We thus have a generalization to functions of two variables of a criterion for 
functions of one variable due to Szidon. This generalization was contained in 
the paper referred to in footnote 7. 


= &, 


5. Extension to n variables. For the case of n-tuply infinite sets of constants 
and functions of n variables the expression Lam,m,...m, is defined in the following 
manner 


(18) Lam, m,- a, = z A ips ein Viz¢my, +++, intmn » 
i1=0,---,in=0 


where the A’s are the constants occurring in the analogue of (1), the C’s in this 
analogue being used in the definition of Sy,...m,(%1 +++ %nj Pr-+* Pn). Con- 
ditions (9) take the form 


(19) {a |!) en ee fe)! ae oe 


where the l’s and the )’s are the constants occurring in the analogues of (4) and 


(5). 


Tue INSTITUTE FoR ADVANCED Stupy AND UNIVERSITY OF CINCINNATI. 


7 Proc. of the International Math. Cong. at Ziirich, 1932, vol. 2, pp. 121-122. 
8 Cf. Tonelli, Serie Trigonometriche, p. 263, for the proof that (5) is satisfied. 











ON THE REPRESENTATION OF A POLYNOMIAL IN A GALOIS FIELD 
AS THE SUM OF AN ODD NUMBER OF SQUARES 


By Leonarp CARLITz 


1. Introduction. Let GF(p") denote a Galois field of order p", where p is 
an odd prime, and n is an arbitrary positive integer; let O(2, p") denote the 
totality of polynomials in an indeterminate z with coefficients in GF(p"). We 
consider the problem of determining the number of representations of a poly- 
nomial in © as a sum of squares of polynomials in © satisfying certain restric- 
tions. The case of an even number of squares has been treated elsewhere;! in 
the present paper, we consider the case of an odd number of squares. Certain 
results derived in the paper on the even case will be required in the discussion 
of the odd case. 

Our problem may be described more precisely thus. Let a1, a2, +++ , a@2s41 be 
2s + 1 non-zero elements of GF(p"); let L be a primary polynomial, that is, 
one in which the coefficient of the highest power of zis 1. Then 

(A) if L is of even degree 2k, and 


€ = a + a2 + +++ + ao ® 0, 
we seek the number of solutions of 
2 72 72 
el = aX; + aN + +++ + aeey1 X9 541 


in primary X; each of degree k. 
(B) If L is of arbitrary degree 1, 2k any even integer > 1, @ any non-zero 
element of the Galois field, and 


ay + ag + +++ + Gey = O, 
we seek the number of solutions of 
r2 r2 r2 
aL = aX; + a2Xy + -++ + areyiX 2541 


in primary X; each of degree k. 

The number of solutions of problems (A) and (B) is expressed in terms of the 
Artin numbers® o; now to be defined. If A and M are in , M primary, the 
symbol (4/M) will denote the generalized quadratic character of A with respect 


to M: 


Received June 4, 1935. 

1 L. Carlitz, Transactions of the American Mathematical Society, vol. 35 (1933), pp. 397- 
410; cited as Representations. 

2 E. Artin, Mathematische Zeitschrift, vol. 19 (1924), pp. 153-246. 
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(4) =1, (2) <0 for (4, M) 1, 


while for (A, M) = 1, 


A A A 
(3) = (2) eee (F). where M =P, .--- P,; 


here (A, M) denotes the “‘greatest”? common divisor of Aand M. Then 


oj = o;(A) = >» (2), 


deg G=j 


summed over all primary G of degree 7. It follows by the quadratic reciprocity 
theorem that ¢; = 0 for j = the degree of A, (A *& 8M?, B in Galois field). 

The final formulas are considerably simpler when L is “quadratfrei’’, that is, 
not divisible by the square of any polynomial of degree = 1. If we suppose L 
quadratfrei, and for problem (A) put 


d= (—1)* € ay ae --+ esi, 
while for problem (B) we put 

F = (—1)* a ay ae +--+ Goss, 
then for A = 8L, o; (A) as defined above, we find that the number of solutions 
is given by 

pred {ox + p™ox-1 + (p?"* = p")ox-2 fe cee (p™* i priks—2s+)) go} ’ 

This formula holds in either case, but for problem (B) may admit considerable 
simplification. Thus, for example, if N* denotes the number of solutions of 


problem (B), and if in addition k is greater than the degree of L, the following 
recursion formula holds: 


Neu -_ get N*® , 


When L is not quadratfrei, the general formula for the number of solutions is 
rather complicated (see Theorem 8.1). For particular types of non-quadratfrei 
L, however, the final formulas are less elaborate. Thus the case L = a square 
leads to a fairly simple formula (see Theorem 8.2). Finally, in the case of prob- 
lem (B), the assumption & > 1 leads to the theorem that, if L = LoM?*, Lo 
quadratfrei, M of degree m, then 


N*(L) = N*¥*"(Lo) 6(M) , 


where 6(M) denotes a divisor function of M. In particular, if M also is quadrat- 
frei, and (Lo, M) = 1, then 6(M) reduces to 


IT { a (3) iP in +ippeh, 


PiM 
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We remark that the results of the present paper are slightly more general than 
the corresponding results on an even number of squares. In the present case, 
no restrictions on the coefficients a; need be made. (Cf. §3). 

When L = 1, some of the results of this paper require modification. We shall 
therefore assume, unless the contrary is stated, that L is always of degree 2 1. 


2. Number of solutions of quadratic congruences. We shall require certain 
theorems on the number of solutions of quadratic congruences in a single 


unknown. Consider the congruence 
(2.01) X? = A (mod M), 


where A and M are arbitrary polynomials. It is convenient to assume M 
primary. We shall use the symbol »(A, MW) to denote the number of incongruent 
solutions of (2.01); clearly, v(A, 1) = 1. Also as above let the symbol (M, NV) 
denote the greatest common divisor of M and N; to make it unique, we suppose 
it primary. Similarly, we define (M, NV): as the greatest (primary) square divid- 
ing both M and N. In other words, 
(M,N) = Q-(M,N):, 
where Q is not divisible by the square of any polynomial (of degree = 1). 


To begin with, we have the following lemmas. 
Lemma l. Jf (M,N) = 1, then 


(2.02) v(A, MN) = (A, M) o(A, N). 
Lemma 2. If (A, M). = E*, where E is of degree e, then 
AM 
(2.03) v(A, M) => Pp» al (} x) . 


There is no difficulty about Lemma 1. As for Lemma 2, from (A, M). = E? 
it is evident that (2.01) implies 2 /X. Put X = EX,,A = E*A,, M = E°M;; 
then (2.01) becomes 
(2.04) x? m= A, (mod M;) . 

By definition, this congruence has »(A:, M,) incongruent solutions (mod M)). 
But each solution of (2.04) gives rise to p” solutions of (2.01), namely, 
X = (X, + M,D)E (mod M), 


where I runs through a complete residue system (mod £). The lemma now 


follows immediately. 
When (2.02) is used, it is evidently necessary to calculate v(A, M) only in the 


case M = a power of an irreducible polynomial: M = P*, say. Fore = 1, we 
have at once 


(2.05) (A, P) = 1+ (3) , 





a 


| 
I 
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where it is understood that (A/P) = Ofor P/ A. In the next place, for P / A, 
to each solution of 


X? = A (mod P*) 
corresponds a unique solution of 
Y? = A (mod P**'), 


and conversely. This may be seen by writing Y = X + P*Z (mod P**'). We 
have therefore 
Lemma 3. Fore 2 1, P/ A, 


(2,06) AA, P) = 14 (3). 


In order to evaluate v(A, P*) when P / A, we make use of Lemma 2. There 
are several cases to consider. Let P*/ A, P**'/A. If, first,e S d, then by 
Lemma 2 


v(A, P*) = p¥*-v(AP-*, Pe), 
where e = 2f or 2f + 1, and zis the degree of P. In case e = 2f, we have at once 
(2.07) v(A, P*) = p™. 
If e > 2f, then also \ > 2f, so that P / AP-*’, and therefore 
v(AP-*, P) = »(0, P) = 1, 


by (2.05). In both cases, therefore, (2.07) holds. 
Consider now the case e > dX. If X is odd, X = 2u + 1, say, then by Lemma 2 


»(A, P*) = p™-»(A P-™, Pe) , 


Now e — yp» = 2; since AP-* is divisible by only the first power of P, the 


congruence 
X? = AP-* (mod P*-*) 


is plainly impossible, so that 
(2.08) v(A, P*) = 0 (A= 2y+1<e). 
If \ is even, A = 2y, say, then by Lemma 2, 

v(A, P*) = p™*-v(A P-*, Pe) . 


Since P+! / A, we may use (2.06), from which it follows that 


(2.09) AA, P) = po tt 4 (S =) (\ = Qu <e). 
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Combining (2.07), (2.08), (2.09), we have 
Lemma 4. Jf P* / A, P**'} A, P of degree x, then 
(i) (A, P*) = pv 
fore S d\,e = 2f or 2f + 1; 
(ii) fore >kd, 
| 0 ford odd, 


(A, P*) = { i 
pm [1 + (A2)] Jorn = 20 


We shall also need the following 
Lemma 5. The number of primary polynomials J of degree j satisfying the 


congruence 


J? = A (mod M), 
where] = m = deg M, is 
(2.10) vj(A4, M) = pr?-™.r(A, M). 
The lemma follows at once by putting J = X + MH, where H is primary of 


degree 7 — m, and X is a solution of (2.01) of degree < m. Note in particular 
that 


vm(A, M) = v(A, M). 


3. Alemma. As stated in the Introduction, the results on representation by 
an odd number of squares are slightly more general than those by an even 
number. This follows from a lemma whose analog for the even case is false: 

LemMa 3.1. If a, a2, «++ , 241 are arbitrary non-zero elements of GF (p"), they 
may be so numbered that 


(3.01) (a, + a2) (as + ay) «~~ (G21 + a2.) & 0. 


For s = 1, the assumption az + a; = a3 + a + a + a = O implies 
a; = a = a3, Whence 2a; = 0. Since p & 2, a = 0, contrary to hypothesis. 

Assume now that the lemma holds for the value s; in other words the truth of 
(3.01). Then the assumption 


B(cros41 + 2542) = B(cr2542 + 2543) = B(c2s+3 + 2541) = 0 , 


where 8 stands for the left member of (3.01), implies ae.i1 = a@os42 = G@2s42, 
whence 2ae.4; = 0, aes: = 0, contrary to hypothesis. This completes the 
induction. 

That the lemma is false in the case of an even number of terms is clear from 
the example (1, 1, 1, —1). However, (1, 1, 1, —1, —1) comes under the 
lemma; note that in this instance a; + az + a3 + ay = 0. The point of this 
remark will appear in the next section (see (4.16) ff.). 
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4. Preliminary formulas for problem (A). Consider now the number of 
solutions of 


(4.01) eL = a xt o eee ~ Qes41 Eas ’ 
in primary X ; of degree k, where 
G2 +++ Ae & 0, €= a + ae +--+ + Qe ® 0, 


and L is primary of degree 2k. By the lemma of §3 we may assume the a; so 
numbered that (3.01) holds. However, as the example at the end of §3 indicates, 
y = a +--+ + a@,may vanish. We assume first that y 0. If we write 6 in 
place of a2.41, then evidently the number of solutions of (4.01) is given by 

(4.02) > =nlyF = aXi + --- + anX3,), 


eL=yF+6xX?2 
where the summation is taken over all primary F, X of degrees 2k and k, respec- 
tively, such that el. = yF + 6X?*, and the summand denotes the number of sets 
of primary X, of degree k satisfying 
(4.03) yF = a fi +++: + a2, X3,. 


By virtue of (3.01), the number of solutions of (4.03) may be written down at 
once. We define the functions 


m>k m=k 
ptf) = (1-2) S) at Sp lar 
(4.04) me nt 


1 
oF) = (144) Corie >) etal, 

P M/F M/F 

(m = deg M,|M|=p™), 
where in each instance the first summation is taken over all primary M dividing 
F, and of degree > k; the second summation is over primary M dividing F, and 
of degree = k. Then* 
(4.05) n(yF = aX{ +--+ + anX3,) = pealF) or wa(F), 
according as 
(4.06) £ = (-—1)* ayaz «++ ar 


is a square or a non-square in GF(p”). 
Let x = x(¢) = 1 or —1 according as ¢ is or is not a square in GF(p*"). Then 
(4.05) becomes 


n(yF = aXj{ + --+ + anX3,) 


(4.07) = = 
=(1- 5) Dials Dela. 
M\|F M\F 


3 Representations, Theorem 4. 
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Substituting into (4.02) we see that the number of solutions of (4.01) is 
m>k m=k 
aos) 0-3) Doeimit+ Dolan, 
site ¢€L=yMU+ 6x2 €L=yMU+ 6X2 
where the first summation is taken over all primary M, U, X of respective 
degrees m, u, k, such that m + u = 2k, m > k and eL = yMU + 6X°; in the 
second summation, m = u = k. 
The first summation may be written in the form 


u<k 
(4.09) ps tps (s—1) = 1 , 
U €L=yMU+ 6x2 


where the outer sum is over all primary U of degree < k. In the inner sum, U 
remains fixed; hence the latter sum is the number of primary X of degree k 
such that 


X= ; L (mod U). 


Lemma 2.5 evidently applies here: the number in question is therefore 


mn (: L, v) = prt—w).y (: L, v) , 


Therefore (4.09) becomes 


u<k 


4.10 uprck—w) (e-D) pait—w).y (— L, U ) 
(4.10) >» xP p r(s U) 


vU 


In exactly the same way the second summation in (4.08) may be thrown into 
the form (4.10); however, the sum is now restricted to U of degree = k. Hence 
(4.08) becomes 


pre) W, (: L) 


(4.11) Kens 

where for brevity we put 

(4.12) W, (4) = (A, U), | 
dezU=u 


summed over all primary U’ of degree u. This completes the proof of 


THeoreM 4.1. If a, «++ , @2041 are non-zero elements of GF(p"), so numbered 
that 


(4.13) (ay a a2) oe (25-1 + C25) = 0 ; 
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and if in addition 
yYyo=oauq+:--- +a, 0, €=¥ + ai 0, 6 = Ges41, 


the number of solutions of (4.01) is furnished by formula (4.11). 
We now consider the case y = 0. It will be necessary to make use of the 


following theorem :* 

The number of sets of primary X ; of degree k satisfying 
(4.14) aF = aXj +--+ 4+ a,X3,, 
where F is primary of degree f < 2k, a *=0,a1 +--+ + ae, = 0, and (4.13) 
holds, is given by 

pra—fe-d p'_, (F) or pres w*_,(F) . 

according as (—1)* a --+ a, is or is not a square in GF(p"). 

The functions p and ware defined by 


1 m>f—k Ma fk 
ey = (1-4) Do iaeet > lace, 


MF M FP 
1 m>f—k m= f—k 
(-1) wi(F) = (+) >» (-—pelMit+ >) (-p= al. 
MF MF 


(If f < k, the second summation in each case is defined = 0.) Hence, making 
use of the symbol x defined above, we may express the number of solutions of 
(4.14) by means of the single formula: 


( m>f{—k m=f[—k | 
(4.15) prone (1 - ots) > xm Mit + DD) x | Mt}. 
l P MF MP } 


Returning to (4.01), we see that, when y = 0, the number of solutions in 
question is 
(4.16) dS  n(@ = a Xj + «++ + a.N3,), 

L=O+x2 

where for convenience we put € = a@2,,; = 1. The summation in (4.16) extends 
over all ® of degree < 2k such that L — @ = X*. If Lisa square, ® = 0 must 
be included. Let us assume first that Z is not a square, so that we may put ® = 
aF, say, where a * 0, and F is primary of degree f < 2k. Then the theorem 
concerning (4.13) may be applied. Hence substituting from (4.15) in (4.16), 
we see that the number of solutions of (4.01) is 


{<2k ( u<k exh 
Zz prek—1 (et) { (1 _ Xs) Zz, x" | M jst + p> x" | M |--1 
F ( P L=aF+X? L=aF+X? 
F=MU F=MU 
(4.17) u<k u=k 
™ (1 - 7) b> xeprck—wre—d) b> xpd , 
P L=aMU+X? L=aMU+X? 


* Representations, Theorem 5, 
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Now it is clear that for fixed U of degree < k, 
(4.18) > 1=>»(L,U). 


L=aMU+X? 


Hence exactly as in the derivation of (4.11), (4.17) becomes 
k—-1 


(4.19) x*p™*°-DWA(L) + (1 esi 535) Pe x“pre“Dk—wynk—w) WL) . 


n(s—1) 
P u=0 


If now we recall that ¢ = y + aes41 = a4: = 6, we see that (4.19) is identical 
with (4.11). In other words, when L is not a square, (4.11) furnishes the number 
of solutions of (4.01) in the case y = 0 also. 

We consider finally the case L = a square. Since ® in (4.16) may be 0, the 
above reasoning must be modified somewhat. Thus to (4.17) we must add the 
terms arising from & = 0, in other words, 


(4.20) n(O = a Xj +--+» + ae, X3,; deg X; = k) 


(the number of representations of 0 in the form a,X{ + --- + a2X,, for 
which (4.13) holds). On the other hand, (4.18) is no longer valid, for the right 
member includes the possibility X? = L, excluded from the left member. But 
this is the condition that @ = 0. Hence in comparing (4.17) and (4.19), we see 
that the latter has been increased by 1 each time @ = 0. But the number of 
times this occurs is precisely (4.20). It follows, therefore, that in the present 
case also (4.19) furnishes the number of solutions of (4.01). Incidentally, we 
have evaluated (4.20). As we have just seen, for each U the right member of 
(4.18) contributes a unit to (4.20). Since there are p™ distinct polynomials U 
of degree u, substitution in (4.17) gives rise to the following explicit formula 
for (4.20): 


k—1 


> 2k—u) ( ) ugnks 
(4.21) (1 _ =) » x“prr u)(s—1 p™ + x"p k i 
u=0 


It is not difficult to derive (4.21) directly.5 
As for (4.01), it has now been proved that in all cases the number of solutions 


is determined by the same formula, namely (4.11). We state the 
THEOREM 4.2. If a, --+ , @2s41 are non-zero elements of GF(p"), so numbered 


that 
(ay + a2) «++ (G@es-1 + aoe) & 0, 
and if in addition 


€= ay + +++ + aes: 0, 6 = esi1, 


5 By a method similar to the proof of Theorem 2 of Representations. 

















| 
| 
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the number of solutions of 
al, we aa? 4 «++ + ears Eb cas 
in primary X ; of degree k is given by (4.11). 
5. Preliminary formulas for problem (B). We now consider the number of 
sets of primary X,; of deg k, such that 
(5.01) aL = aX} +--+ + ay: X3,41, a 0, 


where L is of degree 1 < 2k, and a; + --- + a@esi1 = 0. We assume the a; so 
numbered that (3.01) holds; in the present case the possibility y = a, + --- + 
a2, = 0 is ruled out (for it would imply ae.4; = 0). 
Writing —y for a,4:, it is evident that the number of solutions of (5.01) is 
(5.02) = nlyF = Xj + --- + aX},), 
aL=yF-yxX?* 
the summation extending over all (primary) F, X of degrees 2k, k, respectively, 
such that aL = yF — yX*. Employing (4.07), this becomes 
m>k m=k 
x m o= m om 
Q-35) DS cles Doce 
P aL=y7F—yX? aL=yF—yX?* 


u<k 


= (1 an ots) 2; xupnek—w(e-) » 1+ 2; xtpree-d 
: 


aL=yMU—yX?* aL=yMU—y xX? 
vu fixed deg U=k 


(5.03) “_ x* pres) W, (-: @ L) 


+ (1 - ie Es) » x“prer— “)(e-Dp k—u W. (-s ear L), 


u=0 


by (2.10) and (4.12). Thus we have the following 
THEOREM 5.1. If aay --+ aee41 & 0, ar + +--+ + Gesu: = 0, L of degree l < 
2k, the number of solutions of 


al = m% Xi Hoses H Gee41 Xe e41 
in primary X ; each of degree k is furnished by (5.03). 


6. Transformation W,,(A). Consider the product 


p" sl W. wae | x mo pr 
oie > pr 1+ 1 _ pre = pry 


u=0 





(6.01) 





s W.AA)x" . — xp" 
= ie ” = pew = ’ 
u=0 
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for y sufficiently large. By properly choosing A, it is clear that the coefficient 
of p-"’ in the expansion of the left member of (6.01) may be identified with 
either (4.11) or (5.03). 

We now transform 


, — W.(A)x" wr 2(4,U) _, , 
(6.02) > a ay TUF * (u = deg U), 
the summation in the right member extending over all primary U of degree 2 
0. Using (2.02), the right member of (6.02) becomes 

; | 4, P (4, PF), 
| | i } 


the product extending over all primary irreducible P. 
To evaluate (6.03) we make use of Lemmas 2.3 and 2.4. Take first P / A; 
then by (2.06), the corresponding term in (6.03) becomes 


4&\ x* x 
phos (7) (Pe + [Pp 


(6.04 - - = _ -— 
' “ae 1- (5) 2 
5 P | 

For P / A, it is convenient to consider two cases: 
(i) P*/A, mH tA, 


In this case we use Lemma 2.4; a simple calculation shows that the correspond- 
ing term in the product (6.03) is 





1+ Fr 
(6.05) "=e 
(Ge 


a’) x", IPI (5) ax er a uns bala 
(1- (5) Bet ee P) [Pm + (Pet [Pps 


where A’ = A/P*. 
(ii) P%+1 / A, P%+2 / A. 


In this case it is easy to see that the corresponding term in (6.03) is 


(6.06) (1 + ) (1 + es feet rt). 


which reduces to the first factor for » = 0. 
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Now from the definition of x = x(¢) it is evident that x™ = (¢/P). If then 
we put A = A,F?, where F? is the largest primary square dividing A for which 
(41, F) = 1, and substitute from (6.04), (6.05), (6.06) in (6.03), we have 











1+ (PP 
(6.07) _ . 
PT wa. () oF 
P/\P 
|P| |P ) 
Te i ee D ol [] sea, P), 
where we put (ef. second half of (6.05)) 
_ 4\ 1 | P| |P\ 
(6.08) f(a, P) — 1 ors (3) [P| + Pw ieee -+ “Pew ° 


This becomes somewhat simpler if we put A = AoM?, where M? is the largest 
square dividing A, and therefore Ao is quadratfrei. Formula (6.07) now becomes 





Pe 8 
|P\ 
(6.09) | ( 2) 7 [] 164, P), 
PE sc Boe Bee Ce 
P) (PP 


where » may be defined by P* / M, P+! } M. 
As a further simplification, note that 


Bs 1-—|P|-* ™ 1 — priv 
G+ 5)-Wisercrse 


Thus by (6.09) we see that the left member of (6.01) is 


; 1 al n(1—2y) —_ 1 
pe) 7 — IT (@ += i Il S(G Ao, P). 
[Pp 





P 


al p 1 — 
Recalling the remark at the beginning of this section, we have 
THEOREM 6.1. Jf L = LoM?, where Lo is quadratfrei, and 
= (—1)* € ayaa --+ Gosy1 Or (—1)* @ ayae +++ Or641 


according as deg L = 2k or < 2k, the number of solutions of problem (A) or (B), 
respectively, is the coefficient of p~™” in the product 


1 — priv aL\ 1 
nk(s—1) — oe om aime 
om SS I] {1 ( e) sp I] f(@L, M), 


where f(3L, P) is defined by (6.08). 
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7. Number of representations for quadratfrei L. If L is quadratfrei, the 
formulas of the preceding section are considerably shorter, and give rise to 
rather simple expressions for the number of representations. Thus (6.10) 


becomes 


7 1 — pr sL\ 1 )\-1 
O01 nk(a—1) - poe —— a - 
— pur pew II f (F), Pr 


Now let 


f (%*) 1 “t (%*) 1 
I -G)th = ECB) do: 
P G 


the summation extending over all primary G. Grouping together polynomials 
of equal degree, the right member becomes 


(7.02) p> ojp-"”, where o; = = (°*) , 
7=0 deg G=j 


By the quadratic reciprocity theorem,® 


(7.03) o=+t PS (f)=0 for j >degL>0O. 


deg G=j 
The first sum in (7.02) therefore breaks off after a finite number of terms. 
Hence (7.01) becomes 





= D as n(1—2y) ; 
(7.04) pra ee » op. 
j=0 


By Theorem 6.1 we are concerned only with the coefficient of p-“¥. Since 


_— pri-y) 


2ne _ an 3ne _ gnn(st1) 
f+! P 4 
pP? vu Pp ¥ 








a p™ 
T— pew =) ton t 


the coefficient of p~™” in (7.04) is 


(7.05) pre) { ox + p™ ori + (p2n* see p”) Ore+--- + (p™* ot prite—tett)) ao} , 


This completes the proof of 
THEOREM 7.1. If a, «++ , @2s41 are non-zero elements of GF (p") such that 


€= a +--+ + ay &0, 8 = (— 1)* € a ae «++ aessi, 
L primary quadratfrei of degree 2k, the number of solutions of 
Le = a XE + +++ + ey XG 541 
in primary X ; of degree k is given by (7.05). 


6 R. Dedekind, Journal fiir Mathematik, vol. 54 (1857), pp. 1-26. 
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Similarly we have 
THEOREM 7.2. If a, a, --- , @241 are non-zero elements of GF(p”) such that 
€=a +--+ + ae = 0, d= (— 1)* aaa -+- aess1, 
L primary quadratfret of degree | < 2k, the number of solutions of 
(7.06) aly me aX? + +++ be exper X S041 


in primary X ; of degree k is given by (7.05). 
When / = 0, that is, L = 1, the formula (7.05) simplifies considerably. In- 
deed, if 8 = square in GF(p"), 


v 3 ) a 1 
I {- (2) pe} - WG-5) re 
P : ' P y 


so that in this case ¢; = p”. If & & square, 
%, v : 
a >» (”) = (— 1) p%. 
deg G= j 


Hence, if we define x = x(#) as in §4, namely x = 1 or —1 according as @ is or 
is not a square in GF (p"), (7.04) becomes 


(7.07) pred {x*pnk +4 xt lreth-D of wee + (prs al prike—tetl)) } 
This expression is evidently the number of solutions of 
a = aX) + +++ + e041 X2e41, deg X; = k. 


Let us now suppose that! > 0. By (7.03), ¢; = Oforj 2 l. Thus when/ = 1, 
oo = 1l,o; = Oforj 2 1. Hence in this case (7.05) reduces to 


pre) (p™** ee pr(kete+1)) (k > 2) , 
which is therefore the number of solutions of (7.06) for L of degree 1. The 
number of solutions is evidently independent of the particular Z appearing in 


the left member of (7.06). 
When / = 2, ¢) and o; remain. The latter is determined by 


wf Ly)_ L )- 
a= > (24) - D (24) - Dx, 





where L, is the result of substituting 6 for x in L, and each summation extends 
over all 8 in GF(p"). Like results hold for larger values of 1. Other simpli- 
fications may be effected by using certain formulas due to Artin. For example, 
if lis odd, = 2m + 1, say, 


C2n-i = po; ’ C2m = pr . 


However, we shall not take the space to elaborate this point, or to develop the 
connection with class number formulas. 
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Making use of (7.05), we can derive a recursion formula for N*, the number 
of solutions of (7.06). If k = 1+ 1, then (7.03) implies ¢, = o,; = 0, so that 
(7.05) reduces to 

pre 1) (p?"" _ p”) (o, 2+ Pp” ox-3 | prsk-2) gy) - 
Writing & + 1 for k, we have 
N*+ _ pret s—l (p?"s _ p”) (p™ Cn-2 + Pp?” or—3 + oe + prt -2) o>) . 
and therefore 
N*tt = priced NE, 


Repeated application of this formula leads to 
TueoreM 7.3. If N* denotes the number of solutions of (7.06), and L is of de- 


gree l, then 
(7.08) Nt = pried Nt for k>Il>0. 


8. Number of representations for general . Returning to the general for- 
mula (6.09), we put 


(8.01) LolM, daLl<t, 
v= (— 1)* €ay +++ e541 or (—1)* Oy +++ Aesi4 


according as 1 = 2k or 1 < 2k. JLo is assumed quadratfrei. It will be con- 
venient to break M into two factors, M = M,Mz, such that 


(8.02) M, = [J P*, M, = [[ P*; 
Lo 


P PiLo 


in other words, M;, is the greatest divisor of M that is prime to Zo. Then the 
second product in (6.09) gives rise to 


| P| Pr) Sy 1B 
IH] +554+--+55)-2 5%: 
( | Pl | Pel rin | Da | 


Pim Di Mm 





and, for the factor Me, 
dL 1 |P|\- ” (“*) | D; | 
I] (} -(F ppt + Pe} = 2) ONG) te 
P/M: Do/ My 
where D5’ is the greatest square dividing D2, and \(D2) is the Liouville \-func- 
tion.’ 


Let us also put 


io) 


_ pri-tv) IL | ‘es = bs T. ni 
(8.03) Tp I] (1 = ( ‘) ar — oad N; Pp wv, 


j=0 


7 For M irreducible, \(M) = —1; for M = P, --+ P,, \(M) = (—1)¢. 
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so that 
(8.04) N; = N,(8Lo) = 6; + p™oj-1 + (p'™* — p")oj-2 + --- 
We wish to pick out the coefficient of p~™” in the product 


nk(s—1 sw N; pe (4) |D; | 
Pp , ~ pry dip 5 Dy d(D:) | De \¥ . 


If d;, dz, d, denote the degrees of D,, D2, D3, respectively, the coefficient in ques- 
tion may be written in the form 








(8.05) ode d (D2) (i) nid, +d) Nx-24;—22 (dL), 
st 


the sum extending over all D, / Mi, D2, | M}; N; defined by (8.04). 
THEOREM 8.1. The number of solutions X ; of 
eL — aX? a eee a a + oe ’ deg X; — k, deg L = 2k , 
or of 
aL = ayXi +--+ + aes X41, deg X; =k, deg L < 2k, 
is furnished by (8.05), where 3, Lo, My, M2 are determined by (8.01) and (8.02). 
The number of representations (8.05) simplifies in certain cases. If every 
irreducible divisor of M is a divisor of Lo, then Mz = 1, M = M,, and (8.05) 
becomes 


(8.06) »  gonbtem2) p>} p™Ni-24 (d = deg D). 


On the other hand, if (Zo, M) = 1, it follows that M = 1, M = Mz; therefore 
(8.05) now reduces to 


(8.07) pv >> x(D) (x) p Nia, 
D/M 


where d = deg D, d’ = deg D’, D” the greatest square dividing D. 
Another special case of some interest is Ly) = 1. Then it follows from (8.04) 
that 


(8.08) N; _ xp” + xp eti-D + xi pri-®) (p> ad p") + os 
In this case it is clear that M, = 1, M = Mz, so that (8.07) may be applied. 
Thus we get 
(8.09) pre-1) bm (D)X¢ p™’ Nig. 
Di M 


THEOREM 8.2. The number of solutions X ; of 


eM? = a,Xj os > a4 X3 441, deg X; =k=degM, 
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or of 
aM? = ayXj + --+ + aos: X5,41, deg X; = k > deg M, 


is furnished by (8.09), where N; is defined by (8.08). 
Making use of Theorem 7.3 it is possible to derive rather simple results con- 
cerning problem (B). Indeed, (7.08) implies 


(8.10) Njxi = p™ for j > =degl)o>O0. 


This suggests that we choose Z in such a manner that the subscript on N in 
(8.05) exceed ly for all D,, De. The least value of the subseript is that corre- 
sponding to D; = M,, Dz = M3, say d, = m, dz = 2me, so that we require 
k — 2m, — 2m, > ly, that is, k > lo + 2m, + 2m. = 1 = deg Ll. Then, for k > 
deg L, (8.10) implies 


y (2m —2d1+2m2—ds r 
N, -24;—de = p™ mi 1+2m2—d2) N ey 


so that (8.05) becomes 


m _ IL» e prey a oe ™ 
pre -1) Ni-em +> (De) (se) prsmi- 2d, +2m2—d2 grate 2) 
D1, D2 - 
, ee a 
(8.11) = p™°-D Nyc» - = | DE{* | - po (Ds) (3) | DE; 


m=Di 81 M3=D2E2 
= p™e-) Ni_om + p™™ Sos1 (M,) - p””? Sos-1 (Me, dLo) , 


where 


fea (F) = T] 0 +/Pit+--- +) Pe) = 2 LDP, 
F DF 


P 


» . ( AY, pie + ie ite A oe 
(8.12) tus(F,a) = [] 41 - (3) iP +|P| - (3) iP) 


PP 
+---+|P jor} , 
and P* is the highest power of P dividing F. 
But by (7.05) 
green Ni-em as gPe-te) N x~2m(8L0) 


is the number of solutions of 
(8.13) alo = a,Xj + see re + ee deg X; =k — 2m. 


We may now state the 
TueoreM 8.3. If L is of degree l < k, and N*(L) denotes the number of solu- 
tions of 


al = aX ij t+ cee H+ Gest Miabis deg X; = k, 
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while N*-?"(Lo) denotes the number of solutions of (8.13), then 
N*(L) = prm@D NE*m (Lo) S21 (Mi) F201 (Ma, 8Lo) , 


where Lo, Mi, Mo, 8, f2s-1 are defined by (8.01), (8.02), (8.13). 

The following theorems are immediate corollaries: 

THEOREM 8.4. If for each irreducible P, P | L, the highest power of P dividing 
L is odd, then 


N*(L) _ prmie—D) N*"(L,) Cos-1 (M) . 


For in this case it is evident that M, = M, Mz = 1. 
THEOREM 8.5. If L = LoM?, (Lo, M) = 1, Lo quadratfrei, then 


N*(L) = prne—D N*-2m (Le) $2.1 (M, IL») ; 


In particular, if M also is quadratfrei, 


N*(L) = pre) Nt-2™ (Tp) II {1 - (=) |\P|1+4/P po} ; 


For in this instance M,; = 1. The last result is the final one stated in the 
Introduction. 


Duke UNIVERSITY. 








ASYMPTOTIC AND PRINCIPAL DIRECTIONS AT A PLANAR POINT 
OF A SURFACE 


By THomas L. Downs, Jr. 


1. Introduction. If a regular point P of a real, analytic surface 
S: <= r(u, v) ’ = y(u, v) ? c= z(u, v) ? 


is not an umbilic, there exist at P two pairs of directions, the asymptotic and the 
principal directions, defined respectively by the equations 


(1) edu? + 2fdudv +gdv =0, 


le du +f dv Edu + F dv! 


(2) =0, 


ifdu+gdv F du + Gdv| 
where E, F, G and e, f, g, the coefficients in the first and second fundamental 
forms of S, are evaluated at P. These directions have the following well-known 
properties. 

1. The tangent plane to S at P has contact of at least the second order in the 
asymptotic directions. 

2. The normal curvature of S at P vanishes in the asymptotic directions and 
has its extrema in the principal directions. 

3. The geodesic torsion of S at P vanishes in the principal directions. 

4. The asymptotic lines are the solutions, for variable u and v, of the differ- 
ential equation (1). Through each regular non-planar point there pass, in the 
asymptotic directions, two asymptotic lines. 

5. The lines of curvature are the solutions of (2). Through each regular 
point which is not an umbilie there pass, in the principal directions, two real, 
distinct lines of curvature. 

A planar point is defined as a regular point at which the quantities e, f, g 
vanish simultaneously. Ata planar point the normal curvature and the geodesic 
torsion of the surface are zero in all directions, so that the first three theorems 
above become trivial. The fourth and fifth are false, because the point is 
singular for the differential equations (1) and (2). 

In this paper there are defined two sets of directions at a planar point which 
play réles similar to those played in the first three theorems by the asymptotic 
and principal directions at an ordinary point. These directions will be called 
the “‘true asymptotic” and the “true principal” directions. In a second paper 
the analogues of the fourth and fifth theorems will be established by studying 
the solutions at a planar point of the differential equations (1) and (2). 


Received March 5, 1935; part of a thesis written at Harvard University under Professor 
W. C. Graustein. 
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2. The two sets of directions at a planar point. Let P be a real, regular 
point of the real, analytic surface S. By choosing P as the origin of the system 
of rectangular coérdinates (x, y, z) and the tangent plane to S at P as the (rz, y)- 
plane, we obtain as the representation of the surface in the neighborhood of 


P: (0, 0, 0) 
= F(z, y), 


where F(z, y) is an analytic function of (2, y) in a neighborhood of the point 
(0, 0) and vanishes, together with its first partial derivatives, at this point: 


F(0,0) = 0, F,(0, 0) = 0, F(0,0) = 0. 


If P is a planar point, that is, if 


at P, then 
Fy,(0, 0) = 0, F,,(0, 0) = 0, F2,(0, 0) = 0, 
and Taylor’s expansion of F about P becomes 
(3) z= on(t,y) + nist, y) + -+-, n> 2,¢n(2,y) 40, 
where ¢; is a homogeneous polynomial of degree kin z and y. The point P shall 


be called a planar point of order n. 
It is to be noted that at P 


Eaul, Fe, Gel, 
and hence that the linear element of S at P, expressed in terms of u = x and 
v = y as curvilinear coérdinates on S, is 
ds? = du? + dv’. 

Order of contact of the tangent plane. We define the n directions determined at 
P by the equation 
(4) e(du, dv) = gn(du, dv) = 
as the true asymptotic directions at P. It follows from equation (3) that the tangent 
plane at a planar point of order n has in general contact of order (n — 1), but has 
contact of at least the n-th order in the true asymptotic directions and cuts the surface 


in those directions. See Theorem 1, §1. 
Normal curvature. Let a non-isotropic direction 


du:dv = a:b, aef+h=1 
be chosen arbitrarily at P, and let 
C: u=as+---, v=bs+-.-. 
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be any regular, analytic curve on S which passes through P in the chosen direction 
and is given in terms of its are s. Then along C the normal curvature is 

1 e du? + 2f dudv + g dv* 

= @ oe = n(n — 1) g(a, b) s*? 4+ - 

p Edi? + 2F dudv + G dv ( ) oa, b) + 
Hence 1/p and its first n — 3 derivatives with respect to s vanish at P regardless 
of the direction du:dv chosen. But the quantity 





6 ba Sf) oat cee, 

o ds"~" \p/p (du? + dv?)"? 
varies with the direction at P and is independent of the curve C chosen in this 
direction. We shall call this quantity the (n — 2)-th directional derivative at P 
of the normal curvature. 

It follows from (5) that the (n — 2)-th directional derivative at P of the normal 
curvature vanishes in the true asymptotic directions, and in those directions only. 
See Theorem 2, §1. 

The analogy with Theorem 2 of the introduction can be carried farther. If 


we set in (5) 





du = dr cos 6, dv = dr sin 0, 
so that 
os 1 , 
(5’) — = n! ¢(cos 8, sin 6), 
o 


it is seen that the possible extrema of 1/0 occur in the directions defined by the 
equation 


(6) ¥(cos 6, sin #) = © e(cos é,sin@é) = 0. 


These directions we shall call the true principal directions at P. 
We remark that the form (zr, y) is one-half the jacobian of the form ¢g(z, y) 
and the form 


S@y=r+y. 
Geodesic torsion. Along the curve C the geodesic torsion of S is given by 


edu +fdv Edu+Fdv 





1: |\fdu+qgdv Fdu+Gdv| _ =@-Dee@ Drs... 





tr D(E dv + 2F dude + G de®) 
so that 1/r and its first n — 3 derivatives with respect to s vanish at P, while 
the quantity 


(7) L « < (2) ~ — (n — 11 Whee ae) 


T/P 


* (du? + dv?)"” 
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varies with the direction at P and is independent of the particular curve C 
chosen in this direction. We shall call this quantity the (n — 2)-th directional 
derivative at P of the geodesic torsion. It follows from (7) that the (n — 2)-th 
directional derivative at P of the geodesic torsion vanishes in the true principal 
directions and in those directions only. See Theorem 3, §1. 

Asymptotic lines and lines of curvature. Suppose that through the planar 
point P there passes an asymptotic line which is an analytic curve: 


(8) uaaPh+.--, va bP+... (p21), 


where a and b are not both zero. Since this curve is a solution of the differential 
equation of the asymptotic lines, the substitution of the series of (8) into equa- 
tion (1) leads to the result that 


g(a, b) = 0, 


and it follows that an analytic asymptotic line through a planar point is tangent 
there to a true asymptotic direction. More generally, it can be shown that 7f an 
asymptotic line approaches a planar point in a definite direction, that direction is a 
true asymptotic direction. The corresponding facts hold for the lines of curvat ure 
and the true principal directions. See Theorems 4 and 5, §1. 


3. Projective and metric relations. The differentials (du, dv) are homo- 
geneous projective coérdinates in the pencil of tangent directions at P and have 
a metric interpretation in terms of the slope-angle 6, for the corresponding non- 
homogeneous coérdinate is precisely the slope 


dv/du = tan 6. 


Thus, projective relations which exist among the roots of the three forms, ¢, f, 
and their simultaneous covariant y, must also have an interpretation in terms 
of the angle 6. By a root of a form, say ¢, we shall mean the slope corresponding 
to a solution (du, dv) of the homogeneous equation g(x, y) = 0. 

Let the initial direction for a slope as coérdinate be chosen arbitarily, and let 
a, B. be the respective cross-ratios of the roots a;, b; of ¢, Y with the two iso- 
tropic directions f = 0 and an arbitrarily chosen but fixed direction of slope \: 


a; = (i, ne t; r, ax) ’ B= (i, a t; r, by) . 


Introduce new homogeneous projective coérdinates (x’, y’) such that the 
isotropic directions assume the coérdinates (1, 0), (0, 1) and the arbitrarily chosen 
direction of slope \ assumes the coérdinate (1, 1). Then the transform of f will 
be 


(9) f 
Hence, if the transform of ¢ is 


(10) v= Vasty'*, 
k=0 


px'y’, p00. 
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the transform of y will be 


(11) V=aJtly’,f) =r - (2k — n)epr'*y’"-* , or ~ 0. 


k=0 


Moreover, the roots of ¢’ and y’: 


y’/x’ = a;, y’/xz’ = b,, 
which are the new non-homogeneous coérdinates of the true asymptotic and the 
true principal directions, respectively, will be precisely the cross-ratios a, and 
Be: 
a, = (0 ~, la;) = ax, b. = (0 ©, 1b,) = Be. 


Suppose that cc, ~ 0, that is, that none of the roots of y’ and y’ is zero or 
infinite. Then none of the true asymptotic or principal directions coincides 
with an isotropic direction, and the cross-ratios a;, 8, will satisfy the n equations 


(12) N=BiB2 --- By = (n — BWZ)Tayaz --- ay (k = 1,2,---,m). 


In particular, if n is even, 
(13) ZBiP2 --+ Bn = O (n = 2m). 


For comparison of the symmetric functions of the roots a; of g’ with those of the 
roots 8, of y’ yields the desired equations. 

Inasmuch as S is a real surface and the planar point P is a real point on it, it 
follows that the two isotropic directions at P each count the same number of 
times as a true asymptotic (principal) direction. Moreover, it is clear from (9), 
(10), and (11) that if the isotropic directions each count just p times as true asymp- 
totic directions, they each count just p times as true principal directions. In this 
case, equations (12) and (13) hold for the cross-ratios 


G1, Ae, >** » An—2p ; Bi, Ba, +, Brn—2p 


of the remaining true asymptotic and principal directions provided that in these 
equations we replace n by n — 2p. 

It is to be noted that these results can be extended to yield a general theorem 
concerning the roots of the jacobian of an arbitrary binary form of the n-th 
degree and any binary quadratic form with distinct roots. 

Metric interpretation. Let A;, B; be the directed angles which the true 
asymptotic directions and the true principal directions, respectively, make with 
the arbitrarily chosen direction of slope \. From the Laguerre definition of 
angle we have that 


a oe a 
a=e, Bi = er", 


Now the relations (12) are seen to be still true if a; and 8; are replaced through- 
out by their reciprocals. Thus, the k-th equation of (12) yields the two relations 
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n>. [cos 2(B, + B, + --- + By) + isin 2(B, + B,+ --- + B,)] 
= (n — 2k)> [cos 2(Ai + Ao + --- + Ax) Hi sin 2(A; + Ao + --- + A,)]. 
Hence we obtain the 2n equations 
n>, cos 2(B, + --- + By) = (n — 2k)>> cos 2(A; + --- + Ax), 
(14) n> sin 2(B, + --- + By) = (n — 2k)> sin 2(A, + --- + Ay) 
(k = 1,2,---,n), 
where the summation is to be taken over all terms of the form indicated. If n 
is even, 
(15) >> cos2(Bi + B, + --- + B,) = D> sin 2 (Bi + Bz + ---+B,) = 0 
(2m = n). 


The last pair of equations in (14) furnishes the interesting result: The sum of 
the directed angles which the true asymptotic directions make with an arbitrarily 
chosen direction differs from the corresponding sum for the true principal directions 
by an odd number of right angles: 


(146) (Bi, + Bo+---+B,) = (41+ 42+--- + An) + 2/2 ake 
(k = 0,1, 2,---). 


Obvious modifications must be made in (14), (15), and (16) if the true asymp- 
totic directions are not all distinct from the isotropic directions. These relations 
can be thrown into many different forms by trigonometric manipulation and 
the special choice of the direction from which the angles are measured. 

Harmonic relations, n = 4. In this special case, it is possible to prove a num- 
ber of projective theorems whose metric interpretation concerns the symmetrical 
arrangement of the true asymptotic and principal directions. It is to be noted 
that ¥ is a form with real coefficients which always has at least one real root—see 
§4 below; hence if two true principal directions separate the isotropic directions 
harmonically, they must be real. It is also to be noted that the two isotropic 
directions are equally inclined to any non-isotropic direction. The theorems 





follow. 

1. Two true principal directions are perpendicular if and only if the four true 
principal directions form a harmonic set. In that case, the true asymptotic direc- 
tions are symmetrically arranged with respect to the pair of perpendicular true 
principal directions. 

2. The true principal directions consist of two pairs of perpendicular directions 
(which by Theorem 1 form a harmonic set) if and only if the true asymptotic direc- 
tions are also perpendicular in pairs. In that case the true principal directions 
are the bisectors of the angles made by the pairs of non-perpendicular true asymptotic 
directions. 

3. If the true asymptotic directions consist of two doubly-counting directions, each 
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of these directions also counts once as a true principal direction and the angles made 
by them are bisected by the other two true principal directions. 

4. If a pair of true asymptotic directions bisect the angles made by the other two 
true asymptotic directions, they also bisect the angles made by each of two pairs of 
true principal directions. 

5. If the four true asymptotic directions are symmetrically arranged (at angles of 
45°), the true principal directions are similarly arranged and the directions of one 
kind bisect the angles made by adjacent directions of the other kind. 

As an example of the method by which these results are established, we shall 
outline the proof of the first theorem. 

(i) If the isotropic directions each count once as true principal directions, 
the first statement in the theorem is trivial. Since the isotropic directions can- 
not each count twice as true principal directions, we may suppose in proving 
this statement that no true principal direction is an isotropic direction. 

Then let there be given a projective change of coérdinates which, as above, 
takes the isotropic directions f = 0 into the elements with the non-homogeneous 
coérdinates 0 and x. Then equation (13) holds for the roots 8;, 82, 83, By of wy’: 


(13’) BiB2 + BBs + Bibs + BoBs + BoBs + B38, = 0. 

The condition that the roots of ¥’ form a harmonic set, (6:82, 8384) = —1, is, 
by direct computation, 

(17) 2(8:B2 + 838s) = (B81 + B2)(Bs + Bs). 


But in view of (13’) this is equivalent to 
(18) (8: + B2)(Bs + Bs) = 0, 
which is the condition, necessary and sufficient, that a pair of roots of y’ separate 
harmonically the isotropic elements 0 and ~. 
(ii) Suppose now that the roots of ¥ do form a harmonic set, and so contain a 


pair of real, perpendicular directions. Returning to the slope as coédrdinate, ¢, 
f and y will have, to within constant multiples, the forms 


¢g = art + 4br*y + b6er*y*? + 4dry* + ey', 
f = z* + y’, 
YW = brt + (8c — a)r*y + 3(d — b)x*y? + (e — 3c)zry® — dy'*. 


Selecting the two perpendicular roots of ¥ as the directions of slopes 0 and ~, 
we have that b = d = 0, so that 


g = ax’ + 6cer*y? + ey’, 


whose roots are of the form }4, —\; u, —u. The directions defined by these 
slopes, properly paired, separate harmonically the directions defined by the 
roots 0, « of y. This completes the proof of the theorem. 
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4. Qualitative relations. We may also consider the directions under in- 
vestigation as defined by the angles which satisfy the trigonometric equations 
¢(cos 6, sin #) = 0, ¥(cos 6, sin #) = - =0. 

Then the following propositions are immediate consequences of the well-known 
relations between the zeros of a periodic function of class C’ and the zeros of its 
derivative. 

1. Two real, distinct true asymptotic directions are always separated by a true 
principal direction. There is always at least one real true principal direction, and 
not all the true principal directions coincide with true asymptotic directions. There 
are at least as many real, distinct true principal directions as there are real, distinct 
true asymptotic directions. 

2. If all the true asymptotic directions coincide with isotropic directions, every 
direction at P is a true principal direction. 

3. If k true asymptotic directions coincide in a single direction, k — 1 true 
principal directions also coincide in that direction. Conversely, if m true principal 
directions coincide with an asymptotic direction, m + 1 true asymptotic directions 
coincide in that direction. If all n true asymptotic directions coincide in a single 
direction, n — 1 true principal directions coincide with that direction and the n-th 


is perpendicular to it. 


5. Curvature of the surface near P. In the representation 
z= F(z, y)=e(@,y) + ---, 


which we set up in §2 for S in the neighborhood of the planar point P: (0, 0, 0), 
the coefficients of the second fundamental form have the values e = Fy,/D, 
f = Fxu/D,g = F2/D, D(O,0) = 1. The Gaussian curvature K of the surface 
is therefore given, near P, by the series 


K = H(z,y)+---, 


where H is the Hessian of the form ¢. Therefore H, provided it does not vanish 
identically, indicates the nature of K near P and the character at P of the curve 
of parabolic or planar points K = 0. 

We list several well-known facts! concerning the Hessian H»,_s(x, y) of a form 
¢n(x, y). A root of ¢ is a multiple root of order p if and only if H has the same 
root to the order (2p — 2). If ¢(a, b) = 0, where a and b are real and not both 
zero, then H(a, b) <0; if (a, b) is a simple solution of g = 0, then H(a, b) < 0. 
H vanishes identically if and only if ¢ = A(az + by)". Lastly, g and H always 
vanish together if and only if 


g=A(ar + by)?(cx + dy)* (p>1,q> 1). 


1 See, for example, F’. Faa di Bruno: Einleitung in die Theorie der bindren Formen. 
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By applying these facts to the case at hand, we establish the following results. 

1. The curve of planar or parabolic points K = 0 has a singular point of order at 
least (2n — 4) at a planar point of order n; the order is greater than (2n — 4) if and 
only vf all the true asymptotic directions coincide. 

2. A branch of the curve K = 0 is tangent at P to a true asymptotic direction if 
and only if two or more true asymptotic directions coincide in that direction. If 
the multiplicity of the true asymptotic direction is p, the multiplicity of the branch 
of the curve K = 0 which is tangent to it is (2p — 2). 

3. If P is an isolated planar point lying in the interior of a region in which K > 
0 save for P, the true asymptotic directions are all imaginary and distinct; this is of 
course impossible if nis odd. On the other hand, if P is interior to a region in which 
K < 0 save for P, the true asymptotic directions are all distinct, but, for n > 3, not 
necessarily all real. 

4. If each tangent to the curve K = 0 at P coincides with a true asymptotic direc- 
tion and vice-versa, there are just two such directions, real or imaginary. Ifn —1 
true asymptotic directions coincide in a single, necessarily real, direction, all branches 
of the curve K = 0 at P are tangent to that direction. 

In the special case n = 3, sharper conclusions can be drawn. Let 


v(x, y) = ax*® + 3b2°y + 3cry? + dy’. 


Without loss of generality, since n is odd, we can suppose that a = 0. The 
discriminant of the quadratic //(1, t) is A = b?(4bd — 3c’), and that of the cubic 
g(1, t) is —27 A. The resultant of H and ¢ is A*. An inspection of the two 
cases A > 0, A < 0 yields the following additional theorems, n = 3. 

(i) If there is but one real true asymptotic direction, the branches of the curve K 
= 0 are tangent at P to two real, distinct directions, neither of which is a true asymp- 
totic direction. 

(ii) There are three real, distinct true asymptotic directions if and only if K is 
negative in some deleted neighborhood of P. 

The case A = 0 furnishes no information not given in propositions 1-4. 

Locus of planar points. Finally, suppose that the planar point of order 3 lies 
on a curve of planar points. We may suppose that this curve is tangent at the 
origin P to the x-axis. Then, since e, f and g all vanish along the curve, we find 
that ¢(z, y) = Ay’, A # 0; that is, all three true asymptotic directions at P coincide 


in the direction of the planar locus. 


6. Variation of the quantity 1/c. Indicatrix of Dupin. At a non-planar 
point the indicatrix of Dupin is a conic, or a pair of conics, giving the 
variation of the normal curvature as a function of direction at the point and 
indicating the approximate shape of the surface near the point. At the planar 
point P, we have, in terms of the slope-angle, 1/¢ = n! ¢(cos 6, sin 8). Con- 
sider the point in the tangent plane for which x = Vie | cos 0,y = Vo! sin @. 
As @ varies, this point describes the curve 


(19) nig(z,y)=+1, 
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which consists of two “conjugate” n-tics, with asymptotes in the true asymptotic 
directions and “vertices” in the true principal directions. Since 1/o changes 
sign only in the true asymptotic directions, only one of the two signs on the right 
of (19) is to be used in the region between any real pair of those directions. 

The curve is evidently an indicatrix of the variation of 1/¢ with 6. More- 
over, it indicates the shape of the surface near P, for the section of S by a plane 
which is parallel to the tangent plane at P and near that plane will be a transcen- 
dental curve approximately similar to (19) or to certain branches of it. 

Euler’s Equation, n = 3. At a non-planar point, the normal curvature of S 
in the direction of slope-angle @ is given by 

1 cos’? _ sin’é 


= aes 


p Pi p2 


where 1/p:, 1/p2 are the principal normal curvatures. For a planar point of 
order 3 there is a generalized form of this equation, expressing the value of the 
quantity 1/c. It is 





1,2,3 , 
1 . 1 sin (@ — B;) sin (6 — B;) 
9 » oe pA = (9 — R. 
(20) C 2 o; sin (Bi — Bj) sin (Bi — Be) cos (0 — Bi), 


where i ¥ 7 = k ¥ iand jt, j,k run cyclically,and where the B; are the slope-angles 
of the true principal directions and the 1/¢; are the values of 1/¢ in those direc- 
tions. The equation holds, of course, only if the slope-angles B; are distinct. 
It has the advantage of being independent of the choice of the initial direction 
for the slope-angle, but it has the disadvantage of not characterizing the true 
principal directions. In fact, it holds for any three angles B; and their corre- 
sponding values of 1/¢ provided only that 2B; differs from the sum 2A; of the 
slope-angles of the true asymptotic directions by an odd multiple of 2/2. 
The deduction of equation (20) is direct. We have 


(A) 1/o = a cos *6 + 3b cos 76 sin 6 + 3c cos @ sin 76 + d sin *@. 

By equation (16) of §3, the initial direction for the slope-angle can be so chosen 
that 

(B) A,+ A2+ A; = 7, B, + B. + B; = r/2 + 2kr, 


which imposes the condition a = 3c upon the coefficients in (A). The values of 
1/o in the true principal directions are then given by the three equations 


(C) 1/o; = a (cos *B; + cos B; sin 2B,) + 3b cos 2B; sin B; + dsin *B; 

(¢ = 1, 2,3). 
These equations can be solved for the quantities a, b, c if the slope-angles B; are 
distinct, for the determinant of the coefficients reduces to sin (Bz — B3) sin 


(B; — B,) sin (B, — Bs) # 0, provided we make use of the second relation of (B). 
The substitution of the solutions of (C) into (A) yields the desired equation (20). 
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7. Circular point. Suppose that P is a circular point that is, an umbilic 
which is not a planar point. Then at P: e = E/p,f = F/p,g = G/p,1/p ¥ 0. 
The differential equation of the lines of curvature has a singular point at P 
and the geodesic torsion vanishes in every direction there; therefore, we could 
define the quantity 1/£ and the true principal directions y = 0 at P, as in §2. 
On the other hand, P is regular with respect to the asymptotic directions and 
the asymptotic lines through it; hence the quantity 1/¢ is not defined. But, by 
means of a device suggested by a remark of Delloue’s,? we can establish results 
which are formally similar to those of the preceding sections. 

Let the axes be chosen as in §2. Then we shall have, in the neighborhood of P, 


S: z= F(z, y), 
where now 
F(0,0) = 0, F,(0,0) = 0, F,(0,0) = 0, 
Fy(0, 0) = @ =1/p #0, Fy2(0,0)=f.=0,  Fe2(0,0) = go = 1/p. 


The expansion of F about the origin P therefore becomes 


(21) z= (x? + y*)/2p + s(t, y) +--+ + oxt,y) +---- 
Consider the osculating sphere = at P; its equation can be written as 
(22) Z= (x? + y’)/2p + faz, y) +--+ + fcr, y) + +>, 
where ° 


Sx = 0,k odd ; Se = a(x? + y*)*?/p*, a, ~ 0, k even. 
Instead of the distance from a point z on S to the tangent plane at P, we shall 
consider the distance from z to its vertical projection Z on =: 

z— Z = Gnr(z, y) + Pil, y) + °° (n > 2). 

In order that this expansion begin with terms of order n, it is necessary and 
sufficient that 

ex(r, y) = fi (x, y) (k < n) . 

The point P shall be called a circular point of order n; evidently, the surface at a 


circular point of order n has in general contact of order (n — 1) with its osculating 
sphere, but has contact of at least the n-th order in the directions given by 


?n(du, dv) = ¢,(du, dv) — f,(du, dv) = 0. 


The directions defined by ¢, = 0 we may call “the true osculatory directions 
at P”. 


2? Comptes Rendus, t. 187 (1928), p. 702. He also gives an interesting geometric interpre- 
tation of the true principal directions at a circular point. 
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We now note that the jacobians of the ¢g; and (2? + 7°), 


Og; Ogi. 
-=r— -y — 
vA oy y Ox 


’ 


vanish identically for k < n, but that 





y weg OR Mg OPO ae Pe, Me 
r ay sé ay ax 


does not in general vanish identically. Hence the methods of §2 lead us easily 
to the following conclusions. A line of curvature which approaches a circular 
point in a definite direction must do so in a true principal direction. The quantity 
1/£, defined as in equation (7), vanishes in the true principal directions p,, = 0 and 
in those directions only. 
By analogy with §2, it is possible to define the quantity 
1 n! ,(du, dv) 


¢ (du? + dv?)”?’ 
which vanishes in the true osculatory directions at P and has its possible extrema 
in the true principal directions. It is the quantity 1/o for the surface 


S: Z=2-Z, 


which has a planar point of order n at P. 

We see, then, that the theory of §§1—4, 6 which deals only with the directions 
defined by ¢, = 0, ¥,» = 0 at a planar point and with relations between these 
directions, is valid here when applied to the directions ¢, = 0, Y, = 0 ata circu- 
lar point. The developments of §5, concerning the curve K = 0 and the true 
asymptotic directions, can be applied here to the curve K = 0 of S and the true 
osculatory directions. Unfortunately these developments do not, at any rate 
for n > 3, hold for the curve K — 1/p? = 0 of the given surface S. 


Sweet Briar CoLuece. 








A MATHEMATICAL LOGIC WITHOUT VARIABLES. II 
By J. B. Rosser 


In the first part! we set up a formal system and proved that it was not too 
strong in the sense that it would not enable us to carry out certain (to us) un- 
desirable types of proofs. We now prove that it is strong enough to do what we 
ask of it. 

Section E 
Fl. P5 


+ EI. 
Proof. J = 
E 


[xl P5 
I M36 


Strictly speaking, we should put 


Fl — EI 

P5 |} Fl. 

However, it is more convenient to write it as we have, thus stating on one line 
the fact that the formula which we are going to call Fl can be proved from P5. 
We shall in general omit explicit mention of M36, 137, or MC in the steps of a 


proof, 


F2. P2 + EV. 
F3. Pl | EI. 
F4. Pl | Ed. 
F5. Pl + ET. 
F6. Pl | EB. 
F7. P4 - EC. 
F8. PS | EW. 
M38. B(p X q) conv Bp X Bq. 


Proof. B(p X q) conv (BB X B)pq r-conv. 
conv (CB°B)pq P6 
conv Bp X Bq r-conv. 


Note. B(p X q) can be reduced to a form where no further reductions are 
possible. Therefore, by T14, if we perform all possible reductions on (BB X B)pq 
we shall get the same result. By this means the reader can verify that B(p X q) 
conv (BB X B)pq. Whenever this type of verification is possible, we omit the 
details of the proof. In the next step we indicate by the P6 to the right that P6 
is the conversion postulate used in that step. 


Received August 17, 1933 by the Editors of the Annals of Mathematics, accepted by 


them, and later transferred to this journal. 
1 The first part appeared in the Annals of Mathematics, vol. 36 (1935), pp. 127-150. 
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M39. (p X q) Xr conv p X (q X r) 


Proof. (p X q) X rconv B(p X q)r def. of X 
conv (Bp X Baq)r M38 
conv p X (q X r) r-conv. 


F9. P5 | Fl. 

Since BI is 1. 

F10. P(i-16) -}l=1%X1 

Proof. 1 = BU X I) F9, P5, P(1-16) 
=1xX1 M38, P(1-16). 


Throughout the rest of the paper, } q shall be understood to mean P(1—16) 


F q. 


Fll. | E(B). From P3. 

F12. | BI =1 X Bl. 

Proof. B?J = B(BI) (F1l and r-conv), = (B77 & B)(BI)(P3), = 1 X BY 
(r-eonv). 

F13. -B=1xXB. 

Proof. B= BI < B(P3), = (1 X BY) X B(F12), = 1 X (BT X B) (M39), 
= 1 X B (P83). 

Fl4. -}C =1XC. Similar proof. 

F115. -W=1X W. 

Proof. W = W X C (P15), = W X (BT X C) (P4), = (WX BY) XC 
(M39), = (BW x B*)I X C (r-conv), = (CB°W)I X C (P8), = (1X W) x C 
(r-conv), = 1 X (W X C) (M39), = 1 & W (P15). 

Because of M39 we shall henceforth cease to distinguish between (p X q) X r 
and p X (q X r), writing either as p X q X r. 

Fl6. fl =7X1=11=0. 


Note. This is a concise way of writing 
Liesl x1, Lr xX 1 = il, bil =1 


Proof. 1 = BI (¥F9), = (1 X B)I (F13), = 11 (r-conv), = I X 1 (def. of 1). 
By definition, 1 is 11. 

F17. -+B=IxXB= 1B = B'. 

Proof. B= 1X B(F13), = U X 1) X B(F16), =7 XK (lx B) =I XB 
(F13), = 1B. 

Fis. -}C =I xXC=1C=C'. Similar proof. 

FI9. -W=1X W=1W = W'. Similar proof. 

M40. IJ X peonv p X I. 

Proof. JI X pr-conv (BI X I)p, conv (CBI)p (P9), r-conv p X I. 

M41. p*** conv p* X p’. 

Proof. Use r-conversion and definitions of pt and q + r. 

M42. p** conv (p‘)*. Use r-conversion. 

F200. -C=CX BI=CX1. 
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Proof. C = BI X C (P4), = C? X C (P12), = (C X C) X C (r-conv and 
F18), = C X C*, = C X BI (P12), = C X B1 (r-conv), = C X BUI X 1) 
(F16), = C X B(1 X I) (M40), = C X (B1 X BI) (M38), = (C X BJ) X 1, = 
C X 1 (by the first part of proof). 

F21. -W=W xX BI =W X 1. 

Proof. W = W X C (P15), = W X C X BI (F20), = W X BI (P15). 
W = W X 1 by a similar argument. 

F22. + 1 = CBI. 

Proof. 1 = J X 1 (F16), = 1 & J (M40), = CBI (P9). 

F23. + BC = BC X B'I. 

Proof. By Pil, | E(BC), .. BC = B(C X B*I) (F20), = BC x B(B?I) 
(M38), = BC X BI (r-conv). 

F244. -C X BY = BI Xx C. 

Proof. | J = (C X BD)IIII (r-conv), «. | E(C X. BD), .. C X BY = 
(BC X B*) (BI) (r-conv), = (CB°C)(BI) (P7), = BI X C (r-conv). 

F25. +} BX BY = BY xXx B. 

Proof. | J = (B X BDIIIT (r-conv), «. | E(B X BY), .. BX BT = 
(BB X B)(BD) (r-conv), = (CB*B)(BI) (P6), = B*I X B (r-conv). 

F26. | BBXC =C xX BC XB. 

Proof. | J = (BB X C)JIIIT (r-conv), .. | E(BB XC), . BB XC = 
B( BI X B) X C (P3), = B(( K BD) X B) X C (F12), = 
Bil X Bl) X BB X C (M38), = BY X& BI & BB X C (M38 and 
r-conv), = C? X BI X BB Xx C (P12), = CX C X BI X BBX C 
(r-conv and F18), = C X B*I X C XK BB X C (F24), = C X B(C?) X C X BB 
x C (P12), = C & BC X BC X C X BB X C (M338, r-conv, and F18), = 
Cx BCX BxCxC (P10), = C X BC X B X B® (P12), = C X BC x 
BI < B (F25), = C X BC X B (F23). 

F27. +} T =(Cl. 

Proof. T = JII, = (WX BC X BC X B*B*)IIT (P2), = Cl X J) (- 
conv), = CU X 1) (M40), = C1 (F16). 

Definition, by induction, of a number. 

1. Any formula which is convertible into the formula 0 is a number. 

2. If nis a number and m is convertible into the formula @n, then m is a 
number. 

T19. 0 is a number. 

T20. If nis a number, @n is a number. 

T21. @0conv 1. 

Proof. @0r-conv 1(11), which by F16 and T18 is convertible into 1. 

CoROLLARY. 1 is a number. 

Coro.Liary. 2, 3, 4, etc., are numbers. 

Because @1 conv 2, ®@2 conv 3, @3 conv 4, ete. 

M43. If n occurs in p and there is an f such that: 

1. fn conv p. 

2. + q where q conv f0. 
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3. From the assumption that k is a number and that fk conv r and f(@k) 
conv §, it follows that P(1-16),r } s. 

then, if nisanumber, |} p. 

Proof. We prove by induction that if the last two conditions of the theorem 
are satisfied, then if nis a number, }| fn; | p then follows by the first condition. 

1. Ifkconv 0, } fk by condition 2. 

2. Given that k is a number and that | fk. Then } r, and by condition 3 }+ 
s, whence we get |} f(@k). Then ifmconv @k, we get |} fm. 

M44. If n occurs in p and there is an f such that: 

1. fn conv p. 

2. + q where q conv f0. 

3. |rwherercony fl. 

4. From the assumption that k is a number and that f(@k) conv s and f(@*k) 
conv t, it follows that P(1-16),s } t. 

Then, if nis a number | p. 

Proof. We show that conditions 3 and 4 imply condition 3 of M43. When k 
is a number, then either k conv 0, or there is anm such that m is a number and k 
conv @m. Let r, conv fk, and s; conv f(@k). 

1. kconv 0. Then @k conv @0, therefore ®k conv 1 by T21. Hence s, 
conv flandso } s; by condition 3; hence P(1-16), mr, | si. 

2. misanumber and kconv @m. Then rm conv f(@m) and s; conv f(@*m). 
Hence P(1-16), r; | s: by condition 4. 

F28. +1 = @0. Use F9 and T21. 

F29. + 1=00. 

Proof. 1 = 1X 1(F10), = 11 X 11 (F16), = 0@ (r-conv). 

T22. Ifnisa number, @’nconv S(@n). 

Proof by induction. 

1. If k conv 0, then @*k conv 70, conv S1 (r-conv), conv S(@0) (T21), 
conv S(@k). 

2. Assume that k is a number, that @*k conv S(@k), and that m conv @k. 
Then @’*m conv @*(@k), conv @(@*k) (r-conv), conv @(S(@k)) (hyp. ind.), 
conv @(Sm), conv S(@m) (r-conv). 

M45. If nisa number, } 1 = nl = i”. 

Proof. 

1. C(BC, = }1)) Inconv 1 = nl. 

2. -1 = 01. 

Because 1 = 11 (F16), = 01 (r-conv). 

3. -1= 11 by F16. 

4. If nis a number, then P(1-16), 1 

Because if 1 = @nl, then 1 = 1 
S(@n)1 (r-conv), = @?’nl (T22). 

Hence the theorem follows by M44. 

Corotuary. If nisa number, | £n. 

Coro.tuary. If nisanumber, | E(@n) by T20. 


= @nl +1 = @*nl. 
x @nl (F10), = 11 X @nl (F16), = 
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Corotuary. If nisa number, + £(@?’n) since @*n conv @(@n). 

M46. If nis a number, | @’n = S(@n). 

Proof. Ifnisanumber, | £(@’n), ..6°’n = S(@n) by T22. 

M47. If nisa number, then |} n = n@0 = 0@n = O70 = nt. 

Lemma 1. If nisa number, } n = n@0. 

Proof. 

1. (BW x BCXKC XK BX C){ = | @0nconv n = 200. 

2. +0 = 000. 

Because 0 = C(C11)1 (M45 Cor.), = (BT & C)(C11)1 (P4), = 10 (r-conv), = 
0@0 (F29). 

3. -1=100. 

Because 1 = @0 (F28), = 10 (r-conv). 

4. If k is a number then P(1-16), @k = (@k)@0 | O*k = (@*k)O0. 

Because @°k = @°k (M45 Cor.), = @(@k) (r-conv), = @((@k)@0) (hy- 
pothesis), = S(@®k)@0 (r-conv), = (@*k)@0 (M46). 

Lemma is true by M44. 

Lemma 2. If nisa number, thenn = In. 

Proof. 

1 (BW xX BX C)! = }Inconvna = In. 

2. +0 = 10. See 2 of proof of Lemma 1. 

3. 1 = 11 by Fi6. 

4. If k is a number then P(1-16), Ok = 1(@k) | @*k = 1(@°*k). 

Because @*k = S(@k) (M46), = W(BC(B*B(BB))1(@k)) (r-conv), = 
(1 & W)(BC(B*B(BB))1(@k)) (F15), = 1(S(@k)) (r-conv), = 1(@*k) (M46). 

Lemma is true by M44. 

LemMa 3. If nisanumber, |} n = 0@n. 

Proof. By Lemma 2,n = in, = 0@n (F29). 

Since n@0 is @"0 and In is n', the theorem is proved. 

T23. If n and m are numbers, then n@m is a number. 

Proof by induction on n. 

1. If n conv 0 and m is a number, then n@m is a number by M47 and TIS. 

2. Assume that nis a number and that ifm is a number then n@m is a number. 
Also let p be conv @n. Either n cony 0, or there is a k, which is a number, such 
that n conv Ok. 

Case 1. neonv0. Then peony 1 by T21. Hence p®m conv 1@m which is 
conv ®m. Hence p@m is a number if m is a number. 

Case 2. k is a number and n conv @k. Then p@m conv ©*k@m, conv 
S(@k)@m (T22), conv Sn@m, conv @(n@m). But, by the hypothesis of the 
induction, n@m is a number if m is a number and hence p@m is a number if m 
is a number. 

Coro.titary. Ifmandnare numbers, | E(n@m). 

M48. If nandm are numbers, | (1@n)@m = 1@(n@m). 

Proof. 

1. | = }(C(CUO)@)m)(C(B(C(B(1@))m))@)n conv (1On)\O@m = 106 
(n@m). 
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If m is a number: 

2. + (1@0)@m = 1@(0@m) by M47. 

3. Ifkisa number, then | (1@(@k))@m = 1@((@k)@m). 

Because (1@(@k))@m = @*k@m (r-conv and T23 Cor.), = S(®k)@®m 
(M46), = 1@((®k)@m) (r-conv). 

Theorem follows by M43. 

Hereafter the use of T18 and T23 will be tacit. 

M49. If m, n, and p are numbers, then | (m@n)@p = m@(n@p). 

Proof. 

1. | = }((BC X BC XC X T)@n@p)((C X T)@(n@p))m conv(m@n) @p 
= m@(n@p). 

If n and p are numbers: 

2. + (0@n)@p = 0@(n@p) by M47. 

3. If k is a number and (k@n)@p = k@(n@p), then ((@k)@n)@p = 
((1@®k) @n) @p (r-conv), = (L@(k@ n)) Op (M48), = 1@((k@n) @p) (M48), = 
1@(k@(n@p)) (hypothesis), = (10@k)@(n@p) (M48), = (@®k)@(n@p) 
(r-conv). 

Theorem follows by M43. 

M50. Ifnisanumber, then }n@1 = 1@n. 

Proof. 

1. 6} = }(C(C1@)1)@n conv n@l = 1O@n. 

2. /0@1 = 100 by M47. 

3. If kisa number and k@1 = 1@k, then (@k)@1 = (1@k)@1 (r-conv), = 
1@(k@1) (M48), = 1@(1@k) (hypothesis), = 1@(@k) (r-conv). 

Theorem follows by M43. 

M51. Ifmand nare numbers, then |} n@®m = m@n. 

Proof. 

1. @ | = }(C(C1@)m)(mMO)n conv n@m = mOn. 

If m is a number: . 

2. +} 0@m = m@0 by M47. 

3. If kis a number and k@m = m@k, then (@k)@m = (1 @k)@m (r-conv), 
= 1@(k@m) (M48), = 1@(m@k) (hypothesis), = (m@k)@1 (M50), = 
m@(k@1) (M49), = m@(1@k) (M50), = m@(@k) (r-conv). 

Theorem follows by M43. 

The familiar properties which we have now proved for numbers and @ will 
be used without reference in the future. 

T24. If m and n are numbers, then p'®™*‘*" conv p'2™* =”, 

Proof by induction on m. 

1. If nis a number and m conv 0, then p®™®™ conv p'®(2™, conv p®™ 
(r-conv), conv p*‘®™ (T22), conv p'*‘® (def. of S and +), conv p'&™*2™, 

2. Assume that m is a number and that p‘*™*‘*” conv p'*™*“®” if nis a num- 
ber and that k conv @m. Then if nis a number p®™’* cony p? St O™) 2S” 
cony p'2(t@m™@2)) Cony p®*™2S™) (p-conv), conv pS ®™*2")) (122), conv 
pit'1eime(m)) (peony), conv p'*te™2S™) conv pt x p'e™ 2" (r-conv), 
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conv p' X p'®™*‘®") (hyp. ind.), conv p' X (p®™ x p®") (M41), conv (p' x p®”) 
x p®" (M39), conv p*®™*” (r-conv), conv p°®*’*‘®™ (T22 and r-conv). 

T25. If p® X p® conv p’, p' X p® conv p', p® X p! conv p', and m and n are 
numbers, then p™®" conv p™*" and hence conv p™ X p" by M41. 

Lemma 1. If p' conv p' X p® and n is a number, then p'®" conv p' X p". 

Proof. If nis a number, then either n conv 0 or there is a k such that k is a 
number and ncony @k. If n conv 0, then p'®" cony p' (M47), conv p' X p® 
(hypothesis), conv p' X p". If k is a number and n conv Ok, then p'®" conv 
p' X p® by T21, T24 and M41. 

Lemma 2. If p® X p® conv p’, p' X p® conv p', p® X p' conv p', and nisa 
number, then p’®" conv p’**. 

Proof. If nis a number, then either n conv 0 or there is a k such that k is a 
number and n conv @k. If nconv 0, then p’™ conv p®, conv p® X p® (hypoth- 
esis), conv p’*"(M41). Ifkis a number and n conv Ok, then p’®" conv p®** 
conv p'®*, conv p' X p* (Lemma 1), conv (p’ X p') X p* (hypothesis), conv 
p’ X (p' X p*), conv p’ X p'®* (Lemma 1), conv p°™ (M41) 

We now prove the theorem by induction on m. 

1. If nis a number and m conv 0, then p™®" conv p™** by Lemma 2. 

2. Assume that m is a number and that rs ” conv p™** if n is a number and 
that k conv @m. If n is a number, then p*®" conv p''®™®*, cony p'®™®, 
conv p' X p'™*” (Lemma 1), conv pt X on) (hyp. ind.), conv (p' X p™) x 
p" (M41), conv p'®™ X p™ (Lemma 1), conv p*™ (M41). 

F30. a l= B = Bx B. 

-FB=B=B'X B= BX B. 

Proof. 1 = 1X 1(F10), = OB (r-conv), = B°(def.), = B® X B°(F10). The 
rest of the theorem follows by F17, F13, and the following: B = B*J X B (P3), 
= CB®BI (r-conv), = (BB X B)I (P6), = B X 1 (r-conv). 

T26. If nis a number, then B(p*") conv (Bp)®*". 

Proof by induction on n. . 

1. When n conv 0, then B(p®") conv B(1p) (T21), conv (B X 1)p (r-conv), 
conv (1 X B)p (F30), conv (Bp)! (r-conv), conv (Bp)®" (T21). 

2. Assume that n is a number and that B(p®") conv (Bp)®" and that k conv 
@n. Then B(p®**) conv B(p'®®”) (r-conv), conv B(p' X p®") (T21 and T24), 
conv B(p') x B(p®") (M38), conv (Bp)! x (Bp)®" (hyp. ind. and (1) of this 
proof), conv (Bp)'®‘®™ (T21 and T24), conv (Bp)**. 

T27. If nis a number, then: 

a. B"B conv B°B X I conv I XK B*B. 

b. B’C conv B°C X I conv I X BC. 

c. B’W conv B°W X Iconv I X B°W. 

d. B'I conv B'I X I conv I X Bl. 

The proofs of these are just alike so we give only that of the second half of part 
(a) (since the first half follows from it by M40). 

Proof. If n is a number, then either n conv 0 or there is a k such that k is a 
number and nconv @k. Ifnconvy 0, then BB conv 1B (F30), conv 1(1B) (F17), 
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conv J X B°B (F30). If k is a numberandnconv @k, then B"B conv B'®*B 
(r-cony), conv (Bt X B*)B (T25 and F30), conv B(B*B) (r-conv), conv (1 X B) 
(BB) (F13), conv I X B(B*B) (r-conv), conv I X B"°B (T25, F30, and r-conv). 

It is obvious that there is an isomorphism between ordinary whole numbers 
and the combinations which we have called numbers. We set this up as follows: 

1. Let 0 correspond to zero. 

2. If n corresponds to n, let @n correspond to n plus one. 

By T24 and M41 it follows that if n corresponds to n and n is not zero then 
p' X p' X --- X p!, where n factors occur, is convertible into p". 

Moreover, if n is a number it follows by F30 and T25 that B® conv 1, B' conv 
B, and B'®*" conv B X B® conv BBB". Hence if n corresponds to n, B" is con- 
vertible into the expression which Curry calls B, except when n is zero (see 
Curry 1930, p. 529). Therefore we can carry most of Curry’s proofs directly 
over into proofs in our system. However, in doing this we must note four 
things: 

1. When a proof involves B,, we must investigate the special case of n equal 
to zero. 

2. Curry’s “=” must be translated into “conv”. Then if we can prove some 
function of the quantities concerned, we can use M13, M36, and MC. 

3. Since five of Curry’s axioms, namely W X K = BI,C X K = BK, B 
xX K = K*, CB°K = BK X I, and I = BI, are not included in our list, we must 
make sure that these axioms are not used to prove the theorem in question. 

4. Since K does not appear in our system, it must not appear in the formulas 
which we wish to carry over. 

With this in mind we see that M42 is Satz 1, II B4, p. 532; M38 is Satz 2, II 
B4, p. 532; M39 is Satz 3, II B4, p. 533. Satz 4, II B4, p. 533 depends on the 
axiom J = BI and so cannot be carried over. M40 is its nearest equivalent. 
Satz 5, II B4, p. 533 is a special case of T24. 

T28. If nis a number, then B®"(p X q) conv B® p X B®" q. 

Proof. Satz 6, II B4, p. 534. 

T29. If m, n, and p are numbers, then B®™B" XK B®™B? = B®™Br®?, 

Proof. Satz 7, II B4, p. 534. Use F30 and T25 for the cases where n or p 
are conv 0. 

From now on we shall essentially follow the treatment given in Curry 1930. 
However we shall use a slightly different definition of the normal form of a 
combinator, and actually show how to handle the permutators (see Curry 1930, 
p. 806) rather than referring them to group theory. 

Definitions? 

r—(C X T)(BCB)1. 

A—(C X T)(CB°C)1. 

F31. -}ril=C = Al. 

Proof. Use F20 and P4 because [ 1 r-conv C X BJ and Al r-conv BT X C. 

T30. If n is a number, then 


2 Due to H. B. Curry. 
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a. A (@’n) conv B(A(@n)) X C. 

b. T (@’n) conv C X B(T (@n)). 

Proof. Use T22 because A(S(@n)) r-conv B(A(@n)) X C and T (S(@n)) 
r-conv C X B(T (@n)). 

T31. If n is a number, then 

a. B*®C xX A(@n) conv A(@’n). 

b. T (@n) X B**C conv T (@’n). 

Proof of (a) by induction on n (proof of (b) similar). 

1. If n conv 0 use T30 and F31. 

2. Assume the theorem for k and let n conv @k. Then A(@’n) conv 
B(A(@n)) X C (T30), conv B(B®*C X A(@k)) X C (hyp. ind.), conv B(B®*C) 
< B(A(@k)) X C (M38), conv (B' x B®*)C < A(@*k) (F30 and T30), conv 
B'*'®®C x A(@(@k)) (T24), conv B®™"*C Xx A(@n). 

T32. If m and n are numbers, then B®™p®" conv (B®™p)*". 

Proof by induction on m. 

1. When m conv 0, use T26 and F30. 

2. Assume the theorem for k and letm conv @k. If nis a number and k isa 
number, then B®™p*" conv (B X B™)p®" (T25 and F30), conv B(B®*p*"), conv 
B((B®*p)®") (hyp. ind.), conv (B(B®*p))®" (T26), conv (B®™p)®". 


Section F 


We shall follow closely Curry’s treatment of combinators (see Curry 1930, 
pp. 799-834). 

Derinition. A combination is called a combinator if the only undefined 
terms appearing in it are J, J, (, and ). 

Where Curry uses the word “variable” we shall use instead “‘proper symbol.” 
With this change, we take over the entire results of II C2 and II C3 (p. 799-803). 
The function which Curry calls W%., (p. 805) we will denote by B"™W™ (where n 
and m correspond to n and m respectively) since they are convertible into each 
other by T24, M41, T32, F30, and F19. Making this change we take over 
Satz 3 and Satz 4, II C4, pp. 804-805. However, we shall make a different 
treatment of the permutation sequence (Permutationsfolge) from that of Curry. 

We shall say that a combinator is a normal permutator if it is of the form 
(A1)™' x (42) x .-- & (An)*" where n, kj, --- , K, are numbers and corre- 
spond respectively to n, ki, ---, k, and0O < kj S i+ 1 fori < n and 
0<&k& SX. 

T33. There is a unique normal permutator corresponding to each permutation 
sequence different from the identity. 

Proof. We denote by o; the permutation sequence (XoX;.:X:X2 «+ - XiXiv2--- ). 
Then by F31, T31, T24, and T27 (Ai)* corresponds to o*, where o* stands for 
ao; XK o; X --+ &K o; where k factors oceur (cf. Satz 1 and Satz 2, II C2, p. 800). 
Let the permutation sequence, 7, be (XoXajXe +++ XaniiXn42 **+ ) Where 
nui = n + 1. nis at least one since the permutation sequence is not the 














MATHEMATICAL LOGIC WITHOUT VARIABLES. II 337 


identity. We pick out the 7 (which will be unique since no repetitions or omis- 
sions occur in 7) such that a; isn + 1. Then, if x; is 


(XoXaj41 Xajie *** Xan41XayXaq *** XajpXnpiXni2-+: ), 7 = ™m XG). 


We note that the x’s have their proper order from x,,2 on in * whereas they 
have their proper order from x,,; 0n in m. Now if m is (XoxXs, --- Xs, Xngi ++: ), 
we pick the k such that b, = n and find a 72 such that 7, = 72 X o*_, and in 
m2 the x’s have their proper order from x, on. Keeping this up we finally arrive 
at a unique sequence of k;’s so that m is of! X --- o4". Then 


(A1)™ & (A2)" & «+. & (An) 


is a normal permutator and corresponds to 7. By reversing the argument given 
above we readily show that it is the only normal permutator which corresponds 
to r. 

As a matter of terminology, we shall call an “‘Umwandlung” which satisfies the 
conditions for the first factor in Satz 3, II C4, p. 804, a duplication sequence. We 
shall call a combinator defined as in Satz 4, II C4, p. 805, a normal duplicator. 
We shall call a “Gruppierung”’ defined as in Festsetzwng 1, II C3, p. 801, a compo- 
sition sequence. We shall call a combinator defined as in Satz 3, II C3, p. 802, 
a normal compositor. Finally, if mn is a number, we shall call B"J a normal 
identity. If acombinator has the form X; (0 < 7 < 5) or X; X X; (0 <i <j < 5) 
or X; X X; X X& (0 < i<j<k < 5) orX, X X. X Xs X Xy where X, is a 
normal identity, X_ is a normal duplicator, X; is a normal permutator, and X, is 
a normal compositor, then we shall say that the combinator is seminormal. 

By Satz 4, II C4, p. 805, a unique normal duplicator corresponds to each dupli- 
cation sequence which is not the identity. We have shown that a unique normal 
permutator corresponds to each permutation sequence which is not the identity. 
By Satz 3, II C3, p. 802, a unique normal compositor corresponds to each compo- 
sition sequence which is not the identity. Curry has shown® how to express any 
normal sequence without omissions in a unique manner as the product of a 
duplication sequence, a permutation sequence and a composition sequence and 
hence any combinator which corresponds to a normal sequence determines a 
unique permutation sequence. In particular (cf. Satz 1, Il C2, p. 800) a semi- 
normal combinator determines a unique permutation sequence. 

Derinition. If a seminormal combinator, 8, has a normal identity and 
this normal identity is B°J where n corresponds to n and n + 1 is the order 
with which ® corresponds to the normal sequence which 8 determines (see 
Curry 1930, p. 790, Festsetzung 7), and if the unique permutation sequence 
which ® determines either 

(a) is the identity and ® has no normal permutator; or 

(b) is not the identity and the normal permutator of R corresponds to it; 

then ® is said to be a normal combinator. 


3 See pp. 553-554, Curry 1932. 
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Now (ef. Satz 2, II C5, p. 807) it is obvious that: 

T34. If we have given a normal sequence 7, and n is large enough so that a 
combinator can correspond to 7 with the order n, then there is a unique normal 
combinator which corresponds to » with order n. 

By looking at Curry’s definition of order (p. 790) we see that if a combinator, 
p, corresponds with the order m to a sequence of variables, then p is of degree m 
by TS and T9, and moreover p/J --- J, where J appears m times, is reducible to J 
and hence we can prove | Ep. 

M52. If pis a convertible into a normal combinator, then | Ep. 

Hereafter when p/J --- J is reducible to J we shall not bother to write out the 
proof of + Ep, even if p is not convertible into a normal combinator. 

We continue with II D, p. 808, and modify Curry’s definition of a regular 
combinator by saying that it must contain no K,’s. 

Throughout the rest of Section F we shall let the following German and Greek 
letters stand for regular combinators of the form described after them. 

%: only factors of the form B™B*. 

€: only factors of the form B"C or Tm or Am. 

&: only factors of the form B*/. 

M: only factors of the form B*W or B°C or Tm or An. 

®: a normal combinator. 

WW: only factors of the form B"W or B°W™. 

2: a combinator. 

Satz 1, 1f D1, p. 809 is not valid in our system, because its proof depends on 
the axiom J = BI. 

Satz 2, II D1, p. 809 is replaced by F26. 

All of II D2 is valid* except Satz 5c and Satz 6. We wish to add to Satz 5a 
part, d. 

T35. Ifm and n are numbers, then B"™J X B™®"p conv B™®*"p X B™/. 

Proof. CBI = 1 (F22), = 1X 1 (F10), = BI X B* (F30). Now apply 
Satz 3, IL D2, p. 810. 

We shall treat the identity combinator before proceeding with II D3. In 
order to save words we shall be a bit slack in our use of the correspondence be- 
tween the combinations which are numbers and the ordinary whole numbers (as 
has already been done in the proof of T33). Thus if we say “m is greater than 
n,” it is understood that we mean “‘m corresponds to m, n corresponds to n, and 
m is greater than n.”’ 

M53. If we have a regular combinator 3, and B” is the highest power of B 
occurring in any of the factors B™J of 3, then} 3 = Bl. 

Proof. If m and n are numbers and m S n, then B'J KX B™J = B™I X 
B®] = B*I by T28, T27d, and P5 and the theorem follows readily. 

M54. If m, n, and p are numbers: 


* Note the misprint in Satz 5a. It should read: 


a) BaY-Cp = Cp-BnY, wenn m > p 2 1 gilt. 
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a. Ifm @ 12 n,}+ B™B’' x BY = B™B®!, 

b. Ifm @ 1 < n,+ B™B®! & BIT = Br®?®'] x B™BPe!, 

Lemma 1. B* = B®! x BY. Since both equal B’®' x B° by T25 
and F30. 

Lemma 2. BP?! = B®! x BY. Since both equal B’®' K BY X BI by 
Lemma 1 and M53. 

Lemma 3. B?®' = B°B?®'. By Lemma 2, F30, P5, and M40. 

Lemma 4. If q is a number, B'B’®' = BB! x BY. Since both equal 
B°B’°' & BY X BI by T28 and Lemma 2 (or Lemma 2 and Lemma 3 if 
q = 0) and M53. 

Proof of theorem. Ifm @ 1 S n, use Satz 4, II D2, p.810. Ifm@1 =a, 
use T28 (or Lemma 3) and Lemma 1. Ifm = n, use Lemma 4 and T28. 

M55. If m and n are numbers: 

a. Ifm@22n,+ B"C X BI = BC. 

b. Ifm @2< n,}+ B™C X BT = BI X BC. 


Proof. If m @ 2 <S n, use Satz 5a, Il D2, p. 811. If m @ 2 = nor 
m @ 1 = n,use F20 and T28. Ifm 2 n, use T27b and T28. 

M56. If m, n, and p are numbers: 

a. Ifm @22>n,+ B"W xX BI = BW. 

b. Ifm @ 1S p,} B™W xX B’*'7 = BX B"W. 

Proof. If m @ 1 S p, use Satz 5b, II D2, p. 811. If m @ 2 = nor 


m @ 1 = n, use F21 and T28. Ifm 2 n, use T27c and T28. 

T36. Any regular combinator can be converted into another regular com- 
binator in which either no factor of the form B"J (n a number) occurs or else 
only the first factor is of the form BJ. 

Obvious by M53 to M56 inclusive. 

All of II D3 is valid except Satz 5. 

We now wish to show that if we have a regular combinator 92, then there 
exists a normal identity 3, a normal duplicator W and a normal permutator € 
such that § K W X € is a normal combinator and +} M = 3 XK B xX C5 
Hence we prove a series of theorems leading up to this. 

M57. Any regular combinator which contains only terms of the form B"W, 
where n is a number, can be proved equal to a normal duplicator. 

Proof. Ifm and n are numbers: 

1. | BW Xx B™?'W = B™W X B°W ifm > n by Satz 5b, II D2, p. 811. 

2. | BW x B°®'W = B’W xX B°W = (B"W)? = B"W? by P16, T28, T27c, 
T32 (or F30 and F19 if n = 0). 

By the definition of a normal duplicator and by T24, M41, and T32, the 
theorem is now obvious. 

T37. Any regular combinator 92 is convertible into a regular combinator of 
the form W X ¢. 

Proof. Ifm and n are numbers: 


5 This remark must be construed to include the case where one or both of the factors @ 
or ©ismissing. A similar construction must be placed on T37. 
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1. Ifm>n,+ B™C X B°W = B°W X B™®'C by Satz 5b, II D2, p. 811. 

2. If m = n,}+ B™C X B™W = B™'W xX B™C X B™®'C by P14 and 
T28. 

3. Ifm@1 = n,+ B™C x B™'W = B™W X B™'C X BRC. 


B™C x B™®'W = B"C x B™®'W x BR F21 and T28. 
= B™C x B™'W x B™(C?) P12, T25, F30. 
= B™C x B™®'W x B™C X B™C F18, T28, r-conv, F30. 
aCe x Pi :3K rex FC F21 and T28. 
eFCxP™ Wx re x FI x PC Satz 5a, IT D2. 
= B™C x B™®'W x B™C X B™®'(C?) x B™C P12, T24. 

= B™C x B™'W x B™C x B™®'C x B™®'C x B™C F18, T28 
aePCxPrexnrr x F'c xc part 2 of proof. 
= B™(C*) X B™W Xx B™'C x B™C F18, T28, F30. 
a xr x rx ro P12, T25, F30. 
a gt ee el Oe ok ee gt Satz 5b, Il D2. 
= B™W x B™®'C x B™C P4, T28. 


4. If m@1l <n,}+ B™C XK BW = B°W X B"C by Satz da, I D2, p. 811. 

By use of 1, 2, 3 and 4, the theorem is now obvious because we identify C and 
B°C because of F18 and F30. 

Because of F31 and T31 it is obvious that we can speak of any € as consist- 
ing only of factors of the form B°C. It is in this sense that Lemmas 15 and 16 
of the following theorem are valid. 

M58. If € is a regular combinator, and B" is the highest power of B occur- 
ring in any of the factors B™C of ©, then either there is a normal permutator, 
GC’, of degree not more than n@3 such that | € = B"®*7 x C’ or} € = B"*?7. 

In order to simplify the notation we shall, if mn is a number and corresponds to 
n, denote B°C by Casi, B'T by T,, T n by T,, and An by A,. Further we shall 
make the temporary definition: 


Sn4t =a r,, > 4 Ce x ; 


= I,4; by P12 and T28. 
X In = In KX Crif ms n+ 1 by P4, F14, F20, 


Lemma 1. -C, XC, 
Lemma 2. -C, = C, 
T27b and T28. 
Lemma 3. | Cay: X Ca XK Casa = Cn K Cass X Cp by P13 and T28. 
Lemma 4. -+C, X Cn = Cn X Cy ifm > n + 1 by Satz 5a, IL D2, p. 811. 
Lemma 5. - A, X IT, = Tn X An = Inu. 
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If we recall that A, conv C, X Cra &KX--- X Co & C; and T, conv 
Cy, X C2 &K --- KX Cru X C, then the lemma is obvious by Lemma 1, Lemma 


2, and M53 
Lema 6 


Ce x An = 


Ifm <n, - Cn XK An = An X Cras. 
Ca x Cs > 4 Cana x i > 4 Ce x Cy 
Cs x Cans > oi ie x Cm2 x Cw x Uma x Ca x Cuxt x oe x C1 


Lemma 4. 


Ch x Ue-3 x roe x Cni2 x Cn41 x Cn x Cm+1 x Cu x nT x C1 


An x Cn41 


LEMMA 7. 


C. x An = 


Lemma 3. 


Lemma 4. 


Ca X An = An X Sap. 


Tau X Ca XK An Lemma 2. 
A, X Ty, X Ca X Ap Lemma 5. 


~ 
A, x Sn4+1 


LEMMa 8. 


~ 
Sn+i x An 


def. 


a Sas x An = An x Ci 


r, X 


Cn X An X An 


F's x Cn xX An x C. x Cunt x “> x C2 x C, 
Pr, &X Cn &® Cn K Cn-e K+ KOK AWK Lemma 6. 


= Jya3 XA XC) Lemma 5. 


= An x C; 


Lemna 9. 


Proof. 


- An 


Lemma 2. 


= C. x Ca x ih i x C2 x Cy 


> Sant x Ca x Cand x “39 x C3 x C2 


= C; x Sn4t x% Ce x dled x Cy X Cs 
Co XX Ci X Snar KX Cn KX --> KCK CS 


=> Cat x Cane x rae x Ce x Ci x Sn4t . 


Take p S n. 


A, = 


Lemma 2. 


Taga xX An 
Pa M An K Ae Lemma 5. 
T,X Deis KX An X An Lemma 2. 


ee We oe 7 oe Lemma 5. 
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(T,)? X An X (A,)? Lemmas 2 and 5. 


(T,,)? x An xX Sn+t x Ca x ssa x C3 x Ce x (A,)?- 
Lemmas 6 and 7. 


(T,)? x An x A. x Ci x Sn x Ca x 7% > 4 C3 x (A,)?* 
Lemmas 6, 7 and 8. 


i 


na (T,)? xX (4,)? x C»-1 x Cy-2 Xx od si x C; Xx Sn4t 
Kees K Copy Lemmas 6, 7, and 8. 


Tat x Vand x Cy—s x ees x C*; »4 Sn x teal »4 Cpt 
Lemmas 2 and 5. 


Cpa X Cpa KX +++ KCK Sagi K +++ K Coys 
M55 and Lemma 2. 


By taking values of p from 2 to n inclusive the Lemma is proved. 
Lemma 10. | (A,)°°' = J,4; if mn corresponds to n and n > 0. 


Proof by induction. 
lL -(C,"%=h 


2. Assume the lemma true for n = k. 


P12. 


Lemma 1. 


T31. 


Cra x Cea x Ax: = Tnx2 x Ax 
Crear ® Angr = Lege K Ax 
Cra ®& Ce K Cra K +++ K Ci K Saese = Deze K Av Lemma 9. 


However, by M55, Ix.2 is commutative with A,. Therefore 


(Tnse X Ax)"®* = (Dny2)*®' X (A,)*?' T24. 
= (Tny2)?' X Tags hyp. ind. 
= Ihy2 M53 and T24. 


Hence (Crsi X Ce X +++ & C1 X Sess)?! = Inyo. Using T24 and regrouping 
we get 
(Cesar X Cy K +++ KC) X (Sere K Crsr KX «+s K C2) K (Ci K Sere 
- Fee 5 Seer KX (Ce XK Cra XK +++ KCK Sere) = Lege. 
But by Lemma 9, each factor is equal to A,4, and there are k + 2 factors: 
Therefore (Az41)"®? = Ini2 by T24. 

Lemma ll. If p <<m < n@l, | (A,)” X Cn = Cn» X (A,)?. 

Obvious by Lemma 6 and T24. 

Lemma 12. Ifm < n@l, 


L (A.)™ & Cn we Ci X Ce XK +++ K Caan K (An). 
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Proof. (4n)" X Cn = An X (An)"™" X Cu T24. 
= A, X Ci X (A,)"" Lemma 11. 
= Gaii K An X (A,)"" Lemma 8. 
= T, X Ca X An X An X (4,)"" def. 


= C,; X C2 K +--+ K Cn X ate 
Lemmas 1 and 2 and T24. 


Lemma 13. Ifm < n@l, 
H(An)™?! XK Cu = Cra X Cae X +++ KX C1 X (An)™ 
Proof. (A,)™°' & Cy, = (An)? X Cy) X (A,)"™ T24 and Lemma 11. 
= An X Snir X (An)™ T24 and Lemma 8. 
=A, XI, XC, X An X (A,)™ = def. 


= Cn XK Cn-2 XK «++ KX Ci X (A,)™ M55 and 
Lemmas 1, 2, and 5. 


Lema 14. Ifm@1 < p < n@l, | (Ax)? KX Cn = Cranst_p X (An). 
Proof. Put p = m@1@h. 


(An)” X Cm = (An)"®? XK Ci X (An)™ Lemma 11 and T24. 
= (A,)"®' X Sass X (An)™ Lemma 8 and T24. 
= @P xc. x a Lemma 7 and T24. 
aan eyo Lemma 11 and T24. 


= Casati-p x (A,)” 


Lemma 15. If we have € and no higher power of B than B® occurs in any of 
the factors B™C of €, then for every r there is an s and a @’ such that: 

1. No higher power of B than B" occurs in any of the factors B™C of C’. 

2. | (A(n@1))* X C= C’ X (A@MO)1))®. 

Obvious from Lemmas 10-14. 

Lemma 16. If we have € and the highest power of B occurring in any of the 
factors B™C of € is B"®', then there is an s and a @’ such that: 

1. No higher power of B than B® occurs in any of the factors B™C of ©’. 

2. s < n@3. 

3. -C = B"**7 x © XK (A(n@2))*. 

In case s = n@3, it follows from Lemma 10, and M55 that + € = B"®*J x C’. 

Proof. Pick out the factors BC of € for which |} m = n@1l. Then by 
Lemmas 2 and 5, | B®®'C x A(n@1) X T(M@1) = B®'C, -. | A(n@2) X 
r(n@1) = yc. 

We replace each occurrence of B"®'C by its equal. However A(n@2) = 
B°®*7 x A (n@2), so we can get B"®*J xX C’. Thenby Lemma 15 we move 
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all the A(n@2)’s over to the right-hand side, getting B®"®*7 x ©’ X (A(m@2))*. 
Finally, because of Lemma 10, we can reduce k modulo n@3. 

We note that the degree of A(n@2) is n@4. 

We now prove Theorem M58 by induction, using P12 and Lemma 16. 

M59. Two regular combinators of the form ©; and ©, can be proved equal if, 
and only if, they correspond with the same order to the same permutation 
sequence. 

By T16, T17, and T18, it follows that two combinators which correspond to 
permutation sequences correspond with the same order to the same sequence if 
they can be proved equal. 

Assume that both ©; and @2 correspond with the order n to the permutation 
sequence zr. Then each has the degree n. If either of them equals a normal 
identity (see M58), then x is the identity sequence and each must equal a 
normal identity by M58, since no normal permutator can correspond to the 
identity sequence. The two normal identities must then be equal since both 
are of degree n. In the case that neither ©; or @; is equal to a normal identity, 
then by M58 if B* is the highest power of B that occurs in any of the factors 
B™C of ©, and B' is the highest power of B that occurs in any of the factors B™C 
of G2 there is a normal permutator ©; of degree k@3 or less and a normal per- 
mutator ©) of degree 1@3 or less such that | ©, = B¥®*7 x C; and + G: = 
B'®*7 x ©). Hence both B*®?7 x C; and B'®?7 x GC; have the degree n and 
correspond to x. However, they have the degrees k®3 and 1@3 respectively 
so that k = land B*®*7 = B'®*7. Also ©; = GC; since each corresponds to r. 
Hence ©; = G2. 

We note that if a regular combinator I, which contains at least one term of 
the form B"W, corresponds to the normal sequence yu, then u can be broken up 
in several ways into the product of a duplication sequence, w, and a permuta- 
tion sequence, 7. The reason for this is that, owing to the action of the dupli- 
cation sequence, there will be some terms which appear several times and 
different ways of permuting these terms will give the same normal sequence uz. 
Corresponding to each of the ways of breaking up u, there is determined a semi- 
normal combinator which corresponds to 4. We wish to prove these equal to 
each other. Curry has shown how to do this. His proof uses only theorems 
which we have proved, together with the theorem 

+ BW Xx BC = BW 
which follows immediately from P15 and T28. 

M60. If W, CG, and B are respectively a normal duplicator, a normal permu- 
tator, and a normal compositor, and W X € X B has the degree n@1, then + 
BIxX®B’xcxB¥=BRKEXKY. 

Throughout these Lemmas let k, 1, m, and n stand for numbers. 

Lemma 1. If n not conv 0, B™B" has the degree m@n@2 and if 2 has the 


*H. B. Curry, An analysis of logical substitution, Am. Jour. Math., vol. 51 (1929), 
Lemma 5, pp. 381-383. We shall refer to this lemma as “‘Lemma 5, Curry 1929.” 
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degree k@1, then B™B" X Q has the degree M@n@2 if m@1 = k, and the 
degree k@n@1 ifm@1 S k. 

Obvious by Satz 1, II C3, p. 801. 

Lemma 2. If nis not conv 0, (An)™ has the degree n@2 and if 2 has the de- 
gree k@1, then (An)™ X @ has the degree n@2 if n@1 = k, and the degree 
k@l1 ifn@l sk. 

Obvious from a proof like that of Satz 2, II E2, p. 826. 

Lemma 3. If nis not conv 0, B™W" has the degree m@2 and if @ has the 
degree k@1, then B™W" X Q has the degree m@2 if m@n@1 = k, and the de- 
gree M@1@2 if m@n@1 S kandm@n@le@l = k. 

Obvious by Satz 4, II C4, p. 805. 

Lemma 4. If n not conv 0, | B™B™ = B™"°'T x B™B", and if @ conv 
BT X Q then: 

1. B™B® X 2 conv B™®"*'T x B™B" x Qifm@l1 = 

2. B™B" X Q conv BY*"7 x B™B" X Qifme@l Sk. 

Obvious by M54 and M53. 

Lemma 5. If n is not conv 0, | (An)™ = B®®'J X (An)”, and if 2 conv 
BYI X @ then: 

1. (An)™ X 2 conv B"*'T X (An)™ X Lif n@l =k. 

2. (An)™ X 2 conv B*T x (An)™ X 2 if n@1 < k. 

Use T24, F31, T31, M55, and M53. 

Lemma 6. If n is not conv 0, | B™W* = B™°'T XK B™W" and if 2 conv 
B*I X Q@ then: 

1. B™W" X Qconv B™'T XK B™W" X QLifm@n@l = k. 

2. B™w" xX @ conv B™'*'T x B™W" X Q if m@n@l < k and 
m@n@1Ol = k. 

Use T32, T24, M56, and M53. 

If we compare Lemma 1 with Lemma 4, Lemma 2 with Lemma 5, and Lemma 
3 with Lemma 6, the proof of the theorem becomes obvious. 

M61. If © is a seminormal combinator: 

a. If Qand B'J X © have the same degree, then } 2 = B'T X Q. 

b. If QandQ2 x B™I have the same degree, then }2 = 2 X& B™I. 

Proof obvious using M53 and the Lemmas of M60. 

M62. If we have a regular combinator Q, then there is a normal combinator 
®, such that +2 = M. 

Proof. First we use T36. Then we use Satz 6, Il D3, p. 815. Then we use 
Satz 1, Il D3, p. 811. Then we use T36. Then we use T37. Then we use 
Lemma 5, Curry 1929, in order that the right regular permutator shall appear. 
Then we use M58. Then we use T36. Then we use M57. Finally we use 
M61 so that the right normal identity shall appear. Then we have converted 
© into a normal combinator R. Therefore by M52} 2 = ®. 

M63. Two regular combinators can be proved equal if, and only if, they 
correspond with the same order to the same normal sequence. 

Proof analogous to that of M59. 


k. 
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This is the nearest to Satz 5, Il D6, p. 820 that can be proved. It is an 
essential part of the isomorphism with Church’s system that two combinators 
cannot be proved equal if they have different degrees. 

Satz 2, II D6, p. 820 is valid. In fact we have been using it already. 

All of II E1 can be used if we make two slight changes: 

1. We modify Satz 3 to read: 

If X and Y are arbitrary combinations and Y conv 1Y, then XY conv (X X BY)/J. 

We have to use M40 in the proof. 

2. We replace Satz 6 by: 

M64. For every sequence of proper symbols there is a normal i, of minimum 
degree n@1 and with no factor of the form B*, such that (9,7) corresponds to 
the sequence with order n. Moreover if M2 is a normal combinator and (32/) 
corresponds to the sequence with order m then either } R: = B™/ X MH or else 
there is a k such that | 2: = B™Z X MR, x B*. 

Proof. We follow the proof of Satz 6 to show that 9, can be found. 

Now suppose that (%2/) corresponds with the order m to the sequence. If 
R: does not have any factors of the form B*, then R, and Rez correspond to the 
same sequence and + R2 = B™l X KR, by M63. Consider that | R2 = KR; X B* 
where 9jdoes not have any factors of the form B*. Then ®; and &; corre- 
spond to the same sequence and if NR; is of degree 1@1, +} R; = BY X MR. 
Hence | M2 = RX B*, = (BT x R,) X BY, = B™I XM. X B* by M60. 

I] E2 is completely valid. 

Derinition. If Bars is part of p, the act of replacing a single occurrence of 
Bars in p by q(rs) is cailed a B-reduction. The order of Bars in p is called the 
order of the B-reduction. 

Derinition. If Cqrs is part of p, the act of replacing a single occurrence of 
Cqrs in p by qsr is called a C-reduction. The order of Cqrs in p is called the 
order of the C-reduction. 

Derinition. If War is part of p, the act of replacing a single occurrence of 
War in p by qrr is called a W-reduction. The order of War in p is called the 
order of the W-reduction. 

The word “reduction” alone shall still refer to J- or J-reduction. 

Satz 1 and Satz 2, II E3, p. 828 are valid if we make the following changes in 
the statement of them: 1. Replace K by J wherever it appears. 2. Replace 
“reduction” by “B-, C-, W-, or J-reduction” with corresponding changes in the 
meaning of “reducible.” 

We note the following additional changes to be made in the proof of Satz 2. 

Suppose that ® is of degree m + 1. It is obviously possible to choose Q (line 
3, p. 829) so that its degree is the smaller of the two numbers, p + 1 and 
m-+1. We do not use K, therefore we must have g + 12 p. We choose 21 
of degree m+q+2-—p. Then® X &; is of degree m + 1. Now suppose 
that 9 is of the form R* X B* where no factors of the form B* occur in R*. 
Then | RZ = (R* & B*)J, = R* (BD), = (M* & BY®'])I by T27d and Satz 
3, II El, .p 823. 
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Now by Lemmas 1 to 3 of M60, R* X B* and R* x B*®'] both have the 
same degree. Hence %* X B*®'] has the same degree as 2 X Mj. Also 
m* x B*°'7 and 2 X MN: correspond to the same sequence. Hence, by M63, 
- R* x BEe'T = O29 X MR. Hence (R* X BY*'D IVY. --- Y, conv 
(Q & M)TV:Y: --. ¥,. However | (R* & BY®'D)I = RI. Therefore S conv 
RY Y; --- ¥;. 

The rest of the proof is just the same except that in definition (a) under (3) 
we simply define 9’ as the normal form of (M2: X SI < BY,), and in line 11, 
p. 831 change “Y, W oder K ist.” to “Y4 W ist, und m = 0, wenn Y,j J ist.” 

The restriction “wenn ein Reductionsprozess - -- unméglich ist” which appears 
in the definition of Curry’s Reductionsprozess zweiter Art (see p. 790) is not used 
in the proof of Satz 2 and hence Satz 2 is valid for the more general type cf re- 
duction for which we are stating it. 

Obviously any reference which we shall make to Satz 1 or Satz 2, Il E3 will be 
to these modified forms of them. 

M65. If a combination X is of degree n@1, then X conv B"J X X. 

By the definition of degree, there is a Y whose leading term is a proper symbol, 
such that Xx)X2 --- X,4; is reducible in the first sense to Y. Now let us replace 
every J in X by (W X BC X B°C X B°B*)I. These are p-conversions (see P2), 
hence if we call the result X’, we have X’ conv X. Hence by T16 and Cor. X’ is 
of degree n@1, so that X’ x:x2 - - - X,4: is reducible in the first sense to Y’ whose 
leading term is a proper symbol. Now suppose we apply I-, B-, C-, and 
W-reductions of order one to X’x;X2 --- X,4:. By referring to the definition of 
B, C, and W, we see that every B-, C-, or W-reduction of order one is equivalent 
to a series of J- and J-reductions of which at least one is of order one. But by 
T9, the number of J- and J-reductions of order one is limited and so the number 
of I-, B-, C-, and W-reductions of order one is limited. Let us apply all pos- 
sible J-, B-, C-, and W-reductions of order one to X’x:X2 --- Xn4; calling the 
result Y’’. 

Lemma. The leading term of Y’’ is a proper symbol. 

Proof. The leading term is either 7, J, or a proper symbol. If the leading 
term is J, then Y’’ must be J, else it would be possible to perform an J-reduction of 
order one. Hence Y”’ is of degree one, contrary to the hypothesis that it is 
convertible into X’x;X2 - - - Xn41 Which is of degree zero. Since all the J’s which 
occur in X’ occur as parts of B, C, or W, all J’s which occur in Y’’ must occur 
as parts of B,C,or W. Hence if the leading term of Y”’ is J, Y’’ must have one 
of the forms B, Bp, Bpq, C, Cp, Cpq, W, or Wp. However in any of these cases 
the degree of Y’’ would not be zero. 

Suppose that after the first J-, B-, C-, or W-reduction of order one cn 
X’x)X2 ---+ Xn4; the result is Z:, after the second, the result is Z2, and so on until 
we reach Z, which will be Y’’. Now since X’ is of degree n@1 there must be 
a reduction which would have been impossible if we had started with 
X’x)xX. --- X,. Suppose that the first such one is the a**. Then Z,-; must have 
one of the forms [Xns1, WpXn+1, Bpqx,»+:, or Cpqx.4: and Z, must correspond- 
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ingly have one of the forms Xn41, PXn41Xn+1, P(QXn41), PXni1q. Now (see Saiz 1, 
II E3, p. 828) we can find a normal combinator ® such that 


MIViY2 «+ - ¥,Xnp2Xnps +++ Xnptim» 


where the Y;’s are B, C, W, or J, reduces formally by B-, C-, W-, or J-reduc- 


tions to X’. Hence RIY:Ye2 --- ¥,XnseXni3 +++ XnitimXiK2 +--+ Xngi reduces 
formally by B-, C-, W-, or J-reductions to X’x:x2 --- X,41. Hence the hypothesis 


of Satz 2, II E3 is satisfied. Therefore, denoting R/Y,Y. --- Y, by S, we find 
a series of S,’s such that: 

(1) SXpsoXnn3 <+* Xnstim XiKe +--+ Xnua reduces formally by B-, C-, W-, or 
I-reductions to Z;. 

(2) S;is RJY" YZ” --- 7; where the Y’s are B, C, W, cr I. 

(3) S conv S; conv Se conv --- conv §,. 

Hence %,7Y\*’ Y” --- tg Xn42Kni3 ¢** Xngiim XiK2 «++ X41 reduces formally 
by B-, C-, W-, or J-reductions to Z.. But from the form of Z, it is evident that 
RK. must be of degree p»>®1@m@n@1. But MR, is a normal combinator, so by 
M61 | BPe®*©m@27 x KR, = Ma. 


Hence S, conv #,JY$” YS” --- 
conv (BPa®t@meny y ge TY) YY)... Ye) 
conv (B’« x BX B™®")I1(R DY YS” --- = 
conv B™@"7 x (RLY, YS? --- 7 
conv B™®"J X S,. Therefore S conv B™®°"J xX S. 
Hence X conv X’ 
CONV SXn42Xn43 ++ * Xngtim 
conv (B™°"I X S)Xn2¥n43 +++ Xny1im 
conv B"l X (SXn42Xn43 ++ * Xngtim) 
conv B'I Xx X’ 
conv BI X X. 


Corotiary If X is of degree n, then X conv B'/X. 

M66. If X is a combinator such that Xx:xe --- x, reduces by J-, B-, C-, and 
W-reductions to a combination of proper symbols only, then there is an R such 
that X conv RJ and R/x:x2 --- x, reduces by I-, B-, C-, and W-reductions to 
the same combination of proper symbols. 

Proof like that of Satz 3, II E3, p. 831. We note that since K’s do not appear, 
S,,. (see line 3, p. 832) cannot contain any Y;,’s since these cannot disappear. 
Hence §,, is the same as N,,/. 
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M67. If for two combinators X and Y there is a k such that Xx,x2 --- x, and 


Yx,X2 --- x, can be reduced to the same combination of proper symbols by I-, 
B-, C-, and W-reductions, and if the degrees of X and Y are the same, then 
+X =Y. 


We readily prove | EX (see proof of M52). Also} EY. By M66 there are 
normal combinators %; and R2 such that } X = Ri and+ Y = MJ. By T16 
cor., 2iJ and R27 must have the same degree. If neither 9; nor R: contain 
factors of the form B*, then 9; and M2 must correspond with the same order to 
the same sequence and so + %, = R2 by M63. Otherwise, let | It: = R, * BK 
and | R: = R; X B' where neither RN; nor KR; contain factors of the form B*. 
Then + RJ = (R; XK BY)I = NR, (BY) = (MR, XK BE°'DI, and 


LRT = (Ri X Be'NI. 


Hence ®, X B¥®'J and ®; X B'®'T correspond with the same order to the 
same sequence, so by M63, + Hi = Rel. Then} X = Y. 
M68. If X and Y are combinations and §; and 2 are regular combinators 
such that: 
1. X conv Y. 
2. Every formula that appears in the conversion from X to Y, including X and 
Y, contains xX;, X2, --- , Xn, 7, and J. 
3. Rilyiyexixe --- xX, and Relyiyexix.--- x, reduce by J-, B-, C-, and 
IJ _| 
W-reductions to S de x | and § Y (see Kleene, p. 533). 
yiye | yiy2 | 
4. Both ®,; and Re are of degree n + 3; then RJIJ conv Rl. 
Cf. Theorem 4, Curry 1932. 
Throughout the proof we will use ““H-reducible”’ to mean “reducible by -, B-, 


IJ 
C-, and W-reductions.”” Also we shall let ¥ stand for S X | and 9) stand for 
yiy2 | 


IJ 
Ss Y}. 


yuy2 | 
Proof. It is obviously sufficient to prove the theorem for the case that X goes 


into Y by a single conversion. 

Case 1. X goes into Y bya p-conversion. Thenr = sors = risa conversion 
postulate and r is part of X and Y is the result of replacing a single occurrence of r 
in X by s._ By inspection the only undefined terms that appear in r and s are 


I | IJ 
I,J,(,and ). Let r’ ands’ stand forS . r | and 8 s|. Then clearly we 
yiy2 | yiy2 | 
can choose a regular combinator T such that either: 
(a) Tir’x;x2 --- x, and T/s’x;x2 --- x, are H-reducible to ¥ and 9) and T is of 
degree n + 2. 
(b) Tir’yix:x2 --- x, and T/s’y,x:x2 --- x, are H-reducible to ¥ and Y) and T 
is of degree n + 3. 
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(c) Tr’ yox:x2 --- x, and T/s’yox:x2 --- x, are H-reducible to ¥ and ¥) and T 
is of degree n + 3. 

(d) Tlr’yiyoxixe - -- x, and T/s’y:yox:X2 - - - x, are H-reducible to ¥ and Y) and 
T is of degree n + 4. 

We can also find regular combinators U and V such that either: 

(e) Uly:, and V/yiy2 are H-reducible to r’ and s’. 

(f) Uly:ye and V/y, are H-reducible to r’ and s’. 

(g) Uy. and VJy.y2 are H-reducible to r’ and s’. 

(h) U/yiye and VJy:2 are H-reducible to r’ and s’. 

(i) Ulyiy2 and VJyiy2 are H-reducible to r’ and s’. 

The proofs for different combinations of these cases are similar. Take the 
proof for a typical combination of cases. Let cases (c) and (f) hold. Let R bea 
regular combinator of degree 5 corresponding to XoX2(X:X2XsX4)X«x; --- and S bea 
regular combinator of degree 5 corresponding to XoX2(X:X2X3)X4X5 -- - 

Then RTUJ and STV/ both have degree n + 2 as do also RJ and Rol. 
Also RTUJyiyox:x2 --- x, and STVJy:yox:x2 --- x, are H-reducible to X and Y). 
Hence, by M67 | WJ = RTU/J and | RJ = STVJ. Hence RJIJ conv 
RTU/J/J, conv TirJ, conv TIsJ, conv STVILJ, conv RIT. 

Case 2. X goes into Y by a single reduction. Let U be the combinator con- 
cerned in this reduction. Then UisJ or J. Let ¥’ be the expression obtained 
by replacing U by y, all other J’s by yi, and all other J’s by y2 in X. Let T bea 
regular combinator of degree n + 4 such that Tlyyiyox:x2 - -- x, is H-reducible 





to X’. 
If U is J, let V be a regular combinator of degree 3 that corresponds to 
XoX;XiXex3 ---. Then (V X T)/ is of degree n + 2 and (V X T)Jyiyoxix: --- Xn 


is H-reducible to ¥. Hence | RZ = (V X T)J. However T]Uyiyoxix2 --- Xn 
is H-reducible to 9) and TJU is of degree n + 2. Hence | ®:J = TJU. Also 
V(TI)IJ = TIULJ. 

If U is J, let V be a regular combinator of degree 3 that corresponds to 
XoXoX;Xox3---. Then (V X T)J is of degree n + 2 and (V X T)/yiyox:x: - 
x, is H-reducible to. Hence | Ri = (V X T)J. However TI((W X BC X 
B°C X B*B*)])yiyex:X2 --- X, is H-reducible to J and TJ((W X BC X BC X 
B?B*)]) is of degree n + 2. Hence | J = TI((W X BC X BC XK B*B*)]), 
= TIU (by P2). Also V(TJ)IJJ = TIUIJ. 

Therefore RiJIJ conv (V X T)IIJ, conv V(TI)IJ, conv TIUL, conv RITJ. 

Case 3. X goes into Y by a single expansion. Then Y goes into X bya 
single reduction and we use case 2. 

MV. If X and Y are combinations of the same degree, m, and neither X nor Y 
contain X), Xe, «-+ , Xm, and Xx)X2 --- X,, conv Yx)X2 --- X», then X conv Y. 

Proof. 


B?UsX [)Xxix2 --- x», conv (I & I)(Kxixe --- Xn) 
conv (I X I)(¥xpx2 --+ X») 
conv BV x I)Y¥x:x2 +++ Xm. 
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Now suppose that Xm41, Xm42) +++ » Xm4+n are the proper symbols occurring in 
X. Then they must be the same as the proper symbols that appear in Y since 
K does not appear in our system. Then we have B™(J X J)Xxix2 --- Xm conv 
B™(I X 1)¥x:x2 --- x,, and every formula that appears in the conversion con- 
tains X;, Xe, ---, Xmyn, J, and J. 

Now choose ®t; and 92 regular combinators so that Rily:yoXmsiXm+2 «+: 


IJ 
Xmin ANd Rel ViYoXmsiXmi2 -+* Xmyn are H-reducible to S B™UxI | and 
yi¥e2 


IJ 
Ss B™I x DY | . Then (B™°"°?7 X& Ri)TYiV2XmsiXmae2 «++ XmenXiX2 +++ Xm 


yiy2 
and (B™®®©*7 XX MRe)TyiyoXmsiXm42 *** XmonXiX2 ++ X» are H-reducible to 


IJ IJ 

Ss B@d xX I)X| xix. --- x, and S$ B™d xX DY x -++Xm. Moreover 
yiy2 yiy2 

Bmene?7 x KR, and B™®"®?7 x Rs are both of degree m@n@3. Therefore, 


by M68, (B™®"®?7 x &,)IIJ conv (B™®"®?7 xX R.)IIJ. However (B™®"®*7 
X MiLTIXmssXmz2 +++ Xman is convertible into B™I(RT1IXmiiXmy2 +++ Xmin) 
which is H-reducible to B™J(B™(I X I)X). Also by M65, Cor., and P5, X 
conv B™](B™(I X I)X). Similarly (B™°"®?7 X Me)TTIXin4sXm42 «++ Xmen CONV 
Y. Hence X ccnv Y. 

MC and MV together provide a very powerful method of proving equality. 

M69. If neither X nor Y contains x;Xe, --- , X», and Xx)X2 --- xX, conv Yx;X2 --- 
Xm, then B™IX conv B™JY. 

Proof similar to that of MV. 


Section G 


Definition of the statement ‘‘M denotes M”’. 

1. Any combination denotes itself if it contains nc J’s or J’s. 

2. If F denotes F and A denotes A, then { F }(A) denotes (FA). 

3. If M denotes M, and M conv Xx, and x is not a term of X, then Ax[M] 
shall denote 1X. 

In order to have a sufficiency of proper symbols we introduce as additional 
undefined terms all the lower case Roman italics both with and without numeri- 
cal subscripts. We allow the same abbreviations of these formulas that Church 
and Kleene do (see Church 1932, pp. 353-354 and Kleene, p. 534). We say 
that a formula is weakly-well-formed if it is well-formed in the sense of Kleene 
(p. 530) and does not contain J or J. 

M70. If M denotes M, then M is weakly-well-formed and the free symbols of 
M are proper symbols of M and the proper symbols of M are free symbols of M. 

We prove this by induction on the number of proper symbols in M. 

1. There must be at least one proper symbol in M. If there is only one, then 
no other undefined terms occur in M and M and M are the same and M is a 
weakly well-formed. 
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Assume our proposition for the case that there are n or less proper symbols in 
M. Let there be n + 1 proper symbols in M. 

2. Let M have the form {| F }(A). Then there are F and A such that F 
denotes F, A denotes A, and {| F }{(A) denotes (FA). The proposition follows 
readily. 

3. Let M have the form Ax[P]. Then there are P and X such that P denotes 
P, P conv Xx, x is not a term of X, and M denotes 1X. Then P is weakly-well- 
formed and all the proper symbols of P are free symbols of P, and all the free 
symbols of P are proper symbols cf P. But the proper symbols of P are the 
same as the proper symbols of Xx, since P conv Xx. Hence, in particular, x is a 
free symbol of P, so that \x[{P] is weakly-well-formed. Also the free symbols 
of \x[P] are all the free symbols of P except x and this is the same as all the 
proper symbols of 1X since X does not contain x and 1 contains no proper 
symbols. 

M71. If M is weakly-well-formed, it denotes at least one combination. 

Proof by induction like that of M70. 

The case of one proper symbol, or the case of n + 1 proper symbols and M of 
the form { F }(A) are readily handled. 

Let M have the form Ax[P]. Then P denotes some combination P by the 
hypothesis of the induction. x must be a proper symbol of P by M70. Let 


Xi, X2, --+ Xm be the other proper symbols of P and let 8 be a normal com- 
IJ 

binator of degree S m + 4 such that RJ corresponds to S JIIPI 
Xm+1Xm+2Xm+3 

XmiiXmas-s. Then (RJx, --- x,JJ/)x conv P and xis not a term of (RIx, -- - 


x,JJ), so that \x[P] denotes 1(9/x; --- x»JJ). 

M72. If M denotes both N and P, then N conv P. 

Proof by induction like that of M70. 

The case of one proper symbol, or the case of n + 1 proper symbols and M of 
the form { F }(A) are readily handled (see Kleene, 2VII, p. 532). 

Let M have the form Ax[Q]. Then there are Q and R and X and Y such that 
Q denotes both Q and R and Q conv Xx and R conv Yx, and x is not a term of X 
or Y,andN is 1Xand Pis 1¥. Then Q conv R by the hypothesis of the induc- 
tion. Hence Xx conv Yx. Then 1X conv 1Y by M69. 

Because of M72 we find it convenient to say that if M and N are weakly-well- 
formed, then M conv N if and only if each combination that M denotes is 
convertible into each combination that N denotes. This is a different kind of 
conversion from that defined by Church (Church 1932, p. 357) but the two will 
be shown to be equivalent. 

M73. If M denotes M and x is not a bound symbol of M and N denotes N 





x x 
and the free symbols of N are not bound in M, then S y M | denotes S ™ M 


Proof by induction like that of M70. 





Soma 
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The case of one proper symbol, or the case of n + 1 proper symbols and M of 
the form { F }(A) are readily handled. 

Let M have the form dy[P]. Then there is a P and an X such that P denotes 
P, and P conv Xy, and X does not contain y, and M is 1X. 


x x | 
ThenS  P | denotes 8 - P| by the hypothesis of the induction. But we 
4 j i 


| x | x | x | 
see readily thatS PiconvS Xy ,sothatS M | denotes (s x | , which 
N | N | N | 


x 2 Me 


is the same as S M |. 
N | 


M74. If M and N are weakly-well-formed and M conv N in the sense of 
Church, then M conv N. 

Proof by induction on the number of proper symbols of M. 

1. Let M have a single proper symbol. Then either M is the same as N or M 
conv N by a single application of III. This latter case can be handled by 
reversing the proof of Case 2b. 

Assume our proposition for the case that there are n or less proper symbols in 
M. Let there be n + 1 proper symbols in M. 

2. Let M have the form { F }(A). Any conversion on a part of M can be 
handled by the hypothesis of the induction because of Kleene 2X. Hence we 
need consider only three cases. 

a. M conv N by an application of JJ to the whole of M. This is handled by 
reversing the proof of Case 2b. 

b. M conv N by an application of II to the whole of M. This means that F 
has the form Ax-P, that x is not bound in P that no free symbols of A are 
bound in P, and that N is si P|. Then there is a P, an X, and an A such that 
P denotes P and P conv Xx and X does not contain x and Ax-P denotes 1X 
and A denotes A. Then M denotes 1XA, which is conv XA, which is conv 


Sa P , since X does not contain x. But N denotes Sh P| by M73. 


c. M conv N by an application of I to the whole of M. This can be considered 
as an application of I on F followed by an application of Ion A, and hence can 
be treated by the hypothesis of the induction. 

3. Let M have the form Ax: P. 

a. Let the conversion be on part of M. Then, by Kleene 2XII and Kleene’s 
correction to Rule III (p. 530), it follows that the conversion must affect P 
only, so that N has the form \x-Q and P conv Q in Church’s sense. Then there 
is a P and a Q and an X and a Y such that P denotes P and P conv Xx and X 
does not contain x and Ax- P denotes 1X and Q denotes Q and Q conv Yx and Y 
does not contain x and Ax-Q denotes 1Y. But P conv Q by the hypothesis of 
the induction and so Xx conv Yx and so 1X conv 1Y¥ by M69. 
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b. Let the conversion be an application of III to the whole of M. This is 
handled by reversing the proof of Case 2b. 

c. Let the conversion be an application of I to the whole of M. This can be 
considered as a conversion on part of M except in the case where there are no 


occurrences of y in M and N is ry S P|. Then there is a P and an X such 


that P denotes P and P conv Xx and X does not contain x and Ax- P denotes 1X. 
Now let Q be the result of changing all the bound x’s of P to y’s and let Q 
denote Q. Then P conv Q in the sense of Church (we avoid difficulties with the 
variables by performing the conversions on parts of P) and so P conv Q by the 


hypothesis of the induction. Now SP P is the same as sy Q | and s Q | 
| | 


denotes <Q by M73, so that S a * P | denotes sy Q| . Now X and P do not 


contain y by M70 and so Q does not contain y F hiinian P conv Q. Hence 
| 

Xy conv Sy P| conv sy Q and so dy- s Pi | @ e., N) denotes 1X. But Ax-P 
i { 

also denotes 1X. 

It is not true that for every combination there is a weakly-well-formed formula 
which denotes it. Hence we define the \-representative of a combination as 
follows: 

First rewrite (FA) as {F}(A) throughout the combination. Then replace 
every occurrence of IJ by Ax-z and every occurrence of J by Aryzt-x(y, x(t, z)). 
The result shall be called the \-representative of the combination. 

M75. Any combination is convertible into its \-representative. 

That is, it is convertible into any combination which its \-representative 
denotes. 

Proof. \zx-x denotes 1J and dzryzt-r(y, x(t, z)) denotes 1J. Hence the 
\-representative of a combination M denotes the combination obtained from M 
by replacing J by 17 and J by 1J and this conv M because 17 conv I and 1J 
conv J. 

M76. If M denotes M, then M is convertible in the sense of Church into the 
A-representative of M. 

Proof by induction like that of M70. 

The case of one proper symbol, or the case of n + 1 proper symbols and M of 
the form {F}(A) are readily handled. 

Let M have the form \x-P. Then there is a P and an X such that P denotes 
P, P conv Xx, X does not contain x and M denotes 1X. Let P’ and X’ be the 
\-representatives of P and X respectively. Now, corresponding to each step in 
the conversion from P to Xx, there is a sequence of applications of Church’s 
rules, so that X’(x) conv P’ in the sense of Church. But P’ conv P in the 
sense of Church by the hypothesis of the induction. Hence Ax-X’(x) conv 
\x-P in the sense of Church. However the )-representative of 1X conv 
\x-X’(x) in the sense of Church. 
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Corotitary. If M and N are weakly-well-formed, and M conv N, then M 
conv N in the sense of Church. 

Because we prove readily that if M conv N, then the d-representative of M 
conv the \-representative of N in the sense of Church by just paralleling the 
conversion from M to N. 

This corollary together with M74 completes the proof of the equivalence of the 
two kinds of conversion. It will be noticed further that because of (2) of 
the definition of denoting, Rl and R2 are the same as Church’s Rules V and IV. 
Also that Pl conv ‘x-x = x. Hence Church’s rules of procedure and the 
postulate ‘x-2 = x hold as a result of our rules of procedure and sixteen postulates. 

Conversely, if we take a system containing Church’s rules and the postulate 
‘y-x = x, then our rules and sixteen postulates hold if we consider a combination 
as an abbreviation for the formula which we have called its \-representative. 

The correspondence between the two kinds of conversion can be used in other 
ways also, as in Kleene §6, where 6V is seen to follow from M71 and M76, and 
6VI from M74, M75 and MC. 


Section H 


We will indicate a set of rules of procedure equivalent to Church’s first three 
rules. The first six are R3 to R8 inclusive. The seventh and eighth are: 

If f(7q), then fq. 

If fq, then f(Jq). 

The remaining thirty occur in fifteen pairs, each pair being derived from a 
conversion postulate as follows: If the postulate is r = s, then the corresponding 
rules are to be 

If fr, then fs. 

If fs, then fr. 

By paralleling the theorems in Section B we readily prove that M conv N if and 
only if N can be derived from M by the thirty-eight rules just given. Then, by 
the equivalence proved in Section G, these thirty-eight rules are equivalent 
to Church’s first three. 
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LINEAR DIFFERENTIAL EQUATIONS WITH ALMOST PERIODIC 
COEFFICIENTS 


By Rosert H. CAMERON 


Introduction. In this paper we shall deal with the homogeneous system of 
differential equations 


£80 = >) wy, .(08() (u =1,---,) 


and the non-homogeneous system 

] N 

HHO = BO + Dp aE) — =D), 
where the a,,,(t), 8,(0) and &,(¢) are complex a.p. (almost periodic)! functions of 
the real variable ¢. It is the purpose of this paper to point out the manner in 
which the a.p. solutions of the above equation depend on the modules? of the 
a,,,» (t) and 8,(t). We shall be interested in determining the form of those solu- 
tions which are a.p., and not in determining conditions under which a.p. solu- 
tions exist. Such conditions have already been given in papers by Favard,’ 
Bochner,‘ and Cameron.® 

For the sake of simplicity in notation, we rewrite the above equations in the 

form 


(1) D[z())] = A(d)-x( 
and 
(2) D{z()] = A-z + 0), 


where x(t) and b(t) are N-dimensional vectors having the components £(é), --- , 
E(t) and 6,(0), --- , Bv(t) respectively, A(é) is the matrix of the a,,,(é), and A-z 


Received February 4, 1935; presented to the American Mathematical Society December 
27, 1934. This paper was written while the author was a National Research Fellow. 

1H. Bohr, Zur Theorie der fastperiodischen Funktionen, Acta Mathematica, vol. 45 
(1925), pp. 29-127, esp. p. 30. 

2? A module is a set of numbers which is closed under addition and subtraction. The 
module of an a.p. function is the smallest module which contains all the Fourier exponents 
of the function. 

5 Sur les équations différentielles linéaires 4 coefficients presque-périodiques, Acta Mathe- 
matica, vol. 51 (1928), pp. 31-81. 

* Homogeneous systems of differential equations with almost periodic coefficients, Journal 
of the London Mathematical Society, vol. 8, pp. 283-288. 

5 Linear differential equations with almost periodic coefficients, to appear in the Annals of 
Mathematics. 

356 














LINEAR DIFFERENTIAL EQUATIONS 357 


denotes the matrix product obtained by regarding z as a matrix of N rows and 
one column. The vector 6(¢) and the matrix A (é) are a.p. in the sense of Bochner.® 


The homogeneous system. The theorem which we are going to prove con- 
cerning the homogeneous system (1) is suggested by the facts which we know 
hold when A(t) is actually periodic with a period P. In this case the linear 
manifold consisting of all the bounded solutions has (if it is not a zero manifold) 
a basis, each element of which is of the form e‘z(t), where z(t) is a periodic vector 
function with the period P. The general theorem which holds whenever A (0) 
is a.p. is the following 

THEoREM I. Let A(t) be an a.p. N-rowed square matrix function having the 
module M. Then the linear manifold X of a.p. solutions of (1) has (if it is not a 
zero manifold) a basis, each element of which is of the form 


e™ z(t) . 


where d is real and z(t) is an a.p. vector function whose module is contained in M. 
In particular, if all of the solutions of (1) are a.p., the general solution of (1) is 


a(t) = ce***‘2(t) + --- + eve’ **‘zv(t), 


and the least common module of z:(t), --- , zw(t) ts exactly M. 

To establish this theorem, consider any element x(t) of &% having the Fourier 
expansion 

x(t)~ 2) ane‘, 

where none of the coefficients a, az, --- is zero, and o is either the set of all 
positive integers, or the set of all positive integers which do not exceed a certain 
positive integer. Corresponding to each element p of a, let o, be the set of 
integers n such that A, — A, eM. Clearly two of these sets c, and o, either 
are equal or have no element in common, and therefore there exists a sequence 
Pi, Pz, --- Of elements of ¢ such that ¢ = a), + o», + --- while Tp, Tp, = 0 
if j ~ k. 

We shall now show that to each p ¢¢ there corresponds an element x\”)(t) of & 
having the Fourier series 
(3) rP(th~ SY ane***', 

ne cp 

In the first place, if ¢, = oj the solution x(t) exists and equals z(t). On the 
other hand, suppose that there exists an element g of o such that q is not an 
element of ¢». Then by th generalized Kronecker theorem’ on diophantine 


6 Abstrakte fastperiodische Funktionen, Acta Mathematica, vol. 61 (1933), pp. 150-184, 
esp. p. 151. t 

7H. Bohr, Neuerer Beweis eines allgemeinen Kronecker’schen Approximationsatzes, Det 
Kgl. Danske Videnskabernes Selskab, Mathematisk-Fysiske Meddelelser, vol. 6 (1924-25), 
article 8. 
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approximation, we can choose a sequence of real numbers /y, he, --- such that 
for each element A of M, 
(4) lim \h; = 0 (mod 27) , 

jo. 


and such that 
lim (A, — A, )h; = 9 (mod 27) , 


je 
where 
(5) g#0 (mod 2z). 
Moreover, we can assume that A, he, --- is so chosen that 

z(t) = lim z(t + h,) and Q = lim e*4>*s 
or j-s 


exist uniformly in ¢; for by Bochner’s theorem’ on the normality of a.p. functions 
some subsequence of the originally chosen sequence /,, he, - -- has this property, 


and we change our notation so that the subsequence is jy, he, --- . Thus 
2(t) ~ Do Qa, e***', 

where a, = a, if n eo, and a, = e'’a,. Moreover, it follows from (4) that 
lim A(t +h) = A(d) 
je 


uniformly in ¢; and since 


t 
z(t + hj) — z(h;)) = I A(u + hjz(u + h,) du, 
0 
we have 


z(t) — z(0) 


t 
[ A(u)#(u) du. 
0 
Thus Z(t) is a solution of (1), and being a.p., is an element of Y. 
Now it follows from (5) that e’* — 1 ¥ 0, and we can define 
ig _— 
x*(t) = Qe'ex(t) — Z(t) f 

Qle* — 1) 

Evidently 
r*(t))~ DY anetsn!, 

where a, = a, if ne¢,; and a, = 0. Thus the set of Fourier exponents of 
x*(t) is a proper subset of the set of Fourier exponents of x(t), for at least one 
exponent, A,, now occurs in a term with a zero coefficient. Moreover, the 
process we have just used to eliminate A, can be applied again to eliminate 


8 Fastperiodische Funktione 1, Mathematische Annalen, vol. 96 (1927), pp. 119-147. 
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any term of z*(t) whose subscript does not belong to c,. Let us repeat this 
process as long as possible. Clearly the set of solutions obtained in this way 
is linearly independent, and must therefore be finite. But the process can 
always be continued as long as the last solution obtained has a term whose sub- 
script is not contained in ¢,. Thus when the process terminates, the last solu- 
tion obtained has the subscripts of all of its terms contained in ¢,. But the 
process leaves the coefficients of terms for which n € ¢, invariant. Therefore 
what we obtain is exactly x(t), and it follows that 2 (¢) exists and is a solution 
of (1). Moreover, p ¢¢,, and hence x(t) has the non-vanishing term a, e'*?‘. 
Thus z(t) is a non-trivial solution. 

Having established the existence of the non-trivial solutions x(t), x(t), --- 
defined by (3), we next observe that the number m of elements of the sequence 
Pi, Po, «+ is finite, and that 


(6) x(t) = cpt) + x(t) + «+ + rm (0). 


The finiteness of m follows from the fact that 21 (é), 2(t), --- are linearly in- 
dependent, since no two of them have a Fourier exponent in common, and (6) 
is a direct consequence of the definition of the sequence p:, po, ---. More- 
over, each term of the right member of (6) is the product of an exponential 
factor e'“7;' and an a.p. vector function e~‘*?;‘x'9?(t) whose module is con- 
tained in M. Thus each element of & is a finite sum of functions of the desired 
form e**‘z(t), and % must have a basis consisting of such functions. 

It remains to show that in the special case in which all of the solutions are a.p., 
the least common module M’ of z;(t), - - - , z(t) isnot only contained in M but also 
contains M. This follows from the fact that each of the a,,,(t) can be expressed 
as a quotient of two determinants, the denominator of which is the Wronskian 
W(t) of a fundamental set of solutions, and the numerator of which is ob- 
tained by replacing one column of the denominator by the derivative of a 
column of the denominator. For if we take the solutions e'*“‘z,(t) as our 
fundamental set, the exponentials cancel out and the two determinants are 
polynomials in the components of ¢,,,() of the z,(¢) and their derivatives ie (t). 
Thus a,,,(t) is the quotient of two a.p. functions which have their modules con- 
tained in M’, the denominator function being 


A(t) — W(t) ef OArt tay) t P 

But 

Ray, Uu)+--+ay,n(u)} du 
|W()| = cele 
t 

is a.p., and hence by a theorem of Bochner’s® [ Riay(u) + --- + av,w(u)} du 

0 
is bounded, so that | W(t) | is bounded away from zero. Thus A(t) is bounded 


® Remark on the integration of almost periodic functions, Journal of the London Mathe- 
matical Society, vol. 8. pp. 250-254. 
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away from zero, and a,,,(¢) is a.p. with a module contained in M’. It follows 
that M = M’. 


The non-homogeneous system. Passing now to a consideration of the 
non-homogeneous system (2), we again find that our general result is suggested 
by the known facts in the periodic case. If A(t) and b(t) are periodic with a 
period P, and (2) has at least one bounded sclution, then (2) has a solution which 
is periodic with the period P. In the general case we have 

TueoreM II. Let the N-rowed square matrix function A(t) and the vector function 
b(t) be a.p., and have M as their least common module. Then if the system (2) 
has an a.p. solution it has a solution which is a.p. and has its module contained in M. 

In particular, if all of the solutions are a.p., the general solution is 


x(t) = rot) + e®2,(t) + --- + e®*2y (0), 
where the least common module of z(t), --- , z(t) is the module of A(t), and the 


least common module of xo(t), z:(t), --- , z(t) is M. 
To prove this theorem, consider the homogeneous system 
= l 
(7) Diz()] = AW - 20 + 6Orxu, Fava) =0, 


where xy,;(t) is an unknown scalar function. This system has at least one a.p. 
solution, for (2) has an a.p. solution x*(t), and (7) must therefore have the solu- 
tion z(t) = x*(t), rv,(t) = 1. But (7) is a homogeneous system of order N + 1 
of the form (1). Therefore by Theorem I its manifold of a.p. solutions has a 
basis, each element of which is of the form 


x(t) = e®2(t) , trill) = e™zy,:(t) , 


where is real and the vector function z(t) and the sealar function zy4,(¢) are a.p. 
with their modules contained in M. Moreover, for at least one element of this 
basis zy,:(t) # 0; for we have shown that (7) has an a.p. solution whose last 
component is not identically zero. Let this element be ez (#), etz")  (t). 
Then it follows from (7) that e®'z),(Q) = k, where k is a non-zero constant, 
and that x(t) = (1/k) e®'z(t) is a solution of (2). Hence z\'), (0) = ke-™*, 
and \,; is an element of M. Thus our general theorem is proved, for x“ (#) is an 
a.p. solution of (2) whose module is contained in M. Moreover, the statements 
made in Theorem II concerning the special case in which all the solutions are 
a.p. obviously holds. 


PRINCETON UNIVERSITY AND THE INSTITUTE FOR ADVANCED STwpy. 








ON THE WARING PROBLEM WITH POLYNOMIAL SUMMANDS 
By M. GweENEtTH HUMPHREYS 


1. Introduction. When Waring, in 1770, made his famous conjecture con- 
cerning the representation of all positive integers as sums of powers of positive 
integers, he also suggested the possibility of a similar representation by poly- 
nomials. Very little was done toward examining this until recently. L. E. 
Dickson! has proved by algebraic methods that every integer greater than a 
stated integer is expressible as a sum of nine values of a cubic polynomial in 
which the square term does not appear. Supplementing this proof by table 
work he has proved universal theorems? for special cubic polynomials. Univer- 
sal theorems have also been proved for special cubic polynomials by Frances E. 
Baker* and G. C. Webber.‘ 

E. Landau® has proved by analytic methods similar to those of Hardy and 
Littlewood a theorem for polynomials of degree k which corresponds to their 
first theorem for k-th powers.’ R. D. James’ has completed the analysis and 
proved that every sufficiently large integer (greater than a finite integer not 
determined) is a sum of nine values of a polynomial of the form 


a(x* — x)/6 + b(z? — x)/2 + cz, 


where a > 0, (a, b, c) = 1, and a # 4c (mod 8). 

In the present paper, with the analysis as developed by Landau and James, 
it is proved that, after excluding exceptional cases similar to a # 4c (mod 8) 
above, every sufficiently large integer can be represented by s 2 (k — 2)2*-' + 5 
values of a polynomial of degree k when k = 4, 5, 6, or 7. If the polynomial 
satisfies a further condition, this theorem is proved for k S 28. 


2. Introductory analysis. Let 
o(x) = Byr*® + Byiz®' + --- + Bir + Bo 


Received April 10, 1935. 

1L. E. Dickson, Transactions of the American Mathematical Society, vol. 36 (1934), pp. 
731-748. 

? L. E. Dickson, Transactions of the American Mathematical Society, vol. 36 (1934), pp. 
1-12. 

3 Frances E. Baker, Dissertation, Chicago, 1934. 

4G. C. Webber, Transactions of the American Mathematical Society, vol. 36 (1934), pp. 
493-510. 

SE. Landau, Uber die neue Winogradoffsche Behandlung des Wéringschen Problems, 
Mathematische Zeitschrift, vol. 31 (1930), pp. 319-338. 

® E. Landau, Vorlesungen tiber Zahlentheorie, Leipzig, 1927. 

7R. D. James, American Journal of Mathematics, vol. 56 (1934), pp. 303-315. 
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be a polynomial of degree k with integral coefficients such that 8, > 0. Let 
r,(n) denote the number of integral solutions of 


r= > ¢(z,) ’ r, 


v=1 


IV 
o 


Then E. Landau® has proved that 

P(k + 1/k) S nish /k | < C, nH ik 

6; * T(s/k) 

for s 2 (k — 2)2*-' + 5, where C; and 6 are positive constants depending only 
on 8, By, --- , Bo. The function S is called the singular series and is defined as 
follows. Let r be prime to q, 


(1) | r.(n) — 


q-1 e=i 
p= e2tiria . S, = YH pe”) , A (q) _ Zz q* S; en 2tirnia | 
A=0 r=0 


(r,q)=1 


Then 


If S = » > O, where 7 is independent of n, then from (1), 7,(n) > 0 when 
_ fe.st* v6 = 
(2) n>(Q,= E2 + 1k) 
Let @ = 6(p) be the highest power of p which divides every coefficient of ¢’(x), 
and y = y(p) be defined by 





(0 +2, p=2, 
Y= | 
lo+1, p>2. 
Denote p~*¢’(x) by do(x). Let M(m) = M(m,n) be the number of integral 
solutions of 
(3) > o(z,) = n (mod m), 0Os2,<m. 

v=1 
For m = p', let N(p') = N(p', n) be the number of integral solutions of this 
congruence in which at least one ¢o(z,) is prime to p. Such solutions will be 
called primitive. Then the following lemmas hold.’ 
Lemma 1. [fl 2 vy, then. 


N(p') a pi» (s—1) N(p”) : 
Lemma 2. M(m) = m**! >> A(q). 
Lemma 3. If p, denotes the h-th prime, then 


XY A@M= If LAW. 


< 
apy’ Py ware oly 
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3. The form of polynomials of degree k. A polynomial* F(y) of degree k 
which represents an integer for every integral value of y = 0 represents an integer 
for every integral value of y. Then set 


(4) ry) =a[¢]eas[, 4% ]+--+a[t] +a, 


where a;, --- , @ are rational, and [| = y¥y+1)---y+s—1)/s!. 


Since F(y) is an integer for all integral values of y, it is for y = 0. Therefore 


a is an integer. Similarly it is seen by setting y = — 1,---, — & + 1, that 
a, --- , a are all integers. 

Conversely, if ax, --- , @ are all integers, F(y) is an integer for all integral 
values of y. 

Therefore every polynomial of degree k in y which represents an integer for 
all integral values of y = 0 can be expressed in form (4) where ax, --- , a are 
integers. 


For the following discussion, a, > 0, and a) may be taken equal to zero. For 


ifn = > F(y,) has an integral solution for n > C2, thenn = > P(y,) has an 


v=1 v=1 


integral solution for n > C2 — sao, where P(y) = F(y) — a. It is also 
assumed that a,, --- , a; are such that for no prime p is P(y) = 0 (mod p) for 
all y, for if this were so for some p, all sums of values of P(y) would be multi- 
ples of p. This last condition will be referred to as hypothesis I. It implies 


(ax, Wes » 4) = 
It will be useful to write also 


Py) = (bey* + --- + by)/k!, 


where 


r 
Der = , » da Ak—gq ’ 
q=90 


do =1, der=kk—1)---(k-r+1), de = DO m---n, 


dy = RE —1)--- (941) Dome my 


(nj # nj; ijj=1,---,r—qq=1,-:-,r—-—1). 
In P(y) set y = vx + t to give 
Q(x) = Age*® + --- + Ait + Ao, 


8 David Hilbert, Mathematische Annalen, vol. 36 (1890), pp. 511, 512. 
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where 
{. = b,v*/k! 
(6) 
Sk —D «+ (kh —r +1) 
is a (- — cos tt = ; 
, = { S ; bjt” ’ a Bins > or k! 9 
font (r—-—l)! 
t = Oisa parameter which is assigned integral values depending on a,, --- , a, 
and v 2 0 is an integer having the smallest number of factors p such that 
Ax, «++ , Ao are integers for every value of t. For p > k, pe. 


By hypothesis I, there are values of t such that there is at least one value of zx 
for which p/Q(z). Such values of ¢ will be called admissible. If p}v, all values 
of t are admissible. 

Since Q(x) has integral coefficients, @(p) as defined in $2 can be determined for 


each p. 


4. Congruence (3) forp > sk. As in §2,r,(n) > Oforn > Co, if S => 0. 
To prove that for s 2 (k — 2)2*-' + 5, S 2 » > 0, we prove that for this 
value of s and for all primes p and integers n, N(p’) > 0. This proof is divided 
into two parts according as p > k or p S k. 

For primes p > k we prove 

Lemma 4. If 3 < k S 28,8 2 (k — 2)2*" + 5, and p > k, then N(p”) 2 1. 

For p > k, piv. By hypothesis I, at least one coefficient of Q(z) is not 
divisible by p. Then @ = 0,7 = 1, and the congruence (3) becomes 


=n (mod p) . 


M 
2 
= 
— 
l 


L. E. Dickson’ has proved that for k S 28, p > k, and o = s — 1, the 
congruence 


Yo Q(z,) =n (mod p) 


v=l1 
has at least one integral solution. 
Not all the coefficients of Qo(x) are divisible by p, and therefore there is at 
least one value of x for which p/Qo(x). Suppose p/Qo(xz,). Then from the 
above 


> Q(z,) =n — Q(x) (mod Pp) 


v=l 


has an integral solution. Thus 


> Q(z,) =n (mod p) 


v=l1 


°L. E. Dickson, American Journal of Mathematics, July, 1935. 
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has a primitive solution, that is, 
N(p?) = N(p) 2 1 for s 2 (k — 2)2*'45, 
for every n and every p > k. 


5. Congruence (3) for p < k. When p S k, Qo(z) is congruent mod p toa 
polynomial of degree p — 1 obtained from Qo(x) by replacing x? by x. If for 
every admissible value of ¢, all the coefficients of the polynomial so obtained 
are divisible by p, there obviously can be no primitive solutions of (3). We 
shall say that P(y) satisfies hypothesis II if for each prime p S k there is 
an admissible value of ¢ such that for some value of x, p/Qo(x). Hypothesis II 
may be stated also in terms of the coefficients A;, --- , Ai: for each prime 
p = k there is an admissible value of ¢t for which the congruences 


Ay = 249 + (P+ DApa + + 
=... = pA,+ (2p — 1)Agyi+-::: 
=0 (mod p*+) 


are not all satisfied. 

The theorems of the paper will be proved for polynomials which satisfy 
hypotheses I and II. For k = 4 and 5 conditions on the coefficients a of P(y) 
which determine whether hypothesis I is satisfied are stated. For polynomials 
of higher degrees such conditions are not stated. 

For the discussion of congruence (3) in this case we prove two lemmas. 

Lemna 5. If p/Q(x1), p{Qo(x2), then N(p?) 2 1 for s = p* + 1 and every 
integer n. 

Any integer is congruent mod p’ to a sum of at most p’ values Q(x). If z2 = 
x, (mod p), the lemma follows. If rz. # 2, (mod p),n — Q(xe) is congruent 
mod p? to a sum of at most p’ values Q(x:), and the lemma follows. 

Lemma 6. If p{(Ax, ---, Ar), pfQ(ai), pfQo(x2), then N(p?) = 1 for s = 
(k — 2)2*-! + 5 and every integer n. 

Let p’! <= k < p”. Then since p/(A;, --- , Ai), 6S w — 1. By Lemma 5, 
N(p’) 2 1 fors 2 p? + 1. 

For p > 2, 


py +1 Sp"+1spk+1 Sh 41 < (k— 2)" + 5. 
Therefore N(p’) = 1 for s = (k — 2)2* + 5. 
For p = 2, 
pr+l spe +1 54k +18 (kh — 2/245. 
Therefore N(p’) = 1 for s = (& — 2)2*- 4 5. 


6. Completion of the analysis. By means of the Lemmas 4, 5, and 6 it 
will be proved that for polynomials of degree 4, 5, 6, and 7 satisfying hypoth- 











366 M. GWENETH HUMPHREYS 


eses I and II, and for certain polynomials of degree k, 7 < k < 28, satisfying 
the same hypotheses, that N(p7) = 1 for s = (k — 2)2* + 5 and every in- 
teger n. 
From this fact and Lemmas 1 and 2, since M(p') = N(p") we have 
> A(q) = pe M(p') > pew N(p') 
l 
ap 


(7) in puted pi-v @-v N(p”) > p7ye-) 


—y,(s—-1) 
= pu ’ 


where y, is for each value of k the greatest value of y such that 27 < (Rk — 2) 
Qe1 4 4, 
Also, by Landau,® Theorem 8, with « = 1/8 


D> Aq) =14+ D Alp) >1-E DY ps 
A=1 A=1 


alp* 


(8) 
1 — E(p** — 1)". 


Finally, it has been proved by Landau® that S is absolutely convergent for 
s = (k — 2)2*" + 5. Hence, by (7), (8), and Lemma 3 


S=lim DY A@=lim JT DY A®@ 


oP cin top! i—0 pSpy aip! 


=> II max (p-1-), 1 — E(p*® — 1)-*) 
~P 


=n>0. 
As indicated in §1, it follows that r,(n) > 0 for n > C2. 
7. Polynomials of degree 4. We prove 


TueoreM 1. Jf P(y) satisfies hypotheses I and II, every sufficiently large 
integer can be represented as a sum of 21 values of a polynomial 


roy oft} ole] + [3] +E) 


ay, +++, a being integers,a; > 0. Py) fails to satisfy hypothesis I whenfand 
only when one or more of the following three sets of simultaneous conditions hold: 


1) 3/(a4, a3), 3?/as, 2a3 + 3a, + 6a, = 2a, + 3a2 = 0 (mod 9), 
2) 2/ay, 2fay, 2/(as, a2), 

a, + a3 + 6a, = ay + 2a; = 0 (mod 2‘), 

3a, + 4a; + 6a, + 12a, = 0 (mod 2°), 
3) 24/a,, 2/(a3, a2), a2 + 2a; = a3 + 2a, = 0 (mod 8). 
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First we prove that for P(y) as in the theorem, and s = 21, N(p”) 21. 
For p > k, this is proved in Lemma 4. 
Let p = k. Formulas (5) and (6) give for k = 4, 


by = 4, bs = 6a, + 4a;, bs = lla, + 12a; + 12a,, 


b, = 6a, + 8a; + 12a, + 24a, , 
A, = byw*/4!, Az = (4b + b3)v?/4!, Az = (6b? + 3b3t + be)v?/4!, 
A, = (4b? + 3b3l? + 2bot + bi)v/4!, Ay = Pit). 
A. Case p = 3. 
1. Suppose 3/(as, a3), then 3/. By hypothesis I, every value of ¢ is 


admissible. 

a. Unless b; = 4b, + 2b. = 0 (mod 9), there is a value of ¢ for which 3/A4. 
Then 6 = 0 and 3/Q,(0). Then by Lemma 5, N(3) 2 1 for s 2 4. 

b. If b) = 4b, + 2b. = O (mod 9), for every value of t, Ai = 4A, + 
2A, = 0 (mod 3). If 9/bs, 6 = 0 and the polynomial does not satisfy 
hypothesis II. This case gives exception 1 of the theorem. If 9/b,, 
then 9/b; and 3/A3. Then @ = 1 and there is a value of x for which 
3/Qo(x). By Lemma 5, N(3*) 2 1 for s = 10. 

2. Suppose 3/(as, a3), then v = 3,6 (mod 9). 3/(A4, As, Az) and there is a 
value of ¢ such that 3/A;. Then @ = 0, 3/Q (0), and either 3/Q(0) 
or 3/Q(1) according as 3/Ao or 3/Ao. By Lemma 5, N(3) = 1 for 
s2= 4. 

B. Case p = 2. 

1. Suppose 2°/a,, 2/(a3, a2), then 2/v. By hypothesis I, every value of ¢ is 
admissible. 

Unless b; = 6b; = 0 (mod 16), there is a value of ¢ for which 2/A). 
Then @ = 0 and 2/Q,(0). By Lemma 5, N(2?) 2 1 for s 2 5. 

If b; = bs; = 0 (mod 16), then 2/A; for all ¢. There are two cases to 
be considered. 

a. If 16/a4, then 2/A4, 2/(A3, As, Ai). Also 6 S 2 and 2/Q(1) or 2/Q(0) 
according as 2/Ay or 2/Ao. Then by Lemma 5, N(27) 2 1 for s 2 17, 
unless @ = 2 and for every value of t, Ai = 44, + 3A3 + 242 = 0 
(mod 8), which gives exception 2 of the theorem. 

b. If 16/as, then 2/A4, 2/A2, and @ = 1. Then 2/Q(0) or 2/Q(1) accord- 
ing as 2/Ay or 2/Ao. If for some t, 4/Ai, then 2/Q(0). Then 
N(2*) = 1 fors = 9. If 4/A; for all values of ¢, there is no value 
of ¢ for which 4/A; and the polynomial is under exception 3 of the 
theorem. 

2. Suppose 2/a, but not all the conditions of Case B1 hold. Then v = 2 
(mod 4) and 2/(A4, As). 

a. Suppose 2a; = a, + 2a, = O (mod 4) does not hold. 

If 4/a,, then 2/As and there is a value of ¢ for which 2/A;. Then 
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6 = Oand 2/Q.(0). 2/Q(0) or 2/Q(1) according as 2/A, or 2/Ao. Then 
N(2?) = 1 fors 2 5. 
If 4/A,, then 2/A. By hypothesis I, there is a value of ¢ for which 
A; = Ao = 1 (mod 2), or 2/A;. If A; is odd, then @ = 0, Q(0) = 
Q(0) = 1 (mod 2), and N(2?) 2 1 for s = 5. If A; is even, then 
2/Q(1) or 2/Q(0) according as 2/Ao or 2/Ao. Then @ = 1 and, since 
4/As, either 2/Q.(0) or 2/Qo(1) according as 4/A; or 4/A;. Then 
N(2*) = 1 fors 2 9. 
b. Suppose 2a; = a, + 2a. = 0 (mod 4). Then 2/4; for all values of t. 

If 4/a,, then 2/As and @ = 1. 2/Q(0) or 2/Q(1) according as 2/Ao or 
2/Ay. Since 4/A3, we have 2/Q)(0) or 2/Qo(1), according as 4/A; or 
4/A, and N(2°) 2 1lfors 2 9. 
If 4/ay, then 2/Az. Choose t = 1 (mod 2). Then 2/Q(0). 
If 4/A;, then @ = 1, 2/Q.(0) and N(2*) = lfors 2 9. If 4/A;, 62 2. 
If 8/A,, then 2/Qo(0) and N(2*) = 1 for s = 17. 
If 8/A, then 4/Az since ag 4 0 (mod 8). Then 6 = 2, and since 8/A3, 
2/Qo(1). Then N(2*) = 1 for s 2 17. 

3. Suppose 2/a,, then v = 4 (mod 8) and 2/(A4, A3, Az), 2/A:1. Then 6 = 0 
and 2/Q(0). 2/Q(0) or 2/Q(1) according as 2/Ao or 2/Ao. Then 
N(2?) 2 1 for s 2 5. 

Thus, with the three exceptions listed in the theorem N(p*) 2 1, for poly- 

nomials of degree 4, s 2 21, every prime p, and every integer n. 

Then as in §5, with y; = 4, r.(n) > Oforn > C2. 


8. Polynomials of degree 5. We prove 
THEeorEM 2. If P(y) satisfies hypotheses I and II, every sufficiently large integer 
can be represented as a sum of 53 values of a polynomial 


po) =a[¥)+a[¥]+a[¥]+oo[¥]+a[ 4], 


the a’s being integers,as > 0. P(y) fails to satisfy hypothesis Il when and only 
when one or more of the following eight sets of simultaneous conditions hold. 


9/as, 9/as, ag + 3a, = az + baz + 3a, = 0 (mod 9) ; 
9/(as, as), 3/(a3, a2), dg + 3a3 = Zas + ay + 3a3 + 3az 
= 2a; + 3a. + 6a, = 0 (mod 27) ; 
23/(as, a4), 2*/as, a3 = a2 + 2a, = 0 (mod 4) ; 
2*/(a5, a4), 4/a3, 4g + Zaz = ae + 2a, = 0 (mod 8) ; 
as = 2a, = 16 (mod 32) , 
2a; + 4a, = ay + 2a, + 4a, = 0 (mod 16) ; 
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6) 25/as, ay = 2a; = 4a. = 8 (mod 16), ay + a3 + 6a, = 0 (mod 16) , 
3a, + 4a3 + 6a, + 12a, = 2a3 + 4a. = 0 (mod 32) ; 
7) 1. as = 2, a, = 0 (mod 4), a3 = 1, ag = O (mod 2), 
as + ay + 6a; + 2azs + 4a, = 0 (mod 8), 
or 2. as = ay = 2a; = 2a, = 2 (mod 4), 2/a,, 
3a, + 4a; + 6a, = 0 (mod 8) ; 
8) as = 4, a; = 0 (mod 8), as + as + 6a3 + 2a, + 12a, = 0 (mod 16). 


First we prove that for P(y) as in the theorem and s 2 53, N(p) 2 1. 

For p > k, this is proved in Lemma 4. 

Let p < k. From formulas (5) and (6) we can calculate the coefficients 
bs, --- , bh and As, --- , Ao. They are similar to those for k = 4 in §5, but for 
brevity, only the numerical coefficients in the expressions for them are indi- 
cated here. These are 


Bowl, bwt5, be 
b, = 24, 30, 40, 60, 120, 
As@=1, Ace&l, 4307141, 46° 4631, 


35, 30, 20, be = 50, 55, 60, 60, 


An &4331, Ao PO. 


A. Case p = 5. 

1. Suppose 5/a;. Then 5/v and t = 0 (mod 25) is admissible. Then @ S 1 
and since not all coefficients of Qo(x) are divisible by 5, for some value 
of x, 5/Qo(x). Then N(57) 2 1 for s = 26. 

2. Suppose 5/as, then 5/v and 5/(As, Aa, As, Az), 5{A1. Then @ = 0, 
5/Q.(0), and 5/Q(0) or 5/Q(1) according as 5/Ao or 5/Ao. Then 
N(5) 2 1 for s 2 6. 

B. Case p = 3. 
1. Suppose 3/(a5, a4, a3). Then 3/v and every value of ¢ is admissible. 
a. Unless bs = 4b, + 2b. = b; = 0 (mod 9), let ¢ = 0 (mod 9). Then 
6 = O and there is a value of x for which 3/Q (x). Then by Lemma 
5, N(3) = 1 fors 2 4. 
b. Suppose 6; = 4b, + 2b. = b, = 0 (mod 9). If by # 0 (mod 9), then 

3/A,and 6 = 0. Then for all values of t, As = 444 + 2A2 = Ai = 0 
(mod 3), and the polynomial does not satisfy hypothesis II. This is 
exception 1 of the theorem. 
If bs = 0 (mod 9), but 5b; + 3b; = 4b, + 2b. = b; = 0 (mod 27) does not 
hold, choose t = 0 (mod 27). Then, since 3/b3, 6 = 1 and there is a 
value of x for which 3/Q)(x). Then N(3?) 2 lfors 210. If bs =O 
(mod 9) and 5b; + 3b; = 4b, + 2b. = b; = O (mod 27), then @ = 1. 
Since, for all t, 545 + 3A3 = 4A, + 2A, = A; = 0 (mod 9), the poly- 
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nomial does not satisfy hypothesis II. This is exception 2 of the 
theorem. 

2. Suppose 3/(a5, a4, a3), then v = 3, 6 (mod 9) and 3/(As, ---, As). 3/A1 
for every value of ¢ implies 3/(a5, as, a3). Therefore t can be chosen 
so that 3/A;. Then @ = 0, and 3/Q)(0) and 3/Q(0) or 3/Q(1) according 
as 3/Ao or 3/Ao. Then N(3) 2 1 fors 2 4. 

C. Case p = 2. 

1. Suppose 2°/(a5, a4), 2/(a3, a2), then 2/v and every value of ¢ is admissible. 

a. Unless a3; = az + 2a; = 0 (mod 4), there isa value of t such that 2/A). 
Then @ = 0, 2/Qo(0), and N(2*) = 1 for s 2 5. 

b. If a; = a2 + 2a, = 0 (mod 4) and 2*/a5, the polynomial does not 
satisfy hypothesis II. This is exception 3 of the theorem. 

c. Suppose a3 = az + 2a, = 0 (mod 4) and 2*/as. 

If 2*/ay, then 2/A, and @ = 1. If there is a value of ¢ for which 4/A,, 
then 2/Q.(0) and N(2*) 2 1 fors 29. If 4/A, for all ¢, then 2*/a;, 
and 5As + 3A; + 2A2 = 0 (mod 4) for allt. The polynomial does 
not satisfy hypothesis II. This is exception 4 of the theorem. 

If 2*/a,, then 2/A>o. If for some value of t, 4/A,, then @ = 1 and 
2/Q.(0). Then N(2*) = lfors 29. If 4/A, for all ¢, 2%as. If 2°/as, 
6 = land 4/(5A, + 3A;) for all ¢ and the polynomial does not satisfy 
the hypothesis II. This is exception 5 of the theorem. If 2°/a5, then 
6 = 2. If for some value of t, 8/A,, N(2‘) 2 lfors 2 17. If 8/A, 
for all t, and a3 + 2a2 = 8 (mod 16), then 8/(5As5 + 4A, + 3A; + 
2A). Then N(2*) 2 lfors 2 17. If a3 + 2a, = 0 (mod 16), the 
polynomial does not satisfy hypothesis II. This is exception 6 of the 
theorem. 

2. Suppose 2/(as, as) but not all the conditions of C1 hold. Then v = 2 
(mod 4) and 2/(As, Ag, A3). 

a. Unless aj = a2 = 0 (mod 2), there is a value of t such that 2/(A2, + 
A). If for the same value of t, 2/A,, then 6 = 0 and 2/Q,(0). 2/Q(0) 
or 2/Q(1) according as 2/Ao or 2/Ao. Then N(2*) = 1lfors 2 5. If 
for every value of ¢ for which 2/(Az + Aj), 2/Ai, then 2/A,. Then 
6 = 1 and 2/Q(0) or 2/Q(1) according as 2/Ay or 2/Ao. If 4/A1, we 
have 2/Qo(0), and N(2*)= lfors 29. If 4/A, and 4/as5, then 2/Qo(1) 
and N(2*) => lfors 29. If 4/A; and 4/as5, then 4/A; and there is a 
value of ¢ for which 2/A»s. If for this value 2/Ao, then @ = 1 and 
2/Qo(1) or 2/Qo(0) according as 4/A,; or 4/A;. 2/Q(O) and N(2?) = 1 
fors 2 5. If for this value of t we have 2/Ao, then the polynomial 
does not satisfy hypothesis II. This is exception 7 of the theorem. 

b. If a3 = a2 = 0 (mod 2), then 2/(Az, + Ai). Choose t = 1 (mod 2), 
then 2/Q(0). 

If ag # a, (mod 4), then 2/A;, 6 = 0, and 2/Q)(0). Then N(2?) 2 1 for 
s2= 5. , 
If as = a, (mod 4), 6 = 1. 








Then if 4/A,, 6 = 1 and N(2*) = 1 for 
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s29. If 4/A, and 4/ as, then 4/A;3, 6 = Land N(2') = lfors 29. If 
4/A, and 4/a;,@ = 2. Then if 8/A,, N(2‘) => lfors 2 17. If 8/A, 
for all values of ¢ = 1 (mod 2), unless 8/a; and 8/ay, 2/Qo(1) and 
N(2*) = lfors 2 17. If 8/as, 8/ay the polynomial does not satisfy 
hypothesis II. This is exception 8 of the theorem. 
3. Suppose 2/(a5, as). Then v = 4 (mod 8) and 2/(As, --- , Ag). Since 

2/A, for all values of ¢ implies 2/(a;, a4), there is a value of ¢ for which 
2/A,. Then 6 = 0, 2/Q.(0) and 2/Q(0) or 2/Q(1) according as 2/Ay or 
2/Ao. Then N(2?) = 1 fors 2 5. 

Thus, with the eight exceptions listed in the theorem, N(p’) 2 1, for poly- 

nomials of degree 5, s 2 53, every prime p, and every integer n. 
Then, as in §5, with y:, = 5, r.(n) > Oforn > Co. 


9. Polynomials of degree 6. We prove 
THEOREM 3. If P(y) satisfies hypotheses I and II, every sufficiently large integer 
can be expressed as a sum of 133 values of a polynomial 


roy-o(e] a(t] -«Le] 9G] +E) +L] 


Gs, ... , a; being integers, a; > 0. 
It is assumed from the beginning that P(y) satisfies hypothesis II. We prove 
first that for a polynomial as in the theorem and s 2 133, N(p7) 2 1. 
For p > k this is proved in Lemma 4. 
Let p = k. Formulas (5) and (6) give for k = 6 
bb = 1, bs = 15,6, by = 85, 60,30, 6; = 225, 210, 180, 120, 
be = 274, 300, 330, 360, 360, 6b, = 120, 144, 180, 240, 360, 720, 
Ac = 1, As = 6,1, As = 15,5,1, Az = 20, 10, 4, 1, 
Az = 15, 10,6,3,1, A; = 6,5,4,3,2,1, Ao = P(t). 


A. Case p = 5. 

1. Suppose 5/(as, as), then 5/v and every value of tis admissible. By hy- 
pothesis I, at least one of Ag, --- , A; is not divisible by 5. Then @ S 1. 
Choose ¢ such that for some value of x, 5/Qo(x). Then N(57) 2 1 for 
s = 26. 

2. Suppose 5/(as, a5), then 5/v and 5/(As, ---, Az). There isa value of ¢ 
such that 5/A,, since 5/A, for all t implies 5/(a;, a3). Therefore @ = 0, 
5/Qo(0), and 5/Q(0) or 5/Q(1) according as 5/Ao or 5/Ao. Then N(5) 2 1 
fors = 6. 

B. Case p = 3. 

1. Suppose 3*/a;, 3/(as, a4, a3), then 3/v. Then as in Al above, @ < 1 and 
N(87) = 1 for s = 10. 

2. Suppose not all conditions of B1 hold. Then v = 3, 6 (mod 9) and 
3/(Ae, «++ , Az). 
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a. If 3/as, then 3/Ae. If there is a value of t for which 3/A,, @ = 0 and 
3/Qo(0). 3/Q(0) or 3/Q(1) according as 3/Ao or 3/Ay. Then N(3) = 1 
for s 2 4. If 3/A; for all ¢, then 3/(a5, ay, a3). Then since 3?/a,, 
3°/Ao, and @ = 1. Choose t so that 3/Ay. Then 3/Q(0) and 3/Q)(0) 
or 3/Qo(1) according as 3°/A, or 3°/A;. Then N(3*) = 1 for s = 10. 

b. If 3/as, then 3/A. and @ = 0. Then there is a value of x for which 
3/Q(x). 3/Qo(O) or 3/Qo(1) according as 3/A,, or 3/A;. Then N(3) = 1 
fors = 4. 


C. Case p = 2. 


3. 


2. 


Suppose 2*/a,, 2°/(as, ay), 2/(a3, a2). Then 2/». As in Al @ S 2 and 

N(27) = 1lfors = 17. 

Suppose 2/(as, a5, a4) and not all the conditions of Cl hold. Then v = 2 

(mod 4) and 2/)Ag, ---, Ag). 

a. If 2*/a,, then 2/4; and @ = 0. Choose t admissible and such that 
for some value of x, 2/Qo(x). Then N(2?) = 1 for s 2 5. 

b. If 2?/as, a3 # ae, az = 0 (mod 2), then for every value of t, 2/(Az + Aj). 
Choose ¢ such that for some value of x, 2/Qo(xv). 2/Q(O) or 2/Q(1) 
according as 2/Ay9 or 2/Ay. Then 6 < 1 and N(27) = 1lfor s = 9. 
If a; = 1 (mod 2), choose t = 1 (mod 2). Then 2/(Az + A). Since 
t = 0 (mod 2) is not admissible, there is a value of x for which 2/Qo(z). 
As above, N(27) = 1lfors = 9. 

c. Let 2*/as, a3 = ade, a3 = 1 (mod 2). If for t = 0 (mod 2) there is a 
value of x for which 2/Q(z), then @ < 1 and 2/Q(0) or 2/Q(1) accord- 
ing as 2/Ay or 2/Ao. Then N(27) 2 lfors 29. Otherwise choose 
t = 1 (mod 2). Since, if a; = 0 (mod 2), t = 1 (mod 2) is the only 
admissible value of t, we have now to consider the case 2?/a; and 
a3 = a, (mod 2),t = 1 (mod 2). If as F# a, (mod 4), then 2/A). 
6 = 0, 2/Q(0), 2/Q(0). Then N(27) 21 for s 2 5. If as = ay 
(mod 4) and a; # 0 (mod 4), then 6 S 5, since for t = 1 (mod 2), 
2°4(2A,, As). Then N(27) = 1 fors = 129. If as = a, (mod 4) and 
a, = 0 (mod 4), @ <= 5. For if 6 = 6, fort = 1 (mod 2), 


2°/6A. implies a, = 0 (mod 2°), 
2°/5As implies 5a, + 6a, = 0 (mod 25), 
2°/4A, implies 3 ag + 2a, + 2a, = 0 (mod 2+). 


These together imply one of 
1) 16/a, $/(as5, ay). In this case the polynomial belongs in case C1. 
2) Gta, Sfas, S/as. Then if 2/a3, 8/2A2; and if 2/a3, 8/A3. Thus 
6 < 5, and N(27) = 1 fors = 129. 
Suppose 2/(as, a5, a4), then» = 4 (mod 8). Then 2/(Ag, ---, Az). Unless 
Os ds 1, a, = 0 (mod 2), there is a value of t for which 2/A;. Then 
§ = 0, 2/(,(0), and 2/Q(0) or 2/Q(L) according as 2/Ay or 2/Ay. Then 
N(2*) = 1 fors 2 5. 
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If ag =a, =1, a, =0 (mod 2), since 8/A3, 6 S 2. Choose t so that 2/Ao 
and for some value of z, 2/Qo(x). Then N(27) = 1 fors 2 17. 
Thus, for s 2 133, N(p7) = 1, for polynomials of degree 6 satisfying hypoth- 
eses I and IT. 
Then as in §5, with y; = 5, r,(n) > Oforn > Co. 


10. Polynomials of degree 7. We prove 
TueoreM 4. If P(y) satisfies hypotheses I and II, every sufficiently large in- 
teger can be expressed as a sum of 325 values of a polynomial 


Py) =| 4] + ree +a], 


Q;, --+ , a being integers, a; > 0. 

It is assumed from the beginning that P(y) satisfies hypothesis II. We prove 
first that for a polynomial as in the theorem and s = 325, N(p”) = 1. 

For p > k this is proved in Lemma 4. 

Let p = k. Formulas (5) and (6) give for k = 7 


b; = 1, be = 21,7, bs = 175, 105, 42, 

by = 735, 595, 420, 210, b; = 1624, 1575, 1470, 1260, 840, 
by = 1764, 1918, 2100, 2310, 2520, 2520, 

b; = 720, 840, 1008, 1260, 1680, 2520, 5040, 

Ay = 1, Ag = 7,1, Ap = 21,6, 1, Ag = 35, 16, 5, 1, 

A; = 35, 20, 10, 4, 1, Az = 21, 15, 10, 6, 3, 1, 

A; = 7, 6, 5, 4,3, 2,1, de = Pi). 


A. Case p = 7. 
1. Suppose 7/a;, then 7/v and every value of ¢ is admissible. At least one 
of Az, --- , Ai is not divisible by 7. Then @ S 1 and N(77) 2 1 for 
s = 50. 
2. Suppose 7/a;. Then v = 7, 14, --- , 42 (mod 49), and 7/(A;, --- , Ae) 
but 7/A,. Thus @ = 0, 7/Qo(0) and 7/Q(O) or 7/Q(1) according as 7/Ao 
or 7/Ao. Then N(7) = 1 fors 2 8. 
B. Case p = 5. 
1. Suppose 5/(a;, as, as), then 5fv. As in Al, @S 1. Then N(5*) = 1 for 
s = 26. 
2. Suppose 5/(a;, a5, a5). Then v = 5, 10, 15, 20 (mod 25), 5/(Az, --- , Ae) 
and there is a value of ¢ for which 5/A,. Thus @ = 0, 5/Qo(0), and 5/Q(0) 
or 5/Q(1) according as 5/Ao or 5/Ao. Then N(5) = 1 fors = 6. 
C. Case p = 3. 
1. Suppose 3?/(a;, ag), 3/(@s, a4, a3), then 3/e. As in Al @ S 1, and 
N(87) = 1 fors = 10. 
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2. Suppose not all conditions of case Cl hold. Then v = 3, 6 (mod 9) and 
3/(Az, --- , As). Unless 3/(a;, as), there is a value of ¢ for which 3/Ao. 
Then @ = 0 and there is a value of z for which 3/Q(z). 3/Qo(0) or 3/Qo(1) 
according as 3/A,; or 3/A;. Then N(3) = 1 fors = 4. 

If 3/(a;, ae), then 3/Ag for all ¢. Unless 3/(as, a4, a3), there is a value of 
t for which 3/A,. Then @ = 0, 3/Qo(0), and there is a value of x for 
which 3/Q(z). Then N(3) = 1 fors = 4. 

If 3/(a;, ds, G5, 44, 43), then 3°/(a;, as). Choose ¢ so that 3/Q(0), and that 
there is a value of x for which 3/Qo(z). If 9/a;, then 9/as; and 37/Ag. 
Then 6 S 2and N(37) 2 1 fors = 10. If 9/a;, then @ S 4 since 35/As, 
and V(37) = 1 fors = 244. 

D. Case p = 2. 

1. Suppose 2*/(a;, as), 2°/(as, ay), 2/(a3, a2), then 2/v. As in Al 6 S 2 and 
N(2*) 2 1 for s 2 17. 

2. Suppose 2/(a;, --- , as), and not all the conditions of case D1 hold, then 
v = 2 (mod 4), and 2/(A;, --- , As). If 2/(a3, a2), there is at least one 
value of t for which Ay + A, + A; ¥ 0 (mod 2). Then 2/Q(0) or 2/Q(1) 
according as 2/A9 or 2/Ao. If for such a value of ¢ there is a value of x 
for which 2/Qo(xz), since 2/(A3, As, Ai), @ 2 1. Then N(27) 2 1 for 
s 29. Otherwise, choose t such that Az; + Az+ A; = 0 (mod 2), 2/Ao 
and there is a value of z for which 2/Q(z). In this case 2/a;. Then if 
2/az, the only value of t for which Az; + Az + A; = O (mod 2) is t = 0 
(mod 2) and this is not admissible. Thus 2/az. We have left to con- 
sider then a; = ad, (mod 2) with ¢ = 1 (mod 2), the only admissible 
value of t= Then 2/Q(0) and there is a value of x for which 2/Qo(z). 
6 <= 6, for if 6 = 7, A; = 2A, = As = 4A, = O (mod 2’), and these 
congruences imply 2*/(a;, ae), 2°/(a5, a4). If a3; = a, = 1 (mod 2), 2%As, 
and if a; = a, = 0 (mod 2), the polynomial belongs in case D1. Thus 
6 <= 6 and N(27) = 1 for s 2 257. 

3. Suppose 2/(a;, --- , as), then v = 4 (mod 8) and 2/(A;, --- , Az). Unless 
a; + de + a5 = a, = 0 (mod 2), there is a value of ¢ for which 2/A). 
Then @ = 0, 2/Q)(0) and 2/Q(0) or 2/Q(1). Then N(27) 2 1 for s 2 5. 
If a; 4+ de + a5 = ay = O (mod 2), one of az, ds, as is even and the other 
two odd. Choose t so that 2/A, and so that there is a value of z for which 
2/Qo(z). Wi 2la;, then 8/Ay. Then 6S 2 and N(27) 2 1 for s 2 17. 
If 2a and t 1 (mod 2), then 8/A3. If t 0 (mod 2), 27/As. In 
either case 6 = 6 and therefore N(27) = 1 for s 2 257. Similarly, if 
Zias, 9 = 6 and N(27) 2 1 fors 2 257. 

Thus, for ¢ 2 325, N(p7) 2 1, for polynomials of degree 7 satisfying hypoth- 
eses | and I. 


Then as in $5, with y1 9,7.(n) > Oforn > Co. 


we 


cod 


11. Polynomials of degree k,7 < k = 28. We prove 
Tunonem 5. If I’(y) satisfies hypotheses | and I and of for each prime p < k 
one of the follow ung conditions hold 
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(1) For some admissible value of t with which P(y) satisfies hypothesis I, 
pt(Ax, aye A)), 

(2) For some admissible value of t, with which P(y) satisfies hypothesis 11, y S yo, 
where yo is the greatest value of y such that p’ S (k — 2)2*—' + 5, 
then every sufficiently large integer can be expressed asa sum of s = (k — 2)2*— 
+ 5 values of a polynomial 


PQ) = «| 2] + me +a[¥], 7<k S28, 


ay, +--+ , a being integers, a, > 0. 

We prove first that N(p7) = 1. 

For p > k this is proved by Lemma 4. 

Let p S k. If condition (1) holds, N(p’) = 1 by Lemma 6. If condition 
(2) holds, N(p’) = 1 by Lemma 5. . 

Then as in §5, r,(n) > Oforn > Co. 


UNIVERSITY OF CHICAGO. 








CONNECTIONS BETWEEN DIFFERENTIAL GEOMETRY AND 
TOPOLOGY 


I. SIMPLY CONNECTED SURFACES 
By SumMNER Byron MYERS 


Introduction. In this paper is presented a theory of new connections be- 
tween differential geometry and topology. With an arbitrary point A of a com- 
plete analytic Riemannian surface S is associated a locus of “minimum points 
with respect to A”. A point M on a geodesic ray g issuing from A is said to be 
a “minimum point with respect to A ong’ if M is the last point on g such that 
AM furnishes an absolute minimum to the are length of curves on S joining A 
to M. The locus of such points with respect to A is proved to be a linear graph m. 
If S is simply connected, m is a tree when S is closed and a set of infinite trees 
when S is open. Ina later paper, it will be proved that in the general case of a 
closed multiply connected S, m is a linear graph whose cyclomatic number is 
equal to the connectivity number modulo 2 of 8S. The surface S is thus reduced 
to a single 2-cell ¢ with m as its singular boundary; ¢ is simply covered (except 
at A) by the geodesic rays through A cut off at their intersections with m and 
hence can be represented by the geodesic polar coérdinate system with A as pole. 
This solves completely the hitherto vaguely answered question as to how long 
the geodesics through a point A of a surface form a field. 

This paper is restricted mainly to simply connected surfaces, hence surfaces 
homeomorphic to the plane or the sphere. The end points of the branches of 
the tree (or trees) which forms the locus of minimum points with respect to an 
arbitrary point A on S are shown to be conjugate to A and to be cusps of the 
locus of first conjugate points to A. The order of a point M of m as a vertex of 
m (i.e., the number of ares of m issuing from M) is proved to be equal to the 
number of geodesics joining M to A on which M is a minimum point with 
respect to A. 

In order to prove that in the case of a closed analytic simply connected surface 
the locus m has a finite number of end points, it is necessary to study the locus 
of first conjugate points to A. This is done in §3. §1 recalls the definition of a 
complete analytic Riemannian surface, while in §2 the machinery is set up for 
finding the conjugate point locus. In §4 the minimum point locus is studied. 
In §5 examples are given of the minimum point locus on a few simple surfaces, 
while in §6 problems arising from the methods and results of this paper are 
suggested and possibilities of generalization discussed. 


Received April 17, 1935; presented to the American Mathematical Society December 28, 
1934. The author is National Research Fellow. 
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1. Complete surfaces. We are concerned here with analytic Riemannian 
surfaces.'_ These are, in the first place, homogeneous topological surfaces; that 
is, Hausdorff spaces in which the neighborhood of every point is homeomorphic 
to the interior of the unit circle in the 2-dimensional euclidean plane. These 
neighborhoods are provided with euclidean coérdinate systems (x;, x2) in such a 
way that in the region of intersection of two different neighborhoods one co- 
érdinate system can be obtained from the other by means of an analytic trans- 
formation with non-vanishing functional determinant. Any coédrdinate system 
which can be obtained from one of these euclidean coérdinate systems by means 
of an analytic transformation with non-vanishing jacobian will be called admissi- 
ble. Finally, every admissible coérdinate system is provided with a positive 


n 


definite symmetric quadratic form > gut; in which the functions g;;(21, 22) 


i, j=l 
. . , , oe . . 
are real and analytic, and such that if (2, rz) and (x,, 2,) are the coérdinates in 
two overlapping coérdinate systems and 2g,;u;u; and Yg¢,;u su; the corresponding 
quadratic forms, then 


- , , , 
Xgidxdx; = Ug; ;dr,dzx;. 


We define are length on such a surface in the usual manner, 
&= / V gijdrida; « 


No assumption is made concerning the imbedding of the surface S in any euclid- 
ean space, since we are interested only in intrinsic properties of the surface. 
The words closed and open when applied to S are synonymous respectively with 
compact and not compact in the usual senses. 

For convenience in studying properties of the surface S in the large as well as 
local differential geometry properties, we restrict ourselves to complete analytic 
Riemannian surfaces (or, for brevity, complete surfaces) as defined by Hopf and 
Rinow.? This notion of completeness may be defined in either of the following 
two useful ways: 

(1) Every geodesic ray on S can be continued to infinite length. 

(2) Every infinite bounded set of points on S has a limit point on S. (Bound- 
edness on S is based on a definition which assigns as distance between two points 
the lower limit of the lengths of ares on S joining the two points). 

For a proof of the equivalence of these two definitions of completeness as well 
as a justification of the restriction to complete surfaces, see Hopf and Rinow, loc. 
cit. On a complete surface any pair of points can be joined by a curve of 


1 This definition is taken from Hopf and Rinow, Ueber den Begriff der vollstdindigen differ- 
entialgeometrischen Flaiche, Commentarii Mathematici Helvetici, vol. 3 (1931), p. 209. 
Compare the surfaces used by Veblen and Whitehead in their The Foundations of Differential 
Geometry, and those of Morse in his Colloquium Lectures, The Calculus of Variations in the 
Large, pp. 107-108. 

? Loc. cit. 
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shortest length, which is a geodesic. We note that according to the second 
definition of completeness every closed surface is complete. 

Rinow® has proved a uniqueness theorem which shows that a complete 
simply connected continuation’ of a Riemannian element £F is unique, i.e., any 
two complete simply connected continuations of the same element are isometric. 
Thus a surface homeomorphic to the sphere cannot have the same differential 
geometry as a complete surface homeomorphie to the plane, and one of the 
objects of this paper is to obtain relations between the topological differences 
and the differential geometry differences for these two types of surfaces. 


2. The function f(r, @). Suppose we have a complete surface S containing 
the element EF about the point A. It is very convenient to use geodesic polar 
coérdinates (r, @) with A as pole, so that the Riemannian metric becomes 


(2.1) ds? = dr*® + [f(r, 0)P d&. 
The function f(r, @) has the following properties % 
(a) f(0, 6) =0. 
(2.2) (b) f-(0,0)=1. 
(c) ForOSr<e, 
(f(r, OP = r? + art + 7° (B cos 6 + ysin 0) +---, 
where a, 8, y, ete., are constants. 
(d) f(r, 6) = f(r, @ + 2m). 


On the geodesic ray g: 8 = % the zeros r ¥ O of f give the points on g conjugate 
to A. Furthermore, the function f(r, 4) satisfies the differential equation 


(2.3) f+ K(r, 6) f = 0 [f” = fer, %)I, 


where A(r, @) is the Gaussian curvature at the point (r, @). 

These polar coérdinates (r, @) with A as pole will be useful not only in the 
neighborhood of A itself, but throughout S. Of course a point P on S will in 
general have many codrdinate pairs (r, 6) belonging to it. Every point on S 
has at least one pair (r, @) belonging to it, for every two points on S can be 
joined by a geodesic. 

As Rinow has shown,’ if # is continuable to a complete surface, the function 


* Ueber Zusammenhdinge zwischen der Differentialgeometrie im Grossen und im Kleinen, 
Math. Zeitschrift, vol. 35 (1932), p. 514. The present author has generalized this theorem 
to n dimensions. See Myers, Riemannian manifolds in the large, this Journal, vol. 1(1935), 
pp. 39-49. 

*A surface S is said to be a continuation of a Riemannian element # if S contains an 
element isometric to EZ. 

® See Blaschke, Vorlesungen tiber Differentialgeometrie, 1, 3rd edition (1930), p. 152, §70. 

® See Rinow, paper cited in footnote 3, p. 520. 
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f(r, 9) must be an analytic function of r for 6 = constant and allr > 0. A much 
stronger result is the following 

THEOREM 1. [f the element E is continuable to a complete surface S, f(r, 0) as a 
function of two variables can be continued analytically for all @ and for all r > 0. 
Furthermore, the function K(r, 0), which equals —f,,/f, has the same property. 

First we must state a fundamental lemma. 

Lemma 1. Points on geodesics of S through an arbitrary point A depend analyti- 
cally on initial directions and lengths, i.e., if (x, y) forms a local admissible coér- 
dinate system on S and if the point (x0, yo) lies on a geodesic arc whose initial 
point is A and whose initial direction is %, and whose length is ro, then x = x(r, 8), 
y = y(r, 0), where these functions are analytic in the neighborhood of (ro, 9) and 
remain analytic as long as (r, 0) gives a value of (x, y) in the range of the coérdinate 
system (x, y). 

This is a well-known property of geodesics. 

Now we proceed to a proof of Theorem 1. 

Let g: 6 = 6 be an arbitrary geodesic ray issuing from A, and let B: (ro, 4) 
be a point just before the first conjugate point to A on g. Then the geodesics 
through A neighboring g form a field containing B, and the codrdinates (r, @) 
form an admissible coérdinate system in this field. Hence f(r, @) is analytic in 
a neighborhood of the values (r, @) on g containing (79, %). Let us use (r’, 6’) to 
represent polar coérdinates with B as pole, and let 


(2.4) r’ =r’ (r, 6), 0’ = 6’ (r, 6) 
be the functions of transformation from the coérdinates (r, @) to the codrdinates 


(r’, 6’) in the region of overlapping of the two coérdinate systems. It is easily 
proved that 


(2.5) f(r, 6) as fr’; 6’)-A ’ 


where f’(r’, 6’) is the function playing the same role for the (r’, 6’) coérdinates 
as f does for the (r, 6) coérdinates, and 





lr, 6 
A =| , , 
[7% 96| 


But by Lemma | the functions in (2.4) can have their definition analytically 
extended even outside the region in which (r, @) serve as a coérdinate system, just 
so long as (r’, 6’) serve as a coérdinate system. This holds for (r, @) in a neigh- 
borhood of their values on g containing a point C: (71, %) just before the first 
conjugate point to B. These values of (r, 6) yield by (2.4) (extended) values of 
(r’, 0’) for which f’(r’, 6’) is still analytic. Thus, according to (2.5), f(r, @) is ana- 
lytically continuable for (r, @) in a neighborhood of their values on g containing 
a point C just before the first conjugate point to B on g. 

Now we introduce polar coérdinates (r”’, 6”) with C as pole. Under the 
transformation 


(2.6) rv’! _ r”’ (y’, 6’) . 6” = eg” (r’, 6’) - 
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in the region of overlapping of the (r’, 6’) coérdinates and (r’’, 6’’) coérdinates 


(2.7) S'(r'’, 6’) on f°", 6’’) 5 A'(r’, 6’) , 
where 

ae 
(2.8) Ar’, OD =), | 

6, Og: | 
Hence in this region, under (2.4) (extended) and (2.6), 
(2.9) S(r, 0) = f(r", 0) -A’'(r’, 0’) -A(r, 8). 
Now the resultant of (2.4) (extended) and (2.6) is a transformation 

(2.10) r’ =r” (r, 8), 6” = 6” (r, @). 
Computation shows that 

1 r. ry | : 
(2.11) A’(r’, 6’) A(r, 6) = ” ot d(r, 6) 7 

r 64 | 


Hence, from (2.9) 
(2.12) S(r, 0) = f(r", 0”) -d(r, 9) 


under (2.10). 

But by Lemma 1, (2.10) can be extended to hold for (r, @) in a neighborhood 
of their values on g containing a point D: (re, %) just before the first conjugate 
point to C. Values of (r, @) in this neighborhood yield by (2.10) (extended) 
values of (r’’, 6’") for which f(r’, 6”) is still analytic. Thus f(r, @) is analytically 
continuable for (r, @) in a neighborhood of their values on g reaching almost up 
to the first conjugate point to C ong. This process can evidently be continued 
indefinitely. The neighborhood of a pair (r, ) with r arbitrarily large can be 
reached, because a finite arc of g contains a finite numberof points conjugate to A. 

But # was an arbitrary value of 6. Thus f(r, 0) can be extended to be 
analytic for all @ and all r > 0. 

The analyticity of K(r, @) is proved more easily due to the invariance of K. 
Let (ro, %) be an arbitrary pair with ro > 0, and let P be the corresponding point 
of S. Let (2, y) be an admissible coérdinate system in the neighborhood of P. 
Then (z, y) in the neighborhood of their values at P and (r, 4) in the neighborhood 
of (ro, %) are connected by an analytic relation 


(2.13) xr = x(r, 0), y = y(r, 4). 
But under (2.13) 
K(r, 6) — K'(2, ¥), 


where K’(z, y) gives the Gaussian curvature of S in terms of (z, y) and is an 
analytic function of (z, y). 
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Hence K(r, 6) is analytic in the neighborhood of the arbitrary pair (ro, 6) and 
the theorem is proved. 


3. Locus of conjugate points. Let us now consider a function f(r, 6) for 
which the conditions of Theorem 1 are satisfied, i.e., f(r, 0) is analytic for all 6 
and all r > 0, and so is the function K(r, 0) = —f,,-/f. We also assume that the 
conditions (2.2) are satisfied. We study f(r, @) in the euclidean plane of the 
polar coérdinates (r, @), concerning ourselves with properties which will have 
significance when we later consider the function f as defining an element E on a 
complete surface S. Of particular importance are the zeros of f in the (r, 6) 
plane, since these will give the location of points conjugate to A on S. 

Suppose f(r, 0) = 0, with ro > 0. We assume that this is the first zero of f 
after A on the ray @ = @ issuing from the pole A in the (r, @) plane.” Then 
f-(ro, 0%) must be different from zero, since f(r, %) satisfies (2.3) and is not identi- 
cally zero. 

Hence by the implicit function theorem the equation 


(3.1) f(r, =) = 0 
can be solved to give an analytic function 
(3.2) r = R(@) 


for @ in the neighborhood of %. Since f,(r, 0) is ¥ 0 at all zeros of f, the funec- 
tion (3.2) can be extended, always satisfying (3.1), until either @ reaches a value 
6’ for which f has no zero except r = 0, or @ has increased by 27 and R(@) has 
returned to its value R(@). In the former case, as @ — 6’, R(@) > «©. In the 
latter case, R(@) has a period 27. In either case, all the pairs (r, 6) defined by 
(3.2) give first zeros of f beyond A on their respective rays from A. In the case 
where R(6@) — © as 0 — 6’, R(@) can be extended as @ goes in the other direction 
until @ reaches a value 6” for which f has no zero except r = 0. 6” may or may 
not be identical with 6’. If it is not, then there are in general other intervals 
for @ in which (3.1) has similar solutions. 

We can summarize in the following 

Lemma 2. Let f(r, 0) be a function satisfying the conditions (2.2) and the condi- 
tions of Theorem 1. Then the locus in the plane of the polar coérdinates (r, 0) of the 
first zeros of f beyond A on the rays @ = .constant issuing from A is either nothing 
at all, or a single closed curve C about A, or a set of one or more distinct open curves 
{L}, each asymptotic to a pair of rays from A. 

In the case of a single closed curve C, unless it is a circle about A as center it 
will contain a finite number of points N; nearest to A relative to neighboring 
points of C, and an equal number of points F; relatively farthest from A. At 
each of either of these two types of points R’ = 0. But f[R(0), 6] = 0 and hence 


(3.3) SR’ + fr = 0 


7 That the zero of f at r = Ois isolated follows from conditions (2.2). 
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along C, so that 
(3.4) fe = 0 


at the points in question.® 

In the case of a set of one or more open curves {L}, each curve L must contain 
one or more points V;. The number of points F; for each curve L is one less 
than the number of points NV; for that curve. At each point N; or F; fg = 0. 
A curve L can contain an infinite number of points NV; or F, only if these points 
recede infinitely far from A. Also the number of curves in the set {L} can be 
infinite only if the set recedes infinitely far from A; for otherwise the points N; 
would have a limit point (7, 6:) which would be a zero of f, and yet there would 
be a ray in every neighborhood of 6 = @, which would have no zero of f but r = 0. 
This gives a contradiction. 

Thus we have another lemma. 

Lemma 3. The curve C of Lemma 2 contains a finite number of points N ; rela- 
tively nearest to A and an equal number of points F ; relatively farthest from A, unless 
it is a circle with A as center. In the case of a set of curves {L}, each curve of the 
set contains at least one point N ; and a number of points F ; one less than the number 
of points N;. The number of these points on a single curve of the set {L} can be 
infinite only if the points recede infinitely far from A. At all these points fy = 0. 
The number of curves in the set {L} can be infinite only if the set recedes infinitely 
far from A. 

Now suppose that we have an element E about A on a complete surface S. 
Then by Theorem 1, the hypotheses of Lemmas 2 and 3 are satisfied. The 
pairs (r, 6) which give the first zeros beyond A of the function f taken along the 
rays issuing from A in the (r, @) plane locate for us the first points conjugate to A 
on the geodesic rays issuing from A on S. 

The locus of these points on S conjugate to A will be given locally by equations 
of the form 
(3.5) xz = 2[R(6),0] = X(6), y = y[R(6), 6] = Y(6), 


where z and y form a local admissible coérdinate system on S and z(r, 8), y(r, 6) 
are analytic functions of (r, @). Then X and Y are analytic functions of @. 

From Lemma 2 we obtain 

THEOREM 2. On a complete surface S the locus of the first points conjugate to A 
on the geodesic rays issuing from A is either no point at all, or a closed curve C 
(perhaps a single point), or a set of one or more open curves {L}. In each case the 
locus can be analytically parametrized in terms of 9. 

Let us study the functions (3.2). Denoting the Riemannian metric in the 
coordinates (z, y) by Adz? + 2Bdzrdy + Cdy*? we have 


(3.6) Adz*® + 2Bdxrdy + Cdy = dr? + fd? 


* It can also be proved that at the points N; fog 2 0 and at the points F; fog S 0. Simi- 
larly, the higher tests for maxima and minima give analogous formal results. 
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under the transformation 

(3.7) x = 2(r, 8), y = y(r, 0). 

We find that 

(3.8) Az? + 2Bry,+Cy2=1, Ax} + 2Breye + Cy3 =f. 


Hence z,, y, are not both zero, and at a point conjugate to A lying in the re- 
gion of S in which (2, y) form an admissible coérdinate system 


(3.9) r%=0, Ye = O. 
Upon differentiating equations (3.5) we find that 

(3.10) X’ = 2,R' + x1 = 12,R’, Y’=yR'+y, =yR’. 
Hence along the locus of conjugate points 


dy _ Yr 
dx r 


(3.11) 


and the locus has a continuously turning tangent (since z, and y, are nowhere 
both zero). Furthermore, it follows from (3.10) that the locus is the envelope 
of the geodesic rays from A. 

If R’ = 0, (3.10) tells us that X’ = Y’ =0. This means that the locus is a 
single point. Conversely, if the locus is a single point, R’ = 0. 

Now suppose R’ # 0. Then the irregular points of the locus or its represen- 
tation (3.5) (the points at which X’ = Y’ = 0) are given by the zeros of R’. 
Among these points are the points N; and F; of Lemma 2. At these points R 
has minimum and maximum values, respectively, and hence R’ changes sign. 
From (3.10) we then deduce that the locus has a cusp at each of these points. 

Using these results and Lemma 3, we obtain 

THEOREM 3. The curve C of Theorem 2 (if it is not a single point) contains a 
finite number of cusps turned toward A and an equal number turned away from A.® 
In the case of a set of open curves {L}, each curve of the set is infinitely long, and 
contains at least one cusp turned toward A, and one fewer cusps turned away from A. 
A single curve of {L\ cannot contain an infinite number of cusps on a finite segment 
of the curve. The number of curves in the set {L} can be infinite only if a curve of 
the set can be found all of whose points are arbitrarily far from A along the geodesics 
on which they are conjugate to A. 

4. Locus of minimum points. The importance of minimum points, as de- 
fined in the introduction, is suggested by the following theorem proved by 
Rinow: 

(D) Through every point on a complete surface homeomorphic to the plane 


® Carathéodory has proved that for an ‘‘Eifliiche’’, the curve C has at least two cusps of 
each kind. See Blaschke, loc. cit., p. 103. Carathéodory’s proof holds for any Riemannian 
surface which has a closed curve as the locus of first conjugate points to A. 
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there is at least one geodesic ray every segment of which furnishes an absolute 
minimum to the are length of curves joining its end points. 

Such a geodesic ray (or geodesic arc) will be said to be of class @. 

On a surface S homeomorphic to the sphere there can be no geodesic ray of 
class @. For there can be no set of points on S without a limit point on S, and 
on a geodesic ray of class @ there is such a set of points. Hence we have the 
following 

THEOREM 4. A complete simply connected surface S is homeomorphic to the 
plane if and only if it contains a geodesic ray of class 0 issuing from an arbitrary 
point A. It is homeomorphic to the sphere if and only if it contains no geodesic 
ray of class Q. 

If a geodesic ray issuing from A is not of class Q, it is easily seen that there 
must be a minimum point on g with respect to A,as defined in the introduction 
to this paper. The importance of a study of the locus of minimum points with 
respect to A on the geodesic rays issuing from A is shown by Theorem 4, which 
gives us an essential difference between the locus on a surface homeomorphic to 
the sphere and on a complete surface homeomorphic to the plane. In a later 
paper it will be shown that the topology of any complete Riemannian surface 
is completely determined by a knowledge of the properties of the minimum 
point locus. 

We now give several useful lemmas.’° 

Lemma 4. Two geodesic arcs of class ( cannot cross more than once; they cannot 
even meet once and cross once. 

For if they did, there would exist a geodesic are of class @ with a corner. 

Using the same notation as in Lemma 1 used in the proof of Theorem 1 of §1, 
we have the following: 

Lemna 5. If P;: (ri, 0;) ~ P onS, and (ro, %) is a limit pair of values of (r:, 03), 
(ro, 00) represents P. 

This follows from Lemma 1. 

A geodesic are g through A is said to be a limit geodesic arc of a set of geodesic 
ares through A if there exists a sequence g; of the set such that the initial direc- 
tions of g, and the lengths of g; approach as respective limits the initial direction 
and length of g. Lemma | tells us that the terminal points of g; approach as a 
limit the terminal point of g. We can now prove 

Lema 6. A limit geodesic arc g through A of a set of geodesic arcs of class 
through A is also of class @. 

Suppose that g of length I were not of class @; let g of length | be a shorter 
are than g joining the end points A and B of g. Suppose 


(4.1) b= En Me. 


Let g, be the sequence of geodesic ares of class @ approaching g asalimit. For 
k sufficiently large, the geodesic are g, has its end point B, within a distance € of 


These lemmas are not restricted to simply connected surfaces. 
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B, and its length 1, differing from | by less than e. Denote by b a geodesic are 
of class @ from B to By. We also use b to denote the length of this are. Then 


(4.2) b<e, l?—h| <e. 
Combining (4.1) and (4.2) we obtain 
(4.3) l +b<k. 


Thus the length of the broken geodesic gb is less than that of g,, which contra- 
dicts the fact that g, is of class @. Thus the lemma is proved. 

Lemma 7. A limit geodesic arc g through A of a set of geodesic arcs through A not 
of class @ either is not of class @ or its final end point is a minimum point on it 
it with respect to A. 

Some sequence g; of the set approaches g as a limit. Let g; be a geodesic of 
class @ joining the end points of g;. The sequence 9; must have at least one 
limit geodesic arc, and this are has as its end points the end points of g, and is of 
class (@t by the previous lemma. If g is not itself such a limit geodesic are, then 
the lemma is easily seen to be true. If g is a limit geodesic are of the sequence 
9:, let h; be a subsequence of g; which approaches g, and let h; be the subse- 
quence of g; joining the end points of h;. Then since h; > g and h; — 9, if we take 
an arbitrarily small neighborhood n,; of the final end point of g, an arbitrarily 
small neighborhood nz of the initial direction of g, and an arbitrarily small 
neighborhood n; of the value of the are length of g, we can always find a point 
in nm; which can be joined to A by two distinct geodesic ares both with initial 
directions in nz and lengths in ns. This means that the final end point of g 
must be conjugate to A and hence is a minimum point on g with respect to A. 
This completes the proof of the lemma. 

Lemna 8. If a sequence of points M; which are minimum points with respect to A 
on geodesics G; issuing from A approaches as a limit a point M, then M is a mini- 
mum point with respect to A on every limit geodesic of the sequence gj. 

By Lemma 5, any limit geodesic are g of 9; will pass through M. By Lemma 6, 
the are AM of @ is of class @. Now let P be a point on g beyond M but arbitrarily 
close to it. The are AP on @ is a limit geodesic arc of a set of geodesic ares not of 
class (, and by Lemma 7 either AP is not of class @ or P isa minimum point on g 
with respect to A. Thus the minimum point on g with respect to A is at or be- 
fore P. But since P is arbitrarily close to M, M itself must be a minimum point 
on g with respect to A, and the lemma is proved. 

Lemma 9. If M is a minimum point on g with respect to A, and g is the only 
geodesic arc of class (joining A to M, then M is conjugate to A on q. 

Consider a set of points P; on g extended, beyond M and approaching M. 
Each point P; can be joined to A by a geodesic are g; of class @ shorter than AP; 
on g. Then by Lemma 6 and our hypothesis, g is the limit geodesic are of gi. 
Thus in every neighborhood of M the geodesic are g intersects another geodesic 
ray from A arbitrarily close to g (in initial direction and length). This proves 
the lemma. 
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Lemma 10. If M is a minimum point on g with respect to A, and M is conjugate 
to A ong, then M is a cusp turned toward A of the locus of first points conjugate to A, 
or M itself is the complete locus of points conjugate to A. 

For if M is not the complete locus of points conjugate to A, that locus is 
described by Theorems 2 and 3. M must be a cusp turned toward A of that 
locus; otherwise by the Envelope Theorem" the are AM on g would be replace- 
able by a shorter are joining A to M. 

In general, a minimum point M with respect to A can be joined to A by two or 
more geodesics of class @ of equal length. The number of geodesic ares of class 
(t joining A to a minimum point M with respect to A is called the order of the 
minimum point. 

Lemma 11. If g and @ are two geodesic rays issuing from a point A on S and meet- 
ing for the first time at a point M so that the arc AM has the same length on g and §, 
and so that M is not conjugate to A on either g or G, then there is a regular analytic 
arc d through M such that each point of d is the intersection of two geodesic rays of 
equal length issuing from A, one in the neighborhood of g and the other in the neigh- 
borhood of 9. Furthermore, every point with this property lies on d. 

Since M is not conjugate to A on g or gj, the geodesic rays through A neigh- 
boring g simply cover the neighborhood of M, and so do those neighboring @. 
Thus we have two admissible coérdinate systems (r, @) and (r’, 6’) in the neigh- 
borhood of M, and they are connected by a non-singular analytic corre- 
spondence 


(4.4) r’ =r’ (r, 6), 0’ = 6 (r, 0). 


= : , ° - 
Now at the point M clearly r, ¥ 1, since g and g meet at a non-zero angle. 
Hence we can solve the equation 


(4.5) r’(r,0) -—r=0 


for r as an analytic function of 6, r = r(@), in the neighborhood of 6 = 4, the 
6-codrdinate of g. Using the functions x(r, #) of Lemma 1 in the neighborhood 
of M, we obtain an analytic are 


t= a[r(@), 6) = x(@), y= ylr(@), 6 - y(9) * 
This are is regular, for the derivatives x’(@) and y’(@) are both zero only if 
|z, 2e| 
= 0, 
[Yr Yeo! 


which is contrary to the hypothesis that M is not conjugate to A. 
We can now go about giving a complete description of the locus m of minimum 


1 The Envelope Theorem states that the change in are length along the conjugate point 
locus is equal to the change in r along the locus. It follows immediately from the fact 
that along the conjugate point locus ds? = dr? 
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points with respect to A. We assume henceforth that the surface S is simply 
connected. 

First we consider the case that S is closed, i.e., homeomorphic to the sphere. 
To every value of @ corresponds one minimum point, and using Lemma 8 we con- 
clude that the locus m is the continuous single-valued image of a circle. 

Let us dispose of the possibility that m consists entirely of a single point M. 
Such a point is obviously conjugate to A on every geodesic ray through A, and 
is equidistant from A on every such geodesic ray. Thus this case coincides with 
the case already mentioned in Theorems 2 and 3, when the locus C of first 
conjugate points to A is a single point. Even if we know only that all the 
geodesic rays through A for some small interval 6,62 have their minimum points 
with respect to A at M, we can conclude from the analyticity of the conjugate 
point locus that m consists only of M. We rule out this case in the following 
work.” 

On a closed S, m cannot contain any simple closed curve C. For C would 
divide S into two regions R,; and R, such that no point of R; could be joined to a 
point in R, without crossing C. One of these, say R,, would contain A. Since 
S is complete, A could be joined to any point in R. by a geodesic of class@. But 
this geodesic would have to cross C. This contradicts the fact that it is of class @. 

By an end point of m we shall mean a point P of m from which there issues 
one and only one 1-cell composed of points of m. The object of the next two 
paragraphs is to prove that m contains only a finite number of end points. This, 
together with the absence of closed curves in m, will prove that m is a tree (i.e., 
a finite 1-dimensional complex without closed curve)." 

In the first place, every end point P of m is a minimum point of order 1. For 
if P could be joined to A by n > 1 geodesics of class (@’, n— 1 simple closed curves 
would be formed dividing S into n bounded 2-cells S;, --- ,S,. Let g: @ = % 
and g’: 6 = 04 be the geodesic rays bounding the 2-cell S;. Then every ray 
6 = 6, for % < 0; < 6, contains in S, its minimum point with respect to A. 
For if this ray crosses g or g’, it must cease to be of class (, and if it does not cross 
g or g’, but remains in the interior of S, for its whole infinite length, the bounded- 
ness of S, shows that it cannot be of class @ along its whole infinite length. A 
similar situation holds in Se, --- , S,. Thus at least m continuous curves of 
m issue from P, one in each S;. Hence P is not an end point of m if the order 
of P as a minimum point is > 1, and so every end point of m is a minimum point 
of order 1. 

There are only a finite number of minimum points of order 1 with respect to 
Aon S. For by Lemma 9 a minimum point of order 1 will be conjugate to A, 
and by Lemma 10 it will be a cusp of the locus of first conjugate points to A. 


12 Examples of this case occur when A is any point on a sphere or one of the poles of an 


ellipsoid of revolution. 

13 This conclusion is a well-known fact in curve theory. For example, it can easily be 
proved from either of two theorems given by K. Menger in his book Kurventheorie, one on 
p. 266, and the other on p. 323. ‘ 
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By Theorem 3, there cannot be an infinite number of cusps of the locus of first 
conjugate points to A unless the cusps recede infinitely far from A along the 
geodesics on which they are conjugate to A, and this is impossible on the bounded 
surface S for cusps which are minimum points with respect to A on the geodesics 
on which they are conjugate to A. 

Hence there are only a finite number of end points of m, and m is a tree. We 
now show that the order of a point of m as a minimum point with respect to A 
is always equal to its order as a vertex of m.** 

To identify the end points of m with the minimum points of order 1, it remains 
to prove that every minimum point of order 1 is an end point of m. This we do 
in the next three paragraphs. 

Suppose that two geodesics of class @g: @ = % and g’: 6 = 0, join A toa 
point M. As proved previously, the bounded 2-cell S, formed by these two ares 
and containing the rays % < @ < @4 contains all the minimum points on these 
rays. All the geodesic rays on an interval 6,42 in the interval 48, cannot have 
their minimum points with respect to A at M, for that is the exceptional case 
already ruled out. Let us then draw a geodesic ray A near g from A into S; 
whose minimum point with respect to A isnot M._ If this minimum point is not 
of order 1, k will meet an equally long ray h’ from A at the minimum point. 
The ares A and h’ form a simple closed curve lying in S;. Continuing this 
process, we see that at least once in S, these pairs of arcs reach the limiting case 
of a single geodesic arc k from A. The minimum point on k with respect to A 
will be a minimum point of order 1. Thus S; contains at least one minimum 
point of order 1, and it is on a geodesic ray whose @ lies in the interval 09, 

If S; contains just one minimum point N of order 1 with respect to A, no point 
in S; isa minimum point of order > 2. For otherwise a repetition of the process 
of the previous paragraph would furnish at least two minimum points of order 1 
in S;. The value of @, say 6’, for which N occurs divides the interval 445 into two 
intervals whose points (i.e., values of @) are in a one-to-one continuous corre- 
spondence in which each pair of correspondents is a pair of values of @ furnishing 
a pair of geodesic rays whose intersection is a minimum point on both rays witb 
respect to A. Hence the locus in S; of minimum points with respect to A is, 
by Lemma 8, given by either of two continuous functions 


r1(8) (@ 5 0< 6’), 
r2(0) (6° £0 S 4%). 


r 


a 


By Lemma 1, the locus can be represented locally by equations of the form 
t= a{r:(4), 6] ’ y= ylri(9), 6] ’ 


where these functions are continuous. The locus cannot cross itself, for a multi- 
ple point would be a minimum point of order > 2. Hence the locus in S, is a 


4 By the order of P as a vertex of m we mean the number of 1-cells of m incident with P. 
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1-cell with M and N as end points. The minimum point N of order 1 is thus an 
end point o1 m. 

Now let P’ be an arbitrary minimum point of order 1 with respect to A, on the 
geodesic ray @ = 06’. Since the number of minimum points of order 1 is finite, 
there exists an interval I: 6; < @ < 6. containing 6’ but no other value of 6 which 
furnishes a minimum point of order 1. Each value of @ in this interval furnishes 
a minimum point of order >1, and hence to each such value of @ corresponds 
another value of @, say @’’, which furnishes the same minimum point P. If @ 
is close enough to 6’, then P is very close to P’, by Lemma 8, and from Lemma 2 
and the fact that P’ is of order 1 we conclude that 6” is very close to 6’. Thus if 6 
is close enough to 6’, both @ and 6” lie in 6,62. Since the interval 66’’ must in- 
clude a value of @ furnishing a minimum point of order 1 (see paragraph before 
previous one), we have 6, < @ < 6’ < 6” < @. Thus the rays 6 and 6” form a 
2-cell S, of the kind discussed in the previous paragraph containing just one 
minimum point of order 1, and hence P’ is an end point of m. 

But P’ was an arbitrary minimum point of order 1, so that every minimum 
point of order 1 is an end point of m. We have already proved that every end 
point of m is a minimum point of order 1, so that these two sets of points are 
identical. 

We now prove by induction that a vertex of order n of the tree m is a minimum 
point of order n and conversely. We have already proved this form = 1. As- 
sume the proposition true for all integers n < g; we shall prove it forn = q. A 
vertex P of m of order qg cannot be a minimum point of order w > q; for we have 
already seen that from the latter type of point issue at least w distinct 1-cells of 
the tree m. Furthermore, P cannot be a minimum point of order < q; for part 
of our induction hypothesis is that a minimum point of order < q is a vertex of 
m of the same order. Thus the order of P as a vertex of the tree m equals its 
order as a minimum point with respect to A. 

This completes the case where S is closed. If S is open, that is, homeomorphic 
to the plane, at least one geodesic ray from A contains no minimum point with 
respect to A. The locus m can, by methods similar to those already used, be 
shown to consist of one or more distinct trees each of which contains a branch 
which extends infinitely far from A. Each tree may have an infinite number 
of branches issuing from this branch, but not on any bounded segment of it. As 
in the case of a closed S, the order of a point M of m as a vertex of m equals its 
order as a minimum point with respect to A; also the end points of m are conju- 
gate to A, and are cusps of the locus of first conjugate points to A. 

Whether S is open or closed, if we cut off each geodesic ray through A at 
its minimum point, the region S — m — A is simply covered by these truncated 
geodesic rays. For two such geodesic rays cannot intersect before m; if they 
did, the absolute minimum would have stopped on at least one of them at or 
before the intersection with the other, which gives a contradiction. 

Finally, Lemma 11 tells us that any are of m containing no points conju- 
gate to A and no interior points of order > 2 is a regular analytic are. 
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We summarize in the following 

THeoreEM 5. Let A be an arbitrary point on the complete simply connected surface 
S. If S is homeomorphic to the sphere, the locus m of minimum points with re- 
spect to A consists of a single point, or a tree with a finite number of branches. If 
m is a single point, it ts conjugate to A on all the geodesics joining it to A, and at 
equal distances from A along these geodesics. If S is homeomorphic to the plane, 
m consists of nothing at all, or a set of one or more distinct trees each of which con- 
tains one branch extending infinitely far from A. There may be an infinite number 
of branches extending from this branch, but not from any bounded segment of it. 
Whether S is open or closed, the order of a point M of m as a vertex of m is equal to 
the order of M as a minimum point with respect to A. The end points of m are 
conjugate to A, and are cusps of the locus of first conjugate points to A. An arc of 
m containing no points conjugate to A and no interior points of order > 2 ts a regular 
analytic arc. The region S — m — A is simply covered by the geodesic rays through 
A cut off at their intersections with m, and hence S — m forms a two-cell with m 
as its singular boundary, in which the geodesic polar coérdinates with A as pole 
form a codrdinate system. 

This reduction of a complete surface to a single 2-cell with a linear graph as 
its singular boundary is analogous to the process in analysis situs of making a 
similar reduction by coalescing 2-cells of a 2-dimensional manifold. See, for 
example, Veblen’s Analysis Situs, p. 74 §§62, 63. What we have in this paper 
is a method of associating with each point of a simply connected surface a specific 
tree, or set of trees, which bounds the 2-cell formed by the geodesic rays issuing 


from A 


5. Examples. We have already mentioned examples in which the minimum 
point locus is a single point. These are the sphere, in which the locus with 
respect to any point A is a single point, and the ellipsoid of revolution, in which 
the locus with respect to either pole is the opposite pole. On the general ellip- 
soid, the locus with respect to any of the six poles is an are on the longer of the 
two principal ellipses through the given pole, containing the opposite pole as 
midpoint. In the euclidean or hyperbolic plane, the locus with respect to any 
point is non-existent; the same result is true on any simply connected develop- 
able surface. Examples of well-known simply connected surfaces on which 
the minimum point locus assumes a complicated, but determinable, form are 


naturally hard to give 


6. Generalizations and problems. The author has already generalized 
this work to closed multiply connected surfaces,” the fundamental theorem being 
stated in the introduction of this paper. The details will appear in a later 
paper, together with a treatment of the non-analytic case. Another question 
of interest is a study of the variation of the minimum point locus as the point A 
moves over the surface S. In this connection, we have the well-known problem 


See Myers, Proceedings of the National Academy of Sciences, April, 1935, Theorem 5. 





mere 
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of Blaschke,* which may now be stated as the problem of finding all the surfaces 
such that the locus of minimum points with respect to every point A is a single 
point. 

It is likely that the minimum point locus appears in n-dimensional Riemannian 
manifolds. Also, since the minimum point locus can be expressed as the locus 
of a certain type of intersection of the paths issuing from A, it may be that a 
similar locus exists in spaces of the geometry of paths. 

Added in proof (Aug. 22). J. H. C. Whitehead has been kind enough to 
call my attention to a paper by Poincaré of which I had previously been un- 
aware. See Trans. Am. Math. Soc. (1905), pp. 237-274. In this paper Poincaré 
devotes p. 243 to a discussion of what I have ealled the locus of “minimum 
points” and which he calls “lignes de partage”, restricting himself to closed 
simply connected analytic surfaces of positive curvature. He states that the 
locus cannot separate the surface and hence cannot contain a closed curve, 
that the end points of the locus are conjugate to the original point A and 
are cusps turned toward A of the locus of first conjugate points to A, and if 
n shortest geodesics join a point M of the locus to A, then n 1-cells of the 
locus issue from M and bisect the angles between consecutive geodesics. Also, 
a paper by J. H. C. Whitehead has just appeared in the July number of the. 
Annals of Mathematics which is closely connected with the present one. 


PRINCETON UNIVERSITY AND THE INSTITUTE FOR ADVANCED Stupy. 


6 See Blaschke, loc. cit., pp. 224-230, §102. 








ON CRITICAL SETS 


By S. LEFSCHETzZ 


A number of topological investigations of recent years have had for objective 
the freeing of algebraic topology from extraneous considerations and hypotheses. 
The most noteworthy are perhaps the endeavors to obtain an intrinsic theory of 
manifolds. The starting point has been to replace the regularity typified by 
euclidean spaces by conditions expressed exclusively in terms of chains and 
homologies. Our present purpose is to exploit our recent results on chain- 
deformations! to bring Morse’s important theory of critical points’? within the 
framework of algebraic topology. The treatment will be found to be substan- 
tially free from the difficulties usually connected with homotopy. 

That the free use of topology more than justifies itself will immediately be 
perceived from the examples given in No. 2 and from the treatment of critical 
points of functions on manifolds which occupies the last section of the paper. 


$1. Critical values of a function on a set 


1. Let f(z) be a real continuous function of the point z on a metric space ®. 
We propose to investigate the variation of the homology structure of the spaces 
asf<y,a2sf<s yasy varies. The range taken at any one time shall be 
from some finite a up, although the restriction is relatively unimportant. In 
fact, the range might well be the whole real axis or the real numbers mod 1 (cir- 
cumference) without entailing essential modifications in the treatment. 

Upon examination, Morse’s theory is found to demand essentially (a) chain- 
deformation downwards across all but some isolated sets y = constant, and also 
downwards away from all these sets without exception; (b) the finiteness of the 
homology characters (type numbers). Our structural axioms practically 
amount to imposing these properties. 


Received June 14, 1935. The results of the present paper were communicated in a note 
in the Proceedings of the National Academy, vol. 21 (1935), pp. 220-222. 

1 See S. Lefschetz, Chain-deformations in topology, Duke Journal, vol. 1 (1935), pp. 1-19 
(= DJinthe sequel). The assumptions, notations and mode of reference of DJ will be used in 
the present paper. In particular, Topology designates our Colloquium Lectures. We also 
recall that the symbols HLC, HNR stand, respectively, for “locally connected”’ and ‘“‘neigh- 
borhood retract”’ in the sense of homology. 

2 The chief references (prior to 1934) to the very extensive literature, chiefly due to Morse 
and his students, which has grown up in recent years around these questions will be found at 
the end of Morse’s Colloquium Lectures, The Calculus of Variations inthe Large, New York, 
1934, referred to as MC in the sequel. In addition, we may mention our recent note in the 
Proceedings of the National Academy, and a subsequent note by Morse-Van Schaack, ibid., 
pp. 258-263. 
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It will be expedient to use the following notation 


U” = the open set f(x) < y; 
A” = U" = the set f(x) s 
B’ = their common boundary, the set f(z) = 


If we think of y as a “‘vertical” coérdinate, B’ is the section of R by a 
“thyperplane” y = constant, U” the part of 3 below the hyperplane, A” the 
part of R not above the hyperplane. 

The space axioms. AxiomI!. Every A” is compact and HLC. 

Axiom II. Every U” is shrinkable away from any point of B’. 

We propose to investigate the variation of the homology groups and charac- 
ters of the sets A” and U” when our axioms hold. Before doing so we shall first 
present a few examples. 


2. Examples. I. 8 is a bounded p-dimensional polyhedron in a euclidean 
n-space S,, and f(x) = y is one of the coérdinates. The sets A” are all finite 
dimensional polyhedra; hence Axiom I is fulfilled by virtue of Theorem XII 
of DJ. As for Axiom II, we may subdivide A” into the cells of a simplicial 
polyhedral complex K in such a manner that B’ coincides with a subecomplex L 
of K. Since we may replace K by any subdivision, we may assume the com- 
plex such that the K-neighborhood N, of L, is normal in the sense of Topology, 
p. 91. The characteristic property of such a neighborhood is the following 
(see loc. cit.). If @ is the boundary of N, through every point P of N — L 
there passes a unique segment QR with Q C4, R CL. The homotopy P-—Q 
along the segment PQ induces a chain-deformation of N — L onto K — N 
(DJ, Th. 1), i-e., a chain-shrinking of UY away from L = BY over K = A’, so 
that Axiom IT holds. 

II. ®R is a bounded analytical locus in S,, f an analytic function regular at all 
points of ®. Here every A” is likewise an analytical locus, and hence it may 
be covered with a simplicial complex.’ We are therefore back to the preceding 
case. 

III. 9% is a compact analytical locus in one of the following spaces: (a) real 
projective space; (b) complex projective space; (c) a topological analytical - %, 
i.e., a locally euclidean n-space with allowable coérdinate systems mutually 
analytical wherever they overlap. The function f is an analytic point function 
on the space or on. %, regular over R. For the covering by complexes may be 
extended to these three cases as in Topology, p. 378. 

A noteworthy special case: Mis a real or complex algebraic variety. 

IV. ® is the closure of a region in one of the spaces just considered whose 


3 See, for example, Lefschetz-Whitehead, On analytical complexes, Trans. Amer. Math. 
Soc., vol. 35 (1933), pp. 510-517. 
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boundary is a topological manifold of class C’’; f is a function of class C’’* over 
® such that the subsets of MR for which f(z) S constant are all bounded. We 
have then the problem of the critical points of functions investigated at 
length by Morse. We shall consider it more fully in $5. 

In the first three examples we could as well have substituted class C’’ for 
analyticity wherever it occurs. 


3. We have immediately from Axiom I and DJ, Th. VIII, 

THeoreM |. The homology groups of A” have the same structure as for a finite 
comple I. 

For our further progress we shall also find very convenient the 

Lemma. /f % D A D B, B compact, and if A may be chain-shrunk onto B over 
itself, then the homology groups of A and B are the same.® 

Let [ = }y,! be a homology class of A. By assumption, there is a chain- 


-~ 
5 


deformation # of y, onto B, and if Dy, is the deformation-chain 


, , 


Te Fa = Ves To ~ Vp on A. 


. , . . " 2 P ° , 
Hence [, Dy,. If y% is another cycle of T, and it is deformed into y* , we 
have 
; , 
% ~“~% ~To"% on A; 


A Deu — 7, — ve CB. 


Since B is compact, we may chain-deform c,,, onto B without changing its 
boundary (DJ, Th. II); hence 


Ba c, “1 Y, _ y*’ ~ 0 on B. 


Therefore I, determines a unique homology class iy on B. In particular, if 
7,» ~ 0 on A, both 7% and +* = 0, and hence ”, ~ 0on B. Hence Tl = 0 
determines I’ = Oon B. 

Conversely, if 7 se 7*’ are in the same homology class I’ as to B, they are 
homologous on A and hence in the same homology class on A. Therefore the 
correspondence [ «+ I’ is one-to-one and zero-preserving. — It is also manifestly 
linear; hence it is a simple isomorphism between the pt homology groups. 


This proves the lemma. 


* A function is said to be of class C’ whenever it is continuous together with all its partial 
derivatives of order < r. A topological manifold . 7. is of class Cr whenever the trans- 
formations between admissible coérdinate systems are given by functions of class C’ wher- 
ever their ranges overlap. These notions will be found more fully developed in Veblen- 
Whitehead, The Foundations of Differential Geometry, Cambridge Tract, 1932 

© The proof is essentially the same as given by A.B. Brown for a more restricted situation 
in his paper Critical sete of an arlitrary analytic function of n variables, Annals of Math., 
vol. 32 (1931), p. 514 
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4. We pass now to the direct study of the homology groups of the sets A, U. 

Under Axiom I every A” is the subset of some compact A”, y’ > y, or it is 
®, which is then compact. Hence owing to Axiom I and Th. LX of DJ, A” is 
an HNR. Since f(x) is continuous on some compact set D A’, the HNR 
property of A” implies that for every « > 0 there is an n(e, y) such that A¥*? is 
e chain-deformable over U¥** onto AY. Let us set m = n(n, y), m2 = nlm, y), 
and let ¢, C U’*"2. The chain is deformable over U**" into ac, C A¥, or 


(4.1) > > dys — c, — Cp — $3 d, and dss a > . 


Since |c,| is closed, some A” D|c, |, where y < y’ < y + m, and the same 
Av Dc, |, | F(c,) |, | F(e;) |. 

Now d, is chain-deformable over U“~" into a chain of AY”, and since AY” CU*™", 
d, is chain-deformable over U’"~" into a d’ CA” CU**" and with the same 
boundary. Since F(d,) = F(c}) — F(c,), we have 


uy > d+1 — di — a, 
(4.2) en PD dais + re - ptt ; +c) - f. = d’ Cc Uers, 
i Pp I } F P 


If we compare (4.2) with (4.1), we see that it is of the same form as far as ¢,, 
C, are concerned, save that now d, C U**", and d,,, C U**". Starting then 
again with (4.1) and this new situation, we observe that F(d,,,) C A” C U*"". 
We may now chain-deform d,,, over U"** into a chain d,,, C A” CU 
without touching its boundary. Therefore in (4.1) we may actually assume both 
d, and d,,, © U"*". This shows that c, is chain-deformable into ¢, of AY over 
U¥*"2. In other words, "*"? may be chain-shrunk onto A’. It follows that 
any Av or U",y < y’ < y + m may be chain-shrunk onto A’. From this and 
the lemma we deduce 

(a) When y’ is on the open interval (y, y + n2), the homology groups of A” and 
U”’ are fixed and they are the same as those of AY’, and hence they have the 


yr eo 


same structure as for a finite complex (Th. 1). 
(b) Under the same circumstances A” may be chain-shrunk away from B*’. 
Property (b) is a consequence of the fact that if c, of our discussion is in A*’, 
we may choose that A” as the A” of the discussion. Since the ultimate chains 
dpi, d, © A”, we see that c, can be chain-shrunk over A” onto AY C AY — BY, 


5. So far we have only utilized Axiom I. Passing to Axiom II, we observe that 
since BY is closed and AY compact, U” may be chain-shrunk away from BY 
(DJ, Th. ID). Therefore U” is chain-deformable over A” to the exterior of some 
open set (relatively to AY) D BY, and hence to the exterior of some RW — A*”’ on 
A®, or finally onto some A”, y’ < y. Henee by the lemma, with y — y’ = §, 
observing that UY and AY’, UU’, y’ < yy” < y, are chain-shrinkable onto A*, 
and hence away from BY’ on themselves, we conclude 

(c) Properties (a), (b) hold also on the open interval (y — ¢, y), except that 
the fixed homology groups are those of UY. 
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To sum up, we have 

TueoreM II. Every value y is interior to an interval such that (a) on both sides 
of y the sets A, U have fixed homology groups, the same for both, which are those of 
A” above, those of U" below; (b) the homology groups have the structure of those of a 
finite complex; (c) at all points of the interval except at y itself every A can be shrunk 
away from its B. 


§2. Critical values and sets 


6. Definition. The value y is said to be critical whenever it is impossible to 
chain-shrink A” from B’; it is non-critical otherwise. 

TueoreM III. A n.a.s.c. for y to be non-critical is that every c, of A” be chain- 
deformable onto U". 

The necessity of the condition follows from the definition. To prove its suffi- 
ciency we notice that as a consequence of it every c, on AY may be chain-de- 
formed into a c,, C UY on AY. Since UY may be chain-shrunk onto some A”, 
y’ < y, on itself, c, is deformable onto A” and hence the same holds for ¢,. 
Therefore AY may be shrunk away from BY”, and y is non-critical. 

Corouuary. A n.a.s.c. for y to be critical is that AY contain some chain which 
is not chain-deformable onto UY on A”. 

It follows immediately from Th. II (c) that every y is interior to an interval in 
which it is the only possible critical value, or 

THeoreM IV. The critical values are isolated. 

Now let y:, ye be two consecutive critical values. There exist two values y’, 
y"’, where yw, < y’ < y”’ < ye, such that A” may be chain-shrunk onto A”, 
and UU”? onto A” away from B”. Moreover, every point y* of the closed inter- 
val (y’, y’’) is interior to an interval y,y, such that A“ may be chain-shrunk 
onto A”. By the Borel theorem, the closed interval (y’y’’) may be covered 
with a finite number of intervals such as y,y,. Hence by the product property 
of chain-deformation (DJ, p. 7) we have 

Tueorem V. The set U” may be chain-shrunk onto A". 

By applying Theorem II (a) to the successive overlapping intervals con- 
sidered, we have 

TueoreM VI. The homology groups of the sets A”, U" are fixed and the same 
throughout an open interval y,, yo free from critical points, and they are those 
of A” and also of U“. In particular A” and U” have the same homology groups. 


7. Characterization of the critical values by relative homology properties. 
Let y be critical and ¢, a chain of A” not chain-deformable onto UY. Setting 
Y»-1 = F(c,), we have two alternatives. The first is that y,—; is itself chain- 
deformable into a Y, , of LY on AY. Then 


p , ’ y 
A* Dd, — Y5-1 — Vp-13 cp + d,—7,-; CU". 


In that case 6, = ¢, + d, isa cyele of AY mod LU”, and I say that 6, ~ 0 mod U¥ 
on A”. For in the contrary case 
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A* Daye, — 5 =c, —c,—4d,, c, CU". 


This shows that c, is chain-deformable into c,, of U", with d,,1, d, as the deforma- 
tion-chains. As this contradicts the hypothesis, our assertion follows. In the 
case considered, then, the pt homology group of A” mod U” is not zero. 

On the other hand, when y,_; is not chain-deformable onto U”, it is ~ 0 mod 
U” on A’. For the contrary implies that 


, , - 
A® Dd 99-1 — Ye ¥p-1 CU’, 


and hence y,—: is chain-deformable onto U”. Therefore here the (p — 1)* 
homology group of A” mod U” is # 0. 

Thus if y is critical the homology groups of AY mod U” are not all zero. Con- 
versely, when this holds, there exists a cycle c, of AY mod U”’, ~ 0, and hence not 
chain-deformable onto UW”. For in any case, since yp. = F(c,) C UY some 
AY Dy, y’ < y. Then chain-deformability of the type indicated could be 
carried out so as to leave untouched y,_;.. Therefore we should have a deforma- 
tion with Dy,1 = 0, and hence 


y dD d , Ty 
A’ D> De, — C, — Cy, , co’, 


and consequently c, ~ 0 mod UY on AY. We have therefore 

TueoreM VII. A n.a.s.c. for y to be critical is that some homology group of 
A” mod U” be ¥ 0. 

Remark. It appears highly probable that even in the simple case of Ex. I of 
No. 2, the critical values depend upon the type and coefficient-group of the 
chains. Thus it is conceivable that with singular chains y may be critical, say 
mod m, but not in the system of integer coefficients. It would be interesting 
to prove this by examples. 


8. Critical sets. When y is critical, AY cannot be chain-shrunk onto l™ at 
every point of BY, or it would be chain-shrinkable away from BY (DJ, Th. III). 
A point z of B’ from which AY cannot be chain-shrunk onto U” is called critical, 
and the totality G’ of critical points on BY is the critical set corresponding to y. 
The definition of critical point implies that if x is non-critical, there is a relatively 
open set V > x on A” whose chains are all deformable onto UY on Uv + V. In 
the strict sense, U” + V is chain-shrinkable from BY onto U¥. It follows from 
this that V-B” consists of non-critical points. Therefore the non-critical 
points of BY make up a relatively open set of BY, and consequently the critical 
set G” is closed. We shall now prove the important 

TueoreM VIII. The homology groups of AY mod U*” (critical homology groups), 
of AY mod AY — G", and of UY + G* mod U” are the same. 

The proof will consist in showing that the first two are identical with the third. 
The equality of the first two means in substance that the critical groups are the 
so-called groups of the critical sets in AY. These are the groups in which the 
chains c, such that F(c,) does not meet G4 are the cycles, while ~ 0 means that 
C, ~ achain not meeting G”. 
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9. Let V', V2, --- , be a decreasing sequence of open sets (V+! C V*) of A¥ 
converging on G”, and let 
(9.1) FP’ = (Ve — V‘)-B, (1° = A). 

Since AY” may be chain-shrunk away from every point of F' and F' is compact, 
it may be chain-shrunk away from F'. Hence there is an open set W' D F' such 
that every chain of AY may be chain-deformed to the exterior of W'. 

Now let c, be a cycle of AY mod LU” so that y,.1 = F(e,) C UY orelse = 0. In 


any case, since F' C B’, we have F'- UY = 0 and hence F'- | y,_,| = 0. Since 
|y,»-1 | is closed, there exists an open set W’ such that F' C W’ C W', 
W’.|y,-1| = 0. Since we may replace W' by W’, we may assume W'! so 
chosen that W'- y,..| = 0. Now the chain-deformation of c, may be so 


chosen that its part outside W' remains fixed. Therefore 


(9.2) Wi>a —ch—c —e?’. 


p+l p? 


ro? 
. 


The same reasoning may be re yeated with cl J F*, ete. We thus obtain for 
p? ’ 
every 7 > l, 


(9.3) W od, e! — 6! ch CV, 


p 


where W' is an open set D F', but  F(c}") = 7,1. Furthermore, since in 
the sequence {F"} only consecutive sets meet, we may choose the W’s so that in 
the sequence {|W} likewise only consecutive sets meet. As a consequence in 
the sequence {d>,,} again only consecutive sets can meet. 

10. Now let K be a fundamental complex for A” and in K let C},,, Ch4, be 
the images of c}, d},,, and let ¢* denote the sections of K (the skeleton of the 
coverings serving to construct K). Since only consecutive d’s intersect, there 
exists an h; such that above ¢"!, D},, is met by no chain D},.,i > hy. Wecut 
short all the D’s by removing the part below ¢"'. We proceed similarly for 
every D},, and the chains D?,,, 7 > ¢ + 1, so that the chains from D},, on are 
cut short at ¢", where of course hy = h,;, and in any case we shall choose the 
inequality sign so that h; —- « with 7. 

Since only consecutive D’s, as now modified, intersect, 


(10.1) Dose = Diye + Doig + i 2 
(10.2) DI), = Dit + 


are both true chains of AK and 


D = Dp + eee -f- Dr + De A 


As we have frequently done on previous occasions, let us assume the whole 
configuration immersed in the Hilbert parallelotope $. Since D},, is above ¢™ 


which — BY with inereasing 7, and | d),,| = | D),,|-B" CG”, necessarily 
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|\Di.9| — @’. Therefore the finite part of D},, tends also to GY. A similar 
remark applies to D'”),, since 

(10.3) | De. | | DATE 1+ ---. 

Now (9.2) and (9.3) imply 

(10.4) r42 7 Coa — Cosi + (---), (Cou = C41) 

where (---) stands for some finite chain that need not be specified. Therefore, 
(10.5) Dysg > Cogs — Coes + FCDM),) + (-+-). 


From this follows immediately that if we choose a fixed k, we may take A so 
large that the infinite part of F(D,,2) outside of V* is the same as for — Cp4:. 
Therefore if we set 
»/ y 

(10.6) D p42 —¢ p+1 ~~ Coy 
we have | C),,|-B’ C V* for every k, and hence C 11 V* = G’. Therefore 
(4, represents a chain c, of A” which meets B’ in points of G” only. 

Now the chain D,,2 represents a d,,; of A” such that, owing to (10.6), 


, 
dyy1 Cy — Cye 


, ° » - rr * ° 
Hence c, ~ c, on A’, and a fortiori mod U’. That is to say, cp, considered as a 
cycle of AY mod U”, is homologous to a cycle of UY + G” mod U”. 
‘ , y 
Suppose now that c, ~ 0 on A’ mod U”, or 


, +e * - 
A® D Cy: > Cp + Cy, ec. 


Now all the chain-deformations considered in the previous discussion occurred 
in AY — G». Since | F(e,.:)|- BY C G*, we may apply all we have said to cps: 
and thus reduce it to a c,,, C Uv + G» without changing its boundary. It 
follows that if c, ~ 0 mod U” on A”, it is ~ 0 likewise on UY + G*. From this 
and linearity in the correspondence c, < c, follows that the homology groups of 
AY’ mod U” and of UY + G” mod U” are the same. 

Take now for c, a cyele of AY mod AY — G", and set again y,.. = F(e,). We 
may choose y so that the set E = | y,. |-B” is closed and contains no critical 
point, and hence y,—; may be deformed away from E onto U¥ on some open set 
i” + Vsuech that V DF, V-G = 0. Moreover, the chain-deformation may 


be confined to V. Therefore there is a 


d, -Y5-1 — VYp-1> 1-1 Cc U*; | d, |-G* = 0. 


Consequently 


c. = ¢, +d, ~e, mod AY — G” on A’, F(c8) CU". 


. + . . . , . y * 
Now treating ¢) as we did c, we reduce it to a chain ¢, on UY + GY, ~ ¢, mod 


. , ° . . 
(AY — @). Ife, ~ 0 mod AY — G on A” we treat the chain which it bounds 
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as in the preceding case, and find once more that the homology groups are the 
same mod AY — G’ on A” as mod UY’ on UY + G*. This proves our theorem. 

Coroutuary. The critical homology groups for y are topological simultaneous 
invariants of G” and of its neighborhood in AY. Furthermore, if G* consists of a 
finite number of isolated disconnected sets G'¥, this also holds as regards each con- 
nected component G’. 

The latter part follows from the fact that the groups for G’ are the direct sums 
of those for the sets G™. 


11. Isolated critical points. If G* is an isolated point-component of G», 
the corresponding homology groups are the groups of the point G* in A”. 
Suppose for example that A” is locally polyhedral in G*. We can construct for 
?* in A” a neighborhood which is the star St(G*) of G* in a simplicial complex A 
with the point as vertex. The sum of the faces of the cells of St(G@*) which do 
not have G* as a vertex (‘‘complement” or linked-complez of G* in K) is a closed 
subcomplex L of K. The zero-cycles of G are ~ 0 when and only when G* is an 
isolated point of A’, and then the group of G* for the dimension zero is the 
cyclic group generated by G*. This corresponds to the case where a certain 
component of ® is “tangent” to y = constant in G*, i.e., appears for the first 
time in BY but not below. 

When the preceding circumstance does not arise, the p* homology group 
(p > 1) of G* is isomorphic to the (p — 1)** of L, while for p = 1 it is isomorphic 
to the zeroth group of ZL mod one point of L. The proof is as follows. (a) By 
the fundamental deformation theorem, Topology, p. 86, the homology groups 
are shown to be the same as those corresponding to subchains of subdivisions of 
K and hence to St(G*) in K; (b) the reduction to L follows then from the for- 
mula (9’) (loc. cit., p. 111) for joins. 

Important remark. The reduction of the groups to those of L provides in the 
present case a systematic method for computing the groups and their homology 
characters (Betti numbers, type numbers, ete.). 

Isolated critical sets. When the set G’ is HLC its Betti number /p is finite, 
and hence G* consists of a finite number of “well-chained” compact sets G@™”. 
In fact this holds already when G’ is 0-HLC. When it is actually 0-LC (are- 
wise locally connected), every G” is connected, and G* consists of a finite number 
of disjointed connected compact sets. 

Important special case. The critical sets are all locally polyhedral. Then 
each consists of a finite number of disjointed connected compact sets.® 


$3. Morse’s type numbers (critical Betti numbers) 
12. When the domain I of the coefficients is a field, we may introduce the 
Setti numbers of the homology groups. In particular, Th. IL b implies that the 
Betti numbers of AY and L”™ are all finite. 


*See DJ, Th. XII, also Th. IV of S. Lefschetz, On locally connected and related sets, 
Annals of Mathematics, vol. 35 (1934), pp. 115-129. 
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The Betti numbers R,(A”, U") are the type numbers of Morse for the value 
y."_ They may also be called critical Betti numbers, for according to Th. III 
they are all necessarily zero when y is non-critical, so that a sufficient condition 
for y to be critical is that a corresponding critical Betti number be ~ 0. In the 
applications this is perhaps the chief property of these numbers. We have here 
considerable analogy with the Kronecker index of two cycles on a manifold, 
whose non-vanishing insures that they intersect. Similarly, also, when the 
number of signed coincidences or fixed points in transformations ~ 0, we know 
that coincidences or fixed points do exist. 

Taking now a critical value y we may expect the presence of p-cycles of 
A” mod U” which are ~ 0 mod U¥. To have a base’ for these cycles, I say that 
we merely need to take the following two sets: 

(a) a maximal set y} (¢ = 1,2, --- , rp) of absolute cycles of A¥ independent 
mod Ul; 

(b) a set of cycles 55 — y**,, where 3‘, (i = 1, 2, --- , sp4) is a maximal 
independent set of cycles of UY consisting of cycles ~ 0 on A’. 

r cannot exceed the maximum number of independent p-cycles of A¥, nor s 
the same number for the (p — 1)-cyeles of U¥: 


r= R,(A,s S R,A(U), 


and hence r, s, like the Betti numbers themselves, are both finite. 
To prove the base property we must show that: 
I. Every cycle l', of AY mod U” is a linear combination of y’s and 4’s. 
II. The y’s and 6’s are independent. 
If 1 = F(T,), we have by the maximal property of the cycles y}_, 


€ \ , vy *i a) 
(12.1) U* De, LD ysVp—-1 — Mpa, 
(12.2) r,+c¢, — Zy, 6) 0. 


Since the left hand side is an absolute cyele of A’, and c, C UY, we have by the 
maximal property of the y,’s 


(12.3) r,~ 227, += y, 5) mod Ul” on A’. 


If the y’s and 6’s were not independent, we could have in (12.3) T,, = 0, and 
yet not every x;, y zero. Then 


(12.4) A® De, 7 U7, + Dy,85 —,, c, © U*. 


7 This definition has already been exploited by A. B. Brown (loc. cit.) on our suggestion. 
It is equivalent to that of Morse but topologically is simpler. Morse defines the type 
numbers as sums of two Betti numbers, neither of which is a topological character of the 
critical set, whereas under our definition the type numbers have an explicit topological 
character. 

* Merely a maximal independent set, since the domain WM of the coeflicients of the chains 


is a field. 
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The boundary of c,,; being an absolute cycle, its own boundary = 0. Hence 
(12.5) UY D F(c,) = Dy,F(6i) = Dysvp4, ~ 0 on UV". 
Owing to the maximal property of the cycles 6,, this implies that every y; = 0. 
But then (12.4) would imply that the y’s are dependent mod LU, which is con- 
trary to assumption. Therefore every 2; = 0, which proves II, and the y’s and 
6’s together do form a base. 

Since the Betti number is equal to the number of elements in the base, we 
have for the p* type number corresponding to y 


(12.6) R,(A¥, U%) = ry + 8-1 S R,(A”) + Rpa(U). 


Since the right hand side is clearly finite, we have 
THeoreM IX. The type numbers for any critical value are all finite. 
Furthermore from No. 11 Corollary follows 
THeorem X. The type numbers are topological simultaneous invariants of the 
critical set GY and of its neighborhood in A’. 


13. Modifying our notation somewhat, let us write 
r= A’R,(U"), s, = A”’R,(U"), 
AR,(U") = R,(A") — R,(U"). 


The notation is justified on the following ground. In the first place, if «€ is less 
than the distance from y to the next higher critical value, then R,(U%**) = 
R,(A"), and hence 


(13.1) 


(13.2) AR,(U") = R,(U***) — R,(U"). 
In the second place, I say that 
(13.3) AR,(U") = (4’ — A”) R,(U") = r, — 8. 

Consider in fact the following cycles: the anion sets yi, v3‘ of No. 12, 
and a new maximal set y,* (¢ = 1, 2, --- , t,) of p-eycles of U” independent 
on A’, 


Here again t, S R,(U”); hence t, is finite. 

I now say that 

(a) the sets y,, y,* together form a base for the absolute p-cycles of A¥; 

(b) the sets Ye» y*=* together form a base for those of U”. 

In each case the definitions of the sets imply that the expected bases consist 
of elements independent in the appropriate sense. 

Let I, be an absolute cycle of AY. From the definition of the y’s and y**’s 
we have in succession on A” 


ibe tie r,cu’; 


(13.4) r.~3n7,°3 ° 
**; 


(Tr, ~ 22,75 + 2y:7> 





Seeittl 
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This proves (a). Similarly if I’, is a cycle of UY, we have on Ll” 


pe Ndi r) ~0on A’; 
(13.5) Ti ~ lyr 3 
te ~ rz + Zy:73'- 
This proves (b). From (a) and (b) follow 
(13.6) R,(A") = t, + A’R,(U), 
(13.7) R,(U*) = th + A”’R,(U), 


from which (13.3) follows. 


14. Let us designate by AM, the p* type number for y, so that by (12.6) 
(14.1) AM, = R,(A", U¥) = A’R,(U") + A” R,A(U"). 
Combining (14.1) and (13.3) we find 
(14.2) A(M, — R,(U")) = A” (RpA(U") + R,(U"). 
This holds also for p = 0, provided that we write R., = A” R., = 0. From 


(14.2) we conclude immediately by summation 


k 
(14.3) (—1)'A }* (—1)*(M, — R,(U%)) = A” RU") = s, = 0, 
p=0 
and directly 
(14.4) A(M, — R,(U")) 2 0. 
These are the basic “local’’ inequalities for the type numbers due to Morse.’ 
Let us write 


(14.5) Ms’*= >) AM,, 
asysb 
(14.6) R®> = SY AR,(U’) = R,(A*) — R,(U*). 
asSysb 


Then we have by summation the actual inequalities of Morse: 
k 
(14.7) (—1)* }) (—1)(Mg"’ — Rf’) = 0, 
p=0 


(14.8) a = aS". 


We must now distinguish two cases according as the range of f(x) is closed or 
open upwards, i.e., according as Rt is compact or not. 


® For all Morse’s relations see MC, Chapter VI. 
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15. Case I. The space ® is compact. Then the range of y is finite and 
closed, say the closed interval a, b. We have then 


Re = R,(A) = R,, 


the Betti number of the space itself. Designating by M, the p* type number 
of ® itself, or sum of the numbers AM, for all the critical values, we shall have 
M** = M,. Finally, since R is HLC, the Betti numbers, and the numbers 
A” R,(U") for k above a certain fixed integer n are all zero. In particular, if 
dim ® is finite, we may take n = dim 8. Under these circumstances (14.7) 
and (14.8) yield 


‘ 
(15.1) (—1)* >> (—1)°(M, — R,) 2 0, k <n, 
p=0 
(15.2) > (-1)?M, = > (-1)R,, 
p=0 p=0 
(15.3) M, 2 R,, Ospsn. 


We obtain (15.2) from (14.3) by taking & = n + 1 and observing that here 
Masi = Rasy = A” Rags(U%) = 0. The last three relations are the basic equality 
and inequalities of Morse for the whole of the space ®. 

Remarks. I. We have considered the numbers AM, as the type numbers 
corresponding to y. We have, however, by Th. VIII, if G” is the critical set 
for y; 

AM, = R,(A", UY) = R,(A", AY — G"). 


Hence AM, might equally well be called the pt type number of the critical set. 
Furthermore, suppose that G” consists of a finite number of disjointed con- 
nected sets, G”. Since they are all closed, we have at once 


R,(A¥, AY — G*) = =R,(A", AY — GY). 


The numbers in the sum are the p‘ type numbers of the individual critical 
sets. We might denote them by A‘ M, and we should have again 


Ms’= ) A‘M,, M, = > 4'M,. 
asysb 
Therefore, in (14.7), --- , (15.3) the M’s may also be considered as the sum 


of the type numbers for the isolated critical sets. 

II. Theorem X holds for the isolated critical sets G“. 

III. While the local type numbers depend solely upon a neighborhood of 
Bv in A”, this is not the case as regards the local numbers A’R, A’ R. Consider 
one of the absolute cycles y}, of which there are A’R,. It may very well happen 
that, say, vy), is homologous on ®t to a cycle in the region AY — U*, but not in 
any similar region corresponding to any value higher than a. If we assume 
then that there is removed from ® a set U*’, a < a’ < y, there will cease to be 
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a cycle ~ y} on the new AY’. The result is readily seen, in fact, to be a decrease 
in the number of cycles of the base {y}} with an equal increase in those of the 
base {v3}, thus leaving fixed 4M,, which is strictly local in its nature. 


16. Case II. St is merely locally compact. That is to say, the range of 
y is open above, a S y < b. Our treatment is applicable throughout any 
closed subinterval of the range, and even to the whole range if the number of 
critical values is finite. 


Suppose, however, that the critical values form an infinite sequence y, ye, --- , 
necessarily — b. Let us write 
M* = Me”, R, = Ry", 
and let M,, R, be as before. In any case 
(16.1) M2 ES, 
(16.2) M, = lim Mi. 


Now R, = © means the maximum number of independent cycles on A”% — © 
with h, and hence Rt — ~, M?  «, M, = ~. It follows that if M, is finite 
the same holds for R,. 

On the other hand, let R, be finite and let y; (¢ = 1, 2, --- , Rp) be a maximal 
independent set for the p-cycles of R. Then for h above a certain value, the 
y’s will all be on A* and will be necessarily independent. Therefore R* = R, 
and (15.3) follows. 

Suppose now that every M,, p S q + 1, ts finite. Then I say that (15.1) 
holds for every k < q. We observe first that R, is finite for every p S q + 1. 
Furthermore, from (16.2) we learn that when hA exceeds a certain limit 7, M : = 
M, for every pS q+ 1. Therefore for sufficiently high A the p type numbers, 
p = ¢ +1, for y% will all be zero. 

Let us then choose h so high that the preceding conditions already hold for 
h, and that for every p < g, A” contains a maximal independent set of p-cycles 
yi (i= 1,2, --- , R,) of the space R. I say that R*? = R,. For let I’, be any 
p-cycle of A”. We have on ®, and hence on some A”, 7 = h, 


(16.3) Cu > T, — 22,75. 


Let us suppose j > Ah. Since F(e,41) C A” C U™, e,,; is a cycle of A” mod 
U™, and since the type number of index p + 1 S q + 1, for the critical value 
Yi > Yr, iS Zero, 

Cp41 ~ O mod U” on A”. 
Therefore cps; is deformable onto U” without changing its boundary, hence 
also onto A¥”-!, and consequently step by step onto A”. Therefore (16.3) 


holds on the latter and the p-cycles of A” depend on the cycles y}. It follows 
that R* < R,, and hence both are equal. 
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Now (14.7) holds with M°’, R%° replaced by M* = M,, R} = R,, for every 
p S&S q, so that (15.1) holds as asserted. That is to say, if the type numbers M,, 
p q + 1, are all finite, this holds also for the numbers R, of same index and 
(15.1) holds for every k S q. 


IIA IIA 


$4. Various extensions 


17. We shall consider two types of extensions. The first will refer to the 
structure of the sets A”, the second to the homology groups themselves. All 
the results obtained so far hold in both cases, and this is true notably regarding the 
type number formulas. 

ixtension to a wider class of sets AY. While there is considerable scope in this 
direction, it will be sufficient for the applications to replace Axiom I by the 
weaker 

Axiom I’. Every A” is chain-shrinkable onto a compact subset A*” obeying 
Axiom I and such that A*” D A*” for y > y’. 

In other words, A*’ is compact HLC and all the sets A”’-A*’ are also HLC. 
We still preserve Axiom IL.. 

We now examine the extension of our theorems. By virtue of the Lemma of 
No. 3, Theorem I follows. 

Given any « > 0 consider A*’**. Since Axiom I holds for A*#**, there exists 
an 7 such that every c, of AY". A*#** is ¢ chain-deformable onto A’. A*#**, and 
hence by Axiom I’, chain-deformable onto A*’. This is all that we need for 
the reasoning of No. 4. Now if c, C U", we chain-deform it first into a chain 
c, of A*”. Since BY. A* is compact, we may (Axiom II and DJ, Theorem III) 
chain-deform ¢,, over AY onto a set A”, y’ < y, and then over A” onto A*”’. 
Therefore c, may be chain-shrunk away from By’ onto a fixed A*”’, y’ < y over 
A’. Together with the preceding result this suffices to prove Theorem II. 
The rest of the treatment is then exactly as before. The only additional remark 
to be made is that since AY may be chain-shrunk onto A*’, the critical set G” 
is on A*#. BY, as follows at once from its definition (No. 8). In particular, G¥ 
is still compact here. 


18. Extension to different types of homology groups. If S is a subset of R 
we may consider throughout in place of homology groups absolute, mod U¥, 
ete., the following two types: 

(a) the relative homology groups of the similar types mod S; 

(8) the absolute homology groups taken as if 2 — S were the basic space. 
That is to say, AY’, UY, ete., are to be replaced by AY — S, UY — S throughout. 

We shall refer to these two cases respectively as type, critical sets, etc., of 
R mod S, and of R — FS. Each requires a suitable modification of the axioms. 

Type R — S. We impose in addition to Axioms I, II the new 

Axiom III. The sets A¥-S are compact. 

Axiom [V. Every AY — S may be chain-shrunk away from S over itself. 

Our whole treatment applies here with scarcely a modification. In particular, 
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every chain of AY — © is chain-deformable over AY — © into a subchain of a 
finite chain-complex. Hence, again its homology structure is that of a finite 
complex, the Betti numbers are all finite and so are the type numbers. They all 
refer of course to R — S. The critical sets are still compact, and C R — S. 

Type XR mod S. We now impose Axioms I, II, III, but in place of IV we 
choose 

Axiom IV’. The sets AY-S are HLC. 

The chain-deformations must be modified throughout in that they are to be 
taken mod S. With this understanding, and referring to the remarks of DJ 
No. 17, we find that our whole theory is directly applicable here also. 

Examples of type R — S. I. The set R is as in Example I, No. 2, and S isa 
similar subset of 8%. Axiom III clearly holds. Taking now as the L of No. 2 
the set AY-S and operating as in the place cited, we find that Axiom IV holds 
also. 

II. 8 is as in Ex. IV of No. 2, and © is a similar subset of R such that the 
sets A¥’-S are compact. Since A’-(A" — ©&) is locally polyhedral, the pre- 
ceding reasoning is applicable at all points of AY¥-S, from which Axiom IV fol- 
lows since A¥-S is compact. This case includes obvious analogous extensions 
of Examples II, III of No. 2. 

Examples of type R mod S. Axiom IV’ holds for the two examples just con- 
sidered, and hence they constitute examples for this type also. 


§5. Application to the critical points of functions 


19. We have already formulated the problem (No. 2, Ex. IV, No. 18, Ex. ID), 
and it falls under our general theory. However, when the function and the 
region are suitably restricted, the treatment may be carried somewhat further. 
In particular, an analytical characterization of the critical points becomes 
possible and, in the simpler cases, the type numbers are readily determined. 
The following conditions, while keeping down extraneous analytical difficulties, 
preserve sufficient generality and interest for most applications. 

(a) R = Q + 4, where © is a connected region of a topological analytical 
.@,, its boundary ® being an analytical (n — 1)-variety on -%,; 

(b) the function f is analytical over M; 

(c) the sets AY: f S y are all compact. 

Regarding any point P of ® we have three possibilities. (a) P is singular, 
i.e., it has no analytical (n — 1)-cell Z,_, for neighborhood relative to &; (b) P 
has an E,_, for neighborhood but the cell abuts on two disjointed n-cells both 
in Q; (c) the same as (b), except that only one of the two n-cells is in Q, the other 
being in -%, — Q. In the first two cases we shall say that P is a singular, in 
the third that it is an ordinary point of the boundary. 

Except for the generality of the boundary and analyticity in place of C*, the 
situation is substantially the same as that considered by Morse. The treatment 
of the analytical case is readily adapted to C’, r 2 2 or 3. The unrestricted 
boundary has been made possible in an effective way, because we utilize the 
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invariants of R — &orof R mod. We shall first investigate the local behavior 
of the type numbers, even determine them in a few simple cases, and conclude 
with the application of the general type number formulas. 


20. Critical points on the region 2. It will be more convenient to change 
our notation somewhat, designating a generic point of .-%, by P, and an admissi- 
ble coérdinate system about P by m, --- , Zn. Oceasionally we shall use a 
local metric over the range of validity of the x’s, and it will then always be 
understood to be the euclidean metric for these coédrdinates. 

If we have at P 
(20.1) f.,= © Go i& -.. ab 


this condition remains fulfilled in any other admissible coérdinate system about 
P. When it holds, we shall call P an analytical critical point (= a.c.p.) by con- 
trast with the type previously considered, or topological (= t.c.p.). 

When P is an a.c.p., the rank r of 


(20.2) || 712) Ilp 


and the number k of negative terms in the reduced form of the quadratic form 
(20.3) Seiz; Wij, z =P, 


are also both independent of the codrdinates chosen. If r = n, we call P a 
non-degenerate a.c.p., and k is its index. Such a point is necessarily isolated, 
for in that ease the jacobian of (20.1), which is the determinant of (20.2), is # 0, 
and hence P is an isolated solution of (20.1). 


21. We shall now prove simultaneously the following important propositions. 

TuHeorem XI. The analytical and topological critical points on Q coincide. 

Tueorem XII. A _ non-degenerate analytical critical point of index k is a 
topological critical point whose type numbers are m, = 6,, the Kronecker delta, 
(Morse). 

It is important to bear in mind that both theorems refer to the region 2 but 
not to its boundary ®. 

First part of the proof of Theorem XI. We first show that if P is not an a.e.p., 
it is not a t.e.p. For under the assumption we may choose the codrdinates 
with P as the origin and f(z) = y = c + z, so that about P the sets A¥ and Bu 
are respectively represented by z, < 0, 2, = 0. A displacement downwards 
parallel to the x, axis (assumed vertical) will then free a certain neighborhood 
of P in A” from all its chains. Since the displacement about P is over AY, it 
follows from DJ, Theorem I and the definition of the topological critical sets 
(No. 7) that P is not a point of such a set. 

To prove Theorem XI, we must show conversely that a t.c.p. is also an a.c.p., 
but for this purpose we need Theorem XII which we shall therefore take up 
next. 
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22. Proof of Theorem XII.” It is sufficient to establish the type number 
property, for it implies that one of these numbers is ~ 0 and hence that P is a 
t.c.p. When P is a non-degenerate a.c.p., we may choose coérdinates with P 
as origin and such that about P the expansion of f is of the form 


(22.1) f(x) = ¢ + ox(x) — O22’) + «+, 
(22.2) @=2i+---+2i, bear te tay, htke=n, 
where the terms of order > 2 are omitted. 

We propose to show that a suitable neighborhood of P on AY may be homo- 
topically deformed and hence chain-deformed over A” onto its subset ¢. = 0, 
the homotopy leaving P invariant. It will follow that the critical homology 
groups are the same as those of P relative to the points with x; = 0, x; arbitrary, 
i.e., those of a point in an S;. For such a point the (relative) Betti numbers are 
precisely 6,,, so that the theorem will have been proved. 

When & = 0, P is an isolated point of A’ and the required property is trivial, 
and when k = n it is already fulfilled. Hence we may assume both h, k # 0. 

We shall designate by S,, S; the two spaces x; = 0, x; = 0. Let Q(z, x’) 
be any point near P and let q, q’ be the corresponding points (x, 0), (0, x’) of 
S, and S,, which are uniquely determined by Q. Without changing the form 
of (22.1), (22.2) or the metric about P, we may apply a linear change of 
coérdinates such that the codrdinates of Q, g, p’ become 


, U 


, , , ’ 
Q: 2 =a,z, =a’; q: 7, = 4,2, = 0; q:% =0,7, =a’, 





and all other coérdinates zero, and if initially d(P, Q) < a, then |a|,|d@| < a@. 

Let x be the plane of the parallelogram PqQq’, and C its intersection with the 
locus f = c. The equations of the tangents to C at P referred to the axes in 7 
are xj — x? = 0. Since they are distinct and distinct from Pg, the curve has 
two branches through P not tangent to one another nor to Pg. Hence, for a 
small, Qq’: 2, = a’ intersects C in two points, R, S, one on each branch, sepa- 
rated by q’. Now the sign of f — c along Qq’ changes only as R or S is crossed, 
and since it is minus in q’, RS closed is the intersection of s with AY: f S ec. 
Hence Q C A” implies: Q C RS closed, segment Qqg’ C A”. In other words, 
when d(P, Q) < a, Q C A”, Q may be joined in a unique way by a segment Qq’ 
on A” to a point g’ on S* not farther than a from P. The segments Qq’ deter- 
mine a homotopy, and hence a chain-deformation, of the a-neighborhood of P 
on A” over itself, onto the same for P on S,. As it has already been stated, 
this proves Theorem XII. 


23. Completion of the proof of Theorem XI. The codrdinates xz being 
again chosen with P as origin, let us suppose that P is an a.c.p. but not a t.c.p. 


1° For Morse’s proof see MC, p. 172. The one here given has been adapted to our defini- 
tion of type numbers, 
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There is a spherical region w of center P, C Q, and of radius ¢ so small that 
every ¢, Cw may be chain-deformed to the exterior of w onto U" over A”. For 
about P it may be deformed below a certain y’ < y, and hence outside of a suit- 
able w which we take above y’. 
Consider now the new function 


nN 
TiLi, 


Feftumts 


related to w as f itself is to Q. The hessian of F is 
H =| Fi2z;| =" + --- 40 


in the variables A, «. Therefore we may choose them such that it is # 0, and 
in particular choose a fixed \, as we now assume done, such that H # 0 in the 
variables x alone. Therefore the locus H = 0 will represent an analytical 
(n — 1)-variety about P. We may therefore choose a point Q on ,-U" not situ- 


ated on H = 0. If we now choose 
ygji=— (fei + ATie, 
we find that Q satisfies the system 


F,.=0 (i = 1,2,---,n), 


and hence Q is an a.c.p. for F, but since 1(Q) # 0, it is a non-degenerate a.c.p. 
By Theorem XII Q is therefore a t.c.p. of F. Let A’, U’ be the sets F s F(Q), 
F < F(Q) (the analogues of A’, UY through Q). We have shown that the chains 
of A’ may be chain-deformed onto a subset which, except for Q, is in U’ (the 
space S, of No. 21). This holds in particular for a certain y, of A’ mod U’, 
which is ~ 0 mod U’ on A’. 

Since Q Cw U” there is a chain-deformation 3 over A” reducing y, to a chain 
y, © A”, and hence by DJ Theorem II, to a chain merely C U’-U“s CU’. 
Similarly for the two associated deformation-chains Dy,, DF(y,), which we 
may merely deform onto A’ without moving their fixed part y,. As a conse- 
quence we may assume the D chains on A’, which means that we may assume 
that / is over A’, and hence y, ~ 0 mod U”’ on A’. This contradiction 


completes the proof of our theorem. 


24. The device just used, of replacing f by a more convenient approximating 
function, occurs repeatedly in the work of Morse. It resembles the familiar 
device of algebraic geometry for replacing a complicated singularity, say of a 
curve, by an approximating simpler singularity. Geometrically, it is also the 
analogue of the method whereby we have defined intersections of cycles on a 
manifold by those of suitable approximating polyhedral cycles. Morse has 
made use of this device (MC, p. 175) in his computation of the number of non- 
degenerate critical points equivalent to a given critical set GY. The scheme may 
be described thus. There is constructed an analytical function F(z, uw) such that 
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F(x, 0) = f, and that within some interval y — ¢, y + ¢€ it possesses only isolated 
non-degenerate critical points. The number m, of those of type number p is 
equal to the p* type number of G’. The proof is immediate. For a suitable 
e and small uv the sets F < y + e may be chain-deformed into the sets A¥** (for 
“between” the corresponding sets there will be found no critical points of F or 
of f), and similarly with f and F interchanged. It follows that the numbers 
AM, corresponding to the interval y — ¢, y + € are the same for both. 


25. Critical points on the boundary ®. The values of f on ® are those 
of an analytical function g attached to ®. We now have the basic 

TuHeoreM XIII. Let P be an ordinary point of &. If (a) P is not analytically 
critical for g or (b) P ts a relative maximum for f — g on ®, then P is topologically 
non-critical for fon R. (ce) If P is both analytically critical for g on ® and a relative 
minimum for f —g on RK, it is topologically critical for f on R, and if P is isolated, 
its homology groups and type numbers as to R are the same as those of P as to g on ®. 

If P is not an a.c.p. of g on ®, it is non-critical for fon ®. For in that case 
we may choose a coérdinate system about P such that 


(25.1) ©: z, = 0, R: x, = O, f=ce+2-1; 


so that A” is the set z,., S O about P. It follows that by a translation parallel 
to the z,_, axis downwards, the chain c, of AY may be freed from a certain neigh- 
borhood of P and hence P is non-critical. 

In case (b) we may choose the same representation for @ and ®, and now a 
translation parallel to the x, axis upwards is a homotopy over A¥ about P, 
shrinking its chains onto U" away from P; hence P is not a t.ce.p. 

Consider finally case (c). At all events, by virtue of Theorem XI with ® 
and g instead of Q, f, we find that P is a t.c.p.forgon®. If A” is the analogue 
of AY for c + g on ®, the projection of A¢ parallel to the x, axis onto ® is an A’ 
about P. Suppose now that P is not a t.c.p. for fon R. As a consequence, 
every c, C A” in a certain neighborhood V” of P as to ® may be chain-deformed 
over A* onto a certain A@*. Applying the projection just mentioned to the 
associated deformation-chains we reduce them to #, and hence have in ® a 
chain-deformation onto A’*~*, which contradicts the fact that P is a t.c.p. for 
gon. Therefore P is likewise a t.c.p. for fon 8. Furthermore, if P is isolated, 
and since the projection of A* onto A” is a chain deformation of A* onto A’ 
leaving P untouched, the statement as to the homology groups and type numbers 
follows. The proof of the theorem is thus completed. 

Coroutuary I. The topological critical points of f on R are found among the 
singular points of ®, and among the critical points of g where f — g does not have a 
relative maximum on NR. 

Corouuary Il. Jf P is an ordinary point of &, which is non-degenerate critical 
of index k for g, and a relative minimum for f — g on ®, it is an isolated topo- 
logical critical point for f on N and its type numbers are my, = Spx. 

The last part of Corollary Il follows from Theorems XII and XIII. This 
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corollary and Theorem XII embody the only simple cases where the computa- 
tion of the type numbers may actually be carried through analytically. 

Special case of Corollary II. The point P is not an a.c.p. for f so that in 
a suitable coérdinate system f = c + g + 2,. In an arbitrary admissible 
coérdinate system f has a positive normal derivative towards 2. This case 
has been treated by Morse-Van Schaack." 


26. Type number formulas. Once we have obtained the type numbers, 
the general formulas (§3) of Morse become applicable. Three choices are 
open to us. 

(a) The homologies and their invariants are those of ® itself. In that case 
we must include the type numbers of the critical points on the boundary also. 

(b) The homologies are those of R — # or those of R mod &. The boundary 
critical points may then be neglected. However, owing to the duality theorems 
for a relative -%, (Topology, Chapter 7), the two situations give rise to the same 
Betti numbers. 

Applications. I. All the a.c.p. of f on 2 are non-degenerate. Then the basic 
formulas hold with M, and the numbers R, referring to 2 alone, but not to ®. 

II. The same as the preceding, but in addition ® is a manifold -%_,, f has no 
a.c.p. on ® and its normal derivative is increasing towards & at all points of ®. 
Then the basic formulas hold as they stand. This is the actual situation con- 
sidered by Morse in his earlier papers. 

III. The same as II, except that g has non-degenerate critical points at which 
f is increasing towards 2. Then the formulas hold as they stand, with M, the 
number of critical points on Q plus those of g on where f is increasing towards 
2 (Morse-Van Schaack, loc. cit.). 

It is to be observed that even when one of the type number differences, of 
No. 14, say M%° # 0 (a, b, non-critical), it does not follow that there are at least 
M3" distinct critical values on ab, but merely that the sum of each with a suitable 
coefficient is M%°. There may very well be just a single critical value taken 
M°° times. There is here a clear analogy with the Kronecker index. Just as 
for the index, the function f may be replaced by a suitable approximating func- 
tion F (No. 24) which will possess the requisite number M, of isolated non- 
degenerate critical points of index p each counted once, whose y’s will be on the 
interval ab. This may likewise be done over the boundary ® as regards the 
critical points mentioned in Theorem XIII. 


PRINCETON UNIVERSITY. 


1 See the last theorem of their paper in the Annals of Mathematics, vol. 35 (1934), pp. 
545-571. 














GENERALIZED MINIMAX PRINCIPLE IN THE CALCULUS 
OF VARIATIONS 


By G. D. Brrxkuorr anp M. R. HEsTENES 


Introduction 


In the study of the critical points of a function f(m, --- , 2.) one naturally 
begins with the maximum and minimum points. Similarly, the study of the 
critical extremals of an integral 


Je [s. #) dt 


joining two fixed points begins with the properties of minimizing or maximizing 
extremals and the question of their existence. It was not until recently that a 
systematic study was made of critical points of functions and critical extremals 
of integrals which are not necessarily of the minimizing or maximizing type. 
This study seems to have had its beginning in 1917 in a paper by Birkhoff! in 
which he enunciated his minimax principle. Birkhoff treats only the critical 
points and critical extremals of the so-called type one. Beginning with a paper 
in 1925 Morse? has developed systematically by the use of Analysis Situs the 
existence and the relation between critical points and critical extremals of all 
types. A. B. Brown and a number of others have also written on this subject.? 

The principal method used heretofore in obtaining the critical point relations 
is the following. A value b will be called a critical value of our functional f(P) 
if there is a critical point Q of f(P) such that f(Q) = b. We now consider the 
connectivities of the domains f(P) < b, as the constant b varies from the abso- 
lute minimum by of f(P) on the domain under consideration. It is found that 
the connectivities of f < b change only when the variable b passes through a 
critical value of f(P). The change in connectivity depends upon the type of 
the critical point P having this critical value. By studying these changes of 
connectivity one is able to classify the critical points of f{(P) and to obtain the 
critical point relations. This method was used by Birkhoff in order to obtain 
his minimax principle and by Morse to obtain a complete set of critical point 


Received June 12, 1935. 

1 Dynamical systems with two degrees of freedom, Transactions of the American Mathe- 
matical Society, vol. 18 (1917), pp. 199-300. 

2 For references to literature on this subject see Morse, Calculus of Variations in the 
Large, Colloquium Lectures, American Mathematical Society, vol. 18 (1934). Unless 
otherwise expressly stated, all references to Morse are to his book. See also Morse and Van 
Schaack, Abstract critical sets, Proceedings of the National Academy of Sciences, vol. 21 
(1935), pp. 258-62. 
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relations. Lately Lefschetz has announced some further results, apparently 
using this method.* 

In the above method, the notion of minimum and maximum are seen to be 
special instances of a more general notion of the type of a critical point. The 
question naturally arises: cannot this process be reversed? Cannot all these 
critical relations be obtained by a minimizing principle? We propose to show 
in this paper that this can be done. Our primary notion is essentially that of 
finding the minimum of the maximum F(C,) of f(P) on a suitably chosen class 
of k-chains C,. It is for this reason we term our method the minimax method. 

It is not to be expected that we can treat the minimax principle completely 
in this paper. We have therefore chosen two of the simplest and most inter- 
esting topics. We study first the critical points of a non-degenerate function 


f(x, «++ , 2%») and secondly the critical extremals of an integral J for the fixed 
end point problems in the Calculus of Variations. 
I 


The critical points of functions 


1. Hypotheses and definitions. The basic theory underlying the crit- 
ical point relations can best be illustrated by studying those of a function 
f(x, --- , Zn) defined over a region S in a euclidean space of points (x, --- , Zn). 
We suppose that f(z) is continuous and has continuous first and second deriva- 
tives on S. 

A point P on S will be called a critical point of f(x) if the derivatives f,; are 
all zero at the point P. If P isa critical point, then f(P) will be called a critical 
value of f(z). A critical point P will be called non-degenerate if the determinant 


| feiz; | (i,j _ 1, igi ,n) 
is different from zero at P. The negative type number of the quadratic form 
Saiz; Fi Tj (i,j = 1, aha ,n) 


will be called the type or the index of P as a critical point of f(z). A function 
f will be said to be non-degenerate if all of its critical points are non-degenerate. 
We shall assume that f(z) is non-degenerate. 

We suppose that there is a closed region ® interior to S containing all the 
critical points of f in its interior. The boundary B of ® is assumed to be a regu- 
lar manifold of class C’’, that is, one such that for each point P on B there is a 
neighborhood $ on B representable in the form 


¢(x1, li » Za) = 0, 


* Lefschetz, Application of chain deformations to critical points and extremals, Pro- 
ceedings of the National Academy of Sciences, vol. 21 (1935), pp. 220-221. 

‘ See our paper in the Proceedings of the National Academy of Sciences, February 1935, 
pp. 96-99, with the same title, in which this principle was first formulated. Cf. Birkhoff, 
Dynamical Systems, p. 135; and Morse, p. 272. 
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where ¢(x) is continuous and has continuous derivatives of the first two orders 
and is such that the derivatives ¢.; are not all zero at any point on $. 

On the boundary B of ® the normal derivative fy of f along the outer normal 
is well defined by virtue of the fact that there are no critical points of f(x) on B. 
We shall suppose that fy is positive on B. The case in which fy is not necessar- 
ily positive will be considered in §4 below. 

It is clear that there are but a finite number of critical points of f in R since 
non-degenerate critical points are necessarily isolated. We may suppose with- 
out loss of generality that if P:, P: are two distinct critical points of f(x), then 
S(P:) ¥ f(P2). If this were not so, we could alter f slightly in a neighborhood 
of P, so that f(P:) ¥ f(P2) without changing the type number of P; or intro- 
ducing new critical points. Similarly we can modify f so that in a sufficiently 
small neighborhood of a critical point P of type k the function f takes the form 


2 2 2 2 2 
fee — 2 — 1, — +) — Oe + ep tees $I 


for a suitable choice of the coérdinates (x). The proofs of these facts have been 
given by Morse and Van Schaack.® 

The cycles and chains here used are singular cycles and chains taken modulo 
2. The number R;, of linearly independent non-bounding k-cycles on ® in a 
maximal set is called the k-th connectivity of §. 


2. Critical point relations. In this section we shall give an intuitive proof 
of the following theorem due to Morse, 

THEOREM 2.1. Let M, be the number of critical points of type k and R,, the 
k-th connectivity of the region R. The following relations hold: 


M2 hi, 
M, — Mo=2 Ri — Ro, 
(2.1) M:—M,+ Mo = R.-— Ri + R, 


M, — M,-1 tiene Hh (—1)"Mo = R, _ Ri -+ tee +- (—1)"Ro. 


The first inequality Mg = Ro in (2.1) is, of course, well known to all students 
of mathematics. It follows from the fact that f(z) has at least one minimum 
point in each of its Ry connected pieces. We can obtain this result in another 
way which is more complicated but which has the advantage that it can be 
generalized so as to obtain the remaining relations (2.1). Let Cy be a 0-cycle 
on ® and F(Co) the maximum value of f(z) on Co. The inequality My = Ry 
can be obtained by finding the number of non-equivalent 0-cycles which afford 
a relative minimum to the functional F(Co). We generalize this method as 
follows. Let F(Cx) be the maximum value of f(z) on a k-cycle or a k-chain C,. 


& The critical point theory under general boundary conditions, Annals of Mathematics, 
vol. 35 (1934), pp. 547-550. 
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If the class of admissible k-chains C, is suitably chosen, the number of non- 
equivalent k-chains which afford a minimum to F(C,) is equal to the number 
M, of critical points of type k, and the remaining inequalities (2.1) follow read- 
ily. This section will be devoted to developing these ideas. 

We begin with the 0-cycles Cy) on R. We admit only such 0-cycles Co as are 
non-bounding on the domain f S F(Co). Consider now an admissible 0-cycle 
Co. If we deform Cy continuously without increasing F(Co), we finally obtain 
a 0-cycle C{ which cannot be further deformed into a 0-cycle on f < F(C4) with- 
out increasing F (C4) and which is such that f(P) = F(C,) at only one point on 
Cj. Such a eycle will be called a minimum 0-cycle. The point on Cy at which 
f(P) = F(C%4) is clearly a minimum point of f(r). Let us denote by I. the class 
of all minimum 0-cycles on %. Each zero cycle in 9) determines a unique 
critical point P of f(z) on R. But to every minimum point P there will cor- 
respond in general infinitely many 0-cycles Cy having f(P) = F(Co). These 
0-cycles must be considered as equivalent if they are to be used as a count of the 
minimum points of f(r). We accordingly define two 0-cycles Co, C4 in No to be 
equivalent if F(C») = F(C4) and their sum Cy + C4 is homologous on f < F(Cy) 
to zero or to the 0-cycles on f < F(Co). It is clear that for the case here con- 
sidered two 0-cycles Cy, C4 in No are equivalent if and only if F(Co) = F(C%). 
Hence the number N» of non-equivalent 0-cycles in N% is equal precisely to the 
number M, of critical points of minimum type. Moreover, 


(2.2) My, = No 2 Ro, 


since every non-bounding 0-cycle on 9 can be admissibly deformed into a 
0-cycle in N%. This proves the first inequality (2.1). For reasons which will 
appear later it is convenient to refer to the class N% of 0-cycles as the class Mo 
of 0-chains and to denote by My the number of non-equivalent 0-chains in Mbp. 

In order to extend the method described above so as to obtain further critical 
point relations, let us first examine the nature of a critical point P of type 1. 
We shall suppose that the coérdinate system (x) has been chosen so that (x) = (0) 
at P and that the function f(x) takes the form 


f=ce-—ajit+ae+--- +23 


in a neighborhood of 8 about P. Consider the 1-chain C; defined by the rela- 
tions 


(2.3) zi sh, totes +2, =0. 


For h sufficiently small the 1-chain C, will lie in 8 and moreover the maximum 
value F(C,) of f(x) on C; is attained only at the critical point P. Now it may be 
possible to join the end points of the are C; by a second are C{ on the domain 
f <f(P). The closed are C7 = C, + C{ then forms a 1-cycle on ® which can- 
not be deformed continuously into a 1-cycle on f < F(C7) without increasing 
F(C{). Moreover, f(Q) = F(C7) at a point Q on C7 only in case the point Q 
is coincident with the critical point P. Thus we see that the cycle C7 can be 














GENERALIZED MINIMAX PRINCIPLE 417 


considered to be a minimizing 1-cycle for the functional F(C;). The cycle CY 
is clearly a linking cycle in the Morse sense.* 

If the boundary of the 1-chain C,; defined by (2.3) is not homologous to zero 
on the domain f < F(C,), clearly it is homologous on this domain to a 0-cycle 
Cy in the class Ny of minimizing 0-cycles for F(Co). Let C{ be the 1-chain join- 
ing the ends of C,; with the 0-cycle Co. The 1-chain Ci = C, + C; has proper- 
ties analogous to those of the 1-cycle C{ described in the last paragraph. For 
example, the 1-chain cannot be deformed continuously into a 1-chain on f < 
F(C{) without increasing F(C7{) or F(Co). Moreover, the only point Q on C7 at 
which f(Q) = F(C7) is the critical point P under consideration. It should be 
noted that for the 1-chain CY here constructed the boundary C> is not homol- 
ogous to zero on the domain f < F(C7). Here again C7 appears as a mini- 
mizing 1-chain for the functional F(C;). 

In view of the above remarks it would seem that one should be able to obtain 
all the critical points of f(x) of type 1 by minimizing F(C;) on a suitably chosen 
class of 1-chains. This is indeed the case. We admit, for obvious reasons, 
only a special class of 1-chains, which we shall term admissible 1-chains. A 
1-cycle C; will be admitted if it is non-bounding on the domain f S F(C;). A 
1-chain possessing a boundary will be admitted if its boundary is in %. In order 
to find the minimizing cycles for F(C,), we associate with each admissible 
l-chain C; a set of deformations, called admissible deformations, which never 
increase F(C;); nor do they increase F(Co) if the boundary C) of C; exists. These 
deformations are to be continuous, except for the fact that they may subdivide 
C; into a finite number of parts subject to the following restrictions. The 
image of a l-cycle C; under a deformation must be homologous to C; on the 
domain f < F(C,). The image C; of a 1-chain C, having a boundary Cy) must 
be related to C; as follows. Let C} be the boundary of C{ and let C7 be a 1-chain 
on f < F(Co) bounded by the 0-cycle Co + Co. The 1-cycle C; + C{ + CY must 
be homologous to zero on the domain f S F(C,) if our deformation is to be 
admissible. 

Consider now an admissible 1-chain C;. By means of an admissible deforma- 
tion we can deform C; into a 1-chain C; which cannot be further deformed into a 
1-chain on the domain f < F(C{) and which has f(Q) = F(C{) only at the points 
Q on C{ which are on a single point P on R. The point P can be shown to be a 
critical point of type 1. The class of all 1-chains having the same properties 
as C{ will be denoted by 2%. Each 1-chain C, in Mt, has associated with it a 
unique critical point P of type 1 having f(P) = F(C:). However, to each 
critical point P of type 1 there corresponds in general infinitely many 1-chains 
(, in M, having F(C;) = f(P). These 1-chains must be regarded as equivalent 
if they are to be used as a count of the critical points. Hence we shall agree to 
call two 1-chains C;, C{ in Mt, equivalent if F(C,) = F(C{). This definition of 
equivalence is not sufficiently general to be applicable in the case for which 
there may be more than one critical point corresponding to each critical value. 


® Cf. Morse, p. 158. 
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We shall accordingly say that two l-cycles C,, C{ in Dt, are equivalent if F(C;) = 
F(C{) and their sum C; + C{ is homologous on f S F(C,) to zero or to the 1- 
cycles on the domain f < F(C,;). Two 1-chains C;, C; in M, not both 1-cycles 
will be said to be equivalent if F(C,) = F(C;{), if the boundary of their sum 
bounds a l-chain C{ on f < F(C;), and finally if the l-eyele C, + C{ + C7 is 
homologous on f S F(C;) to zero or to the l-cycles on f < F(C,). It will be 
seen in the next section that our two definitions of equivalence are the same 
for the case here discussed. It follows that the number of non-equivalent 
1-chains in Y?; in a maximal set is equal precisely to the number M, of critical 
points of type 1. 

The number of non-equivalent 1-chains in 9%; can be evaluated in a second 
way. To doso let us denote by J, the class of all 1-cycles in 9, and the maxi- 
mum number of non-equivalent l-cycles in 9 by N;. It is clear that every 
non-bounding 1-cycle in % can be deformed by an admissible deformation into 
a l-cycle in 9). Hence we have N, 2 R,, where R, is the linear connectivity 
of ®. Moreover, there are exactly No — Ry non-equivalent bounding 0-cycles 
in Jo in a maximal set. Let Coy be one of these and let b be the greatest lower 
bound of the values of F(C,) on the 1-chain C,; bounded by Co. Clearly any 
l-chain C,; with F(C,) near 6 can be deformed admissibly into one for which 
F(C,) = b. The resulting chain is in Qt, and is bounded by Cy. There are 
accordingly No — Ry» non-equivalent 1-chains of this type. Moreover, no 
linear combination of these l-chains is equivalent to a l-cycle in %. It fol- 
lows readily that there are exactly N,; + No — Ro non-equivalent chains in 9. 
But the number of non-equivalent chains in 2%; was seen above to be equal to 
the number M, of critical points of type 1. Hence we have 


(2.4) M2z2M2R, M—-M=N—R. 


The second relation (2.1) follows readily from the second relation (2.4) by re- 
placing No by My and N, by R,. 

The above arguments can be extended inductively to any dimension. We 
suppose that the classes Yt,, 2. of minimizing k-chains and k-cycles for F(C,) 
have been constructed for k = 0, 1,---,j — 1. For these values of k the 
numbers M,, N; of non-equivalent k-chains in I,, 2, respectively satisfy the 
relations 


(2.5) Mz2Nec2Ri, Me—Ne=Nei—Renr (kK =1,---,f — 1). 


The proof that these relations hold for k = j can be established by precisely 
the same arguments as those made for k = 1. We merely need to make the 
obvious changes such as replacing 1 by j and 0 by 7 — 1 whenever they occur. 
For this reason we shall give here only the important definitions and ideas used 
in the development. 

In order to establish the relations (2.5) for k = 7 we minimize F(C;) in the 
class of admissible j-chains. A j-cycle C; will be termed admissible if it is non- 
bounding on the domain f S F(C;). A j-chain C; having a boundary C;-, will 
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be termed admissible if Cj. is in Nj... An admissible deformation is one 
which deforms an admissible j-chain C; without increasing F(C;), and which 
deforms the boundary of C; admissibly. An admissible deformation is to be 
continuous except that we admit the possibility of C; breaking up into a finite 
number of pieces subject to the following restrictions. If C; is a cycle, its image 
under an admissible deformation must be homologous to C; on the domain 
fs F(C;). If C;is a j-chain bounded by a (j — 1)-cycle Cj. in Nj, the image 
C; of C; and the boundary Ci. of c, must be related to C;, Cj. as follows. Let 
C7} be a j-chain on f S$ F(C;-1) bounded by the (j — 1)-eyele Cj. + Cj_,. The 
jeeyele C; + C; + C; must be homologous to zero on the domain f S F(C;). 
We now define a j-chain C; to be in the class Qt; if C; cannot be admissibly de- 
formed into a j-chain on f < F(C;), and if f(Q) = F(C;) only at the points Q 
which are on a single point P on R. The point P can be seen to be a critical 
point of type j. Two j-cycles C;, C; in M; will be called equivalent if F(C;) = 
F(C‘) and the j-eyele C; + C} is homologous on f S$ F(C;) to zero or to the 
j-cycles on f < F(C;). Two j-chains C;, C; which are not both j-cycles will be 
called equivalent if F(C;) = F(C}), if the boundary of C; + C; bounds a j-chain 
C on f < F(C;), and finally if the j-eycle C; + C; + Cj is homologous on 
f = F(C;) to zero or to the j-cycles on f < F(C;). For the case here considered 
two j-chains C;, C y in I; can be seen to be equivalent if and only if F(C;) = 
F(C;). The number of non-equivalent j-chains in 2; in a maximal set is there- 
fore equal precisely to the number M,; of critical points of f(x) of type 7. Let 2; 
be the class of all j-cycles in M;, and N; be the maximum number of non-equiva- 
lent j-cycles in N;. Since each non-bounding j-cycle on R can be deformed into 
one in 9t;, we have N; = R;. Moreover, one can see as in the case 7 = 1 that 
there are exactly Nj, — Rj. non-equivalent j-chains in 2;, no linear combina- 
tion of which is equivalent to a j-cycle in 2;. The number M; of non- 
equivalent j-chains in 9; is accordingly equal to N; + Nj. — Rj. The re- 
lations (2.5) accordingly hold for k = j. From the relations (2.5) and (2.2) it 
follows readily that 


M, -— Mi + eee + (—1)*Mo = N, — Rin a Rag — «+> + (—1)*Ro, 
My — Mia t+ --- + (—1)'Mo = Re — Rei +--+ + (-1)'Ro, 


the equality holding if and only if N; = Ry. From the relations (2.5) it is clear 
that VN, = R, if either Muy, = Rey: or My = Ry. In particular N, = R,, as 
one readily verifies. 

Thus we see that all critical point relations can be obtained by a minimax 
principle. We minimize the maximum F(C;,) of f(z) on the k-chains of a suit- 
ably chosen class. In order to complete the arguments made above we must 
establish the following statements. 

I. Every k-cycle C;, on R which is non-bounding on f S F(C,) can be deformed 
admissibly into a k-cycle in N,.. 

Il. Every k-chain Cy, on R whose boundary is in Ny. can be admissibly de- 
formed into one having an equivalent boundary. 
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III. The points on a k-chain Cy in M, at which f(P) = F(C;) correspond to 
a single critical point P of f(x) of type k. Two k-chains Cy, Ci, in Mx having 
F(C,) = F(C{) are equivalent. Each critical point P of type k has associated 
with it at least one k-chain C,. in M,. such that P is on C;, and f(P) = F(C;). 
These statements will be established in the next section. 


3. Proofs of the above three statements. The proofs of the three state- 
ments made at the end of the last section depend on two lemmas, the first of 
which is the following 

Lemma 3.1. Every admissible k-chain C, on R can be admissibly deformed 
into a k-chain C{, such that the points on C;, at which f = F(C;) are in an arbi- 
trarily small neighborhood & of a critical point P and such that the boundaries of 
C, and Cj, if they exist, are equivalent. The points of Cj, not in B are on the 
domain f < f(P). 

To prove this theorem we use the orthogonal trajectories to the hypersurfaces 
f = constant. These trajectories are the solutions of the differential equations 


dx;/dt = fi; (i =1,---,n), 


and are well defined except at the critical points of f. Through any ordinary 
point of f there passes one and but one of these trajectories. 

We now define a deformation 4). To do so, we consider a k-chain C;. We 
suppose that there are no critical points P on C; at which f(P) = F(C;). Let 
b be a value of f such that each point P of Con the domain f = 6 can be joined 
to a unique point P’ on f = b by means of an orthogonal trajectory. As the 
time ¢ varies from 0 to 1, a point P on f > b moves towards P’ along the trajec- 
tory PP’ at a rate equal to its initial length. The points on f S b are held fast. 
We term this deformation 4. It carries C, continuously into a k-chain C; 
on the domain f S b. The boundary C,_, of C;, if it exists, is unaltered since 6 
clearly exceeds F(C,_,). 

A second deformation 4} can now be defined as follows. Let 6 be a critical 
value of f(x) corresponding to a critical point P. The orthogonal trajectories 
through points on f = b at distances p, 2p from P together with the surfaces 
f = b  e form tubular neighborhoods T,, T, of P which lie within any pre- 
scribed neighborhood 8 of P, provided the positive constants p, €« are taken 
sufficiently small. We deform points outside T; according to the deformation 
A»... Points inside T; are held fast. A point Qin T, but not in 7, is deformed 
as follows. Let P’, Q’ be the points of f = b, f = b — e, respectively, on the 
orthogonal trajectory of f = 6 through Q. The point Q moves towards Q’ 
on this trajectory at a rate equal to (d — p)/p times the iength of the trajectory 
QQ’, where d is the distance from P’ to P. The deformation so defined is ad- 
missible and will be denoted by s. 

The deformation described in the lemma can be made by applying successively 
deformations of the type 4, and Aj. The lemma is established. 

Our second lemma deals with deformations in a neighborhood of a critical 
point P of type k. We may suppose that the coérdinate system (x) has been 
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chosen so that P is the point (7) = (0) and that in a neighborhood $ of P the 
function f(x) takes the form 


(3.1) f=b—a7 -—2, -— +--+) ai +741 Hee +h. 
Let S, be a spherical neighborhood 
tit: +230 
of P within 8. We are especially interested in the k-chain 
(3.2) tite +25, Finn +--+ $27 =0, 


which we shall denote by C;. Its boundary is denoted by Cx. A j-chain C; 
in S, with its boundary C}_, on f < b will be said to be equivalent to C; if j = k 
and if C;,_, is homologous to Cy, in S, on f < b. 

Lemma 3.2. Let C’, be a j-chain interior to S, whose boundary Cie is on the 
domainf <b. IfC y is not equivalent to C,., then C; can be admissibly deformed 
on S, into a j-chain CG; on f < b having the same boundary. If C ; is equivalent 
to C;, then C; cannot be so deformed, but can be deformed into a k-chain C’, on 
f & b having the same boundary and having f = b only at the points on C;, which 
are on the critical point P. 

To prove this, choose € so small that b — 92 > F(C;_,), and let S,, Sx, Sse 
be three spherical neighborhoods of P of radius ¢, 2e, 3¢e respectively. By means 
of the deformation A, we may deform C}, admissibly so that all points of C’ 
which are on the domain f = b — é lie in S... We now make the following 
deformation.? The points on C; outside and on the boundary of the sphere 
S;, are held fast. Inside the sphere S;, the coédrdinates 2, --- , 2, of a point (x) 
are held fast. Inside S., the coérdinates x;(j7 > k) move towards zero as the 
time ¢ varies from zero to 1 at a rate equal to the absolute value of the initial 
value of z;. In the region between S2, and S;, the coérdinates x;(j7 > *) move 
towards zero at a rate equal d/e times the absolute value of the initial value of 
x;, where d denotes the distance from the point (x) to the boundary of Sx. 

Under the deformation just described the j-chain C’; is admissibly deformed 
into a j-chain Cc on f S b and having the same boundary. The portion of C; 
which is in S, lies on the k-chain 


(3.3) OSe4.--- tai St, Sar }-:. + oO 


by virtue of our deformation. Suppose now that C;, and hence also C7, is not 
equivalent to Cy. If F(C%) < b, our lemma is established. Hence we need 
to consider only the case F(C’) = b. In this case we may suppose that c is 
divided finely enough so that there is a (j — 1)-eyele Cj; which is composed 
of cells of Cf on the domain 


(3.4) O<rit+---+7iS€, tir +--+ +23 =0, 


7 Cf. Morse, p. 170. 
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and which together with the boundary of C’; bounds a j-chain y; on f < b com- 
posed of cells of Ci. The (j — 1)-eyele C;_; accordingly bounds the j-chain 
C; = C; + y; on (3.3). Now the connectivities of the domain (3.4) are those 
of a (k — 1)-sphere, as will be seen below. It follows that C;_, bounds a j-chain 
1; on the domain (3.4), since by construction it is not homologous to the bound- 
ary of (3.3). We now think of C; as being equal to the sum of the chains v; = 
vi + Y; and y; + C;. The second of these chains is a j-cycle on the domain 
(3.3) and can be deformed into the null j-cycle in many different ways without 
increasing F(( pil Thus we see that in this case C’; can be deformed into a 
j-chain y; on the domain f < b. The lemma is therefore true as stated for the 
case in which C{ is not equivalent to C;. If C; is equivalent to C;, then C; 
can be constructed as before. In this case we must have F(C’;) = b, since 
otherwise the boundary of C, would be homologous to zero in S, on the domain 
f <b, which is not the case. For the same reason C’; cannot be deformed into 
a j-chain on f < b with the same boundary. The last statement in the lemma is 
accordingly true. 

The proof of the lemma will be complete if we show that the connectivities 
of the domain (3.4) are those of a (k — 1)-sphere. This is immediate, since 
we can deform the domain (3.4) into the (k — 1)-sphere 


(3.5) tities tape, tier +--+ +25 =0 


as follows. As the time ¢ varies from 0 to 1 let each point P move along the 
trajectories through P toward the point Q on (3.5) on the same radius at a rate 
equal to the initial length of the radius PQ.’ This completes the proof of 
Lemma 3.2. 

Statements I, II, and the first part of III made at the end of the last section 
follow at once from Lemmas 3.1 and 3.2. The last statement in III follows 
immediately from the fact that the boundary C;_, of the k-chain C; given by the 
relation (3.2) is homologous on the domain f < f(P) to zero or to a cycle C;_, 
in Ni. Let Ci bea k-chain on f < f(P) bounded by Cy_; or by Cx + Cy_y 
as the case may be. The chain Cy = C;, + C; is clearly a k-chain in M, having 
f(P) = f(C'D, and the last statement in ITI is established. 

It remains to prove that two k-chains C;, CZ in Mt, having F(C,) = F(C{) 
are equivalent. To do so let P be the critical point of type k on C; and CY 
such that f(P) = F(C,) = F(C{), and suppose that f is in the form (3.1) in 
a neighborhood $ of P. We construct the region S, and the k-chain (3.2) 
as before, and denote the chain by C; and its boundary by Cy. If the chain 
C{, is finely enough divided, there is a k-chain y; composed of cells of C; in S, 
which is equivalent to C;, in the sense described in the paragraph preceding 
Lemma 3.2. Otherwise the k-chain C; could be admissibly deformed on the 
domain f < f(P) by Lemma 3.2. Similarly there is a k-chain y; composed of 
cells of C2 which is equivalent to C,. The boundaries y,_;, y;—~1 of yi, Y1 
are homologous on f < f(P) in S, to the boundary C,_, of C;, and hence homol- 














GENERALIZED MINIMAX PRINCIPLE 423 


ogous to each other on the same domain. Let 7; be the k-chain bounded by 
Yi-1 + Yi-1 in S, onf < f(P). The k-chain C; + C% can be written in the 
form 
C+ Cra trutw+ Cet Cr trutryi t+). 

The k-chain in the first parentheses is a k-cycle which is homologous to zero 
on the domain S,. The k-chain in the second parentheses is a k-chain C, on 
the domain f < f(P), and hence is homologous to the k-cycles on this domain if 
C,, CZ are both k-cycles. If C;, Cy are not both k-cycles, then C; is a k-chain 
onf < F(C;) bounded by the boundary of the chain C, + Cy. Moreover, the 
k-ceycle C, + Cy + €;, is clearly homologous to zero on f S$ F(C;,). Thus we 
see that in either case C, and C% are equivalent. This completes the proof 
of Theorem 2.1. 


4. General boundary conditions. In the above treatment we assumed 
that the normal derivative fy along the outer normal is positive on the boundary 
B of ®. This assumption was made only for convenience. If this assump- 
tion does not hold, some of the admissible k-chains C; will, in general, be de- 
formed by an admissible deformation into the region A of B where fy is nega- 
tive. If this k-chain C;, is deformed so that F(C,) is a minimum and so that 
S(P) = F(C;) at essentially one point on C;, this point will not be a critical 
point of f(z) in the usual sense, but will be a critical point of the function 
g(y1, +++ ,Yn—1) defined by f(x) on the region A. It is clear, therefore, that 
if the relations (2.1) are to hold in this case we must also include the critical 
points of g(y) on A as well as those of f(z) on %. Hence in this case we define 
M,, to be the number of critical points of type k of f(x) on ® plus the number 
of type k of g(y) on A. The remainder of the proof is as before. We assume, 
of course, that the critical points of g(y) are non-degenerate and that to each 
critical value of f and g there corresponds but one critical point of f org. The 
results here given can also be extended at once to non-singular functions de- 
fined on a closed Riemannian manifold. These cases have been discussed by 
Morse and Van Schaack® using a different method. 


5. The degenerate case. The methods used above can readily be ex- 
tended to the case in which critical points of f(x) are degenerate. We shall 
only briefly indicate how this can be done. The only difficulty which arises 
is that of deforming a k-chain down onto a critical point or a set of critical points. 
If this can be done, the arguments can be made as above, and we define the 
count of the critical points of type k to be equal to the number M, of non- 
equivalent k-chains in 92,. The number M;, so obtained will necessarily satisfy 
the conditions (2.1). 

If an admissible k-chain cannot be deformed down onto a set of critical points, 
we can modify our procedure somewhat and define the k-cycles and k-chains 


§ Loc. cit., footnote 2. 
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in D.. to be those whose maximum points are in an e-neighborhood of a set 
of critical points at which f = b but cannot be admissibly deformed into a k- 
chain on f < 6. Under a suitable definition of equivalence of cycles and chains 
in M,,. it can be shown by methods analogous to those used above that the num- 
ber M, of equivalent k-cycles and k-chains in QM, is independent of the par- 
ticular choice of ¢, for ¢ sufficiently small, and satisfies the relations (2.1). In 
the non-degenerate case the number M;, so defined is equal to the number of 
critical points of type f. 

The treatment here given is in the large. But the same methods can be 
applied to neighborhoods of sets of critical points. We obtain thereby a char- 
acterization of sets of critical points in the small, which is independent of the 
particular neighborhood used, at least in the most important cases. 


II 


Generalized minimax principle 


The methods used in the last part can be given an abstract formulation which 
brings out the essential features of the method. The results of this section 
were published recently by the authors in a somewhat different form.® 


6. Generalized minimax principle. Consider now a space 2 on which 
the ordinary concepts of topology, such as k-cycles, k-chains, non-bounding 
k-cycles, addition, homologies, ete., are well defined (modulo 2). The num- 
ber R; of independent k-cycles in a maximal set of such cycles is called the k-th 
connectivity of 2. We admit the possibility of R, being infinite. 

Suppose now that we have given a functional f(P) which is well defined for 
all points Pon 2. We shall denote by F(C;) the least upper bound of the values 
f(P) on the chain C,. 

Our critical point relations will be obtained by minimizing the functional 
F(C,) on a suitably chosen set of k-chains. A k-cycle C; will be admitted only 
in case C, is not homologous to zero on the domain f S F(C;). We associate 
with each admissible k-cycle a set of deformations, called admissible deforma- 
tions, which never increase F(C,) and which deform C; into a k-cycle which is 
homologous to C, on the domain f S F(C,). A minimum k-cycle C, is defined 
to be one which cannot be deformed admissibly on f S F(C;) into a k-cycle 
on the domain f < F(C;). The class of all minimum k-cycles will be denoted 
by N.. Two k-cycles C;, Ci in Ny will be called equivalent if F(C,) = F(C;) 
and their sum is homologous on f S F(C,) to zero or to the k-cycles on the 
domain f < F(C;,). 

A k-chain C, bounded by (k — 1)-cycle C,_; will be admitted if its boundary 
Cy, is in Nyy. We associate with such a k-chain C, a set of deformations, 
called admissible deformations, which never increase F(C;), which deform its 
boundary C,.; admissibly, and which deform C; into an admissible k-chain C;, 


® Loc. cit. 
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related to C; as follows. Let C,_, be the boundary of C;, and let CY be a 
k-chain on the domain f < F(C,-:) bounded by the k-cycle Cx. + Ci_,. The 
k-eycle C, + Ci + Ci must be homologous to zero on f S F(C,), if our def- 
ormation is to be admissible. 

By a minimum k-chain C; will be meant one which cannot be admissibly de- 
formed on the domain f S F(C;) into a k-chain on f < F(C,). The class of all 
minimum &-chains and k-cycles (k > 0) will be denoted by My. We set Mo = 
MN. Two k-chains Cy, Ci, in M, but not both in N;,, will be called equivalent 
if F(C,) = F(C;), if the boundary of their sum bounds a k-chain C/ on f < F(C,), 
and if the k-cycle C, + Ci, + C; is homologous on f S$ F(C;) to zero or to the 
k-eycles on f < F(C;). 

We make the following assumptions. 

I. Every admissible k-cycle C;, on Q can be admissibly deformed into a k-cycle 
in N.. 

II. Every admissible k-chain (k > 0) on Q can be admissibly deformed into a 
k-chain in M), having the same or an equivalent boundary. 

III. The value F(C,) is attained by f(P) oneach k-chain C; in M. 

The following lemma is immediate. 

Lemma 6.1. Let M,, Ni be respectively the number of non-equivalent k-chains 
in Mx, Nz, and R, the k-th connectivity of Q. If the numbers M,.(k = 0,1, --+ , m) 
(m arbitrary) are finite, under assumptions I, II the following relations hold. 


(6.1) M.=N,=R. = 0 (k = 0,1, ---, m), 
(6.2) My = No, My ~— By @ Bis — Mee G = i, ---,m), 
6.3) Mi ~ Mort --- +(-1)h oe M-Ait+Ret--- +(-DR 
6.0 Mi-~ Mia+-- +R R- Bad: + (TR 


the equality holding if and only if Ni = Ry. If Mi = Re, or tf Misr = Rew, 
then N, = Ry. If Ry is infinite, so also are M; and N,. 

Let C, be a k-chain in M,. Let us deform C, by an admissible deformation 
which diminishes f at all points at which it is possible to do so. A point P 
on the new k-chain C; at which f(P) = F(C;) will be called a critical point of 
type k. The count of the critical points of type k is defined to be the number 
M, of non-equivalent k-chains in M,. We have the following theorem. 

GENERALIZED MINIMAX Principe. Under hypotheses I, II, and III the critical 
points of type k exist and their counts M, satisfy the relations (6.4). 

The minimax principle here given involves an ideal set. It can be realized 
at least in the non-degenerate cases considered in this paper. It is not clear 
that it can be realized in the general degenerate cases. The chief difficulty 
which arises is the construction of the classes M@, and Nx. However, these 
classes can in general be approximated by classes Dli., Ni. as suggested in 
§5 above. 
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III 
The fixed end point problem in the Calculus of Variations 


One of the numerous applications of the minimax principle described in the 
last section is to the fixed end point problem in the Calculus of Variations. 
In this case we are interested in the existence and the classification of the ex- 
tremals of an integral of the form 


t~ [1 z) dt 


which join two fixed points A; and A; on a Riemannian manifold R. We shall 
discuss only the non-degenerate case. 


7. Hypotheses and definitions. We assume that f(z, z) is a positive ana- 
lytic function for all points (z, #) with (zr) on R and (z) ¥ (0). We assume 
further that for these values of (z, <) 


f(x, kt) = kf(zx, £) (k > 0), 
and that f(z, z) is positively regular, that is, 
Seize tite > 0 (i = 1, ---,n) 


for all (x) ¥ (pz). 

An are” of class D’ which joins the two fixed points A; and Az will be called 
an admissible arc. The totality of admissible ares will be defined as our space Q. 
The arguments here given hold equally well in case the space 2 is taken to be 
the totality of admissible arcs for which J S 6b, where 6 is an arbitrary fixed 
constant. 

We introduce a Fréchet distance d(E,, Ez) between the ares E,; and E; on Q 
as follows. The geodesic distance beween points P,; and P; on § is defined to be 
the greatest lower bound of the lengths of the ares on R joining P, and P:. Let 
H be a homeomorphism between the ares Z, and E, preserving sense and let 6(H) 
be the maximum geodesic distance between corresponding points under H. 
We now define d(£,, E:) to be the greatest lower bound of 6(H) for all sense- 
preserving homeomorphisms H between FE, and E,. Cycles and chains on Q are 
to be defined in the manner described by Morse." 


8. Critical extremals. An extremal is a solution of class C”’ of the Euler 
equations 


Si = (d/dt) fi = 0 (i - l, sa n). 


1° An are z* = z(t) (4; St S to) will be said to be of class D’ if it is continuous and is 
composed of a finite number of sub-ares on each of which z*(t) have continuous derivatives 
z‘, not all zero, for a suitable choice of the parameter ¢. 

" Morse, pp. 193-5. 
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A critical extremal is defined to be one which joins the two given points A; and 
Az. The value of J along a critical extremal will be called a critical value of J. 
In the analytic case here considered there are at most a finite number of critical 
values of J less than a given constant b. A proof of this fact has been given 
by Morse." 

A critical extremal E will be said to be non-degenerate if its end points are 
not conjugate. We shall assume that the critical extremals are all non-degener- 
ate. In this case critical extremals are isolated and there are but a finite num- 
ber of extremals corresponding to each critical value.“ 

The type number of a non-degenerate critical extremal E is defined to be the 
sum of the orders of the conjugate points on E of the initial point A. We 
shall prove the following 

THEOREM 8.1. Let M;,, be the number of critical extremals of type k and R, 
the k-th connectivity of 2. For the values M,, R, that are finite the relations 


M;, 2 Ri, 
M, — Mii+--- + (—1)*My = Ri — Res + --- + (—1)'Ro 


are true. The equality in the last expression holds in case either My, = Rx or 
Mes = Rigs. If Ry is infinite, M; is infinite. 

This theorem will follow at once from the generalized minimax principle of 
§6 if we establish the following facts. The classes Ix, Mt, here used are defined 
as in §6. We denote the maximum value of J on a chain C; by J(C;). 

I. Every k-cycle C, which is non-bounding on the domain J S J(Cx) can be 
admissibly deformed into a k-cycle in N.. 

II. Every k-chain Cy whose boundary is in Ni. can be admissibly deformed 
into a k-chain in M), having the same or an equivalent boundary. 

III. The number of non-equivalent k-chains C;, in Mx having J(C;.) = b is equal 
to the number of critical extremals E of type k having J(E) = b. 


9. The space 2,,. In order to prove the three statements made at the end 
of the last section it is convenient to study first particular sub-spaces of 2 
which we denote by ©,, and which we shall now define. 

We term the value of J along a curve E the J-length of E. Let p be a constant 
so small that every extremal of J-length < 2p affords a proper minimum to J 
in the class of all admissible arcs joining its end points. An extremal segment 
of J-length < p will be called an elementary extremal. This terminology is due 
to Morse. 

The space 2,, is now defined as the totality of curves in 2 composed of at most 
m + 1 elementary extremals. The end points of the successive elementary 
extremals on an are £ in ,, form a sequence 


(9.1) Po = Aj, Pi, «++ , Pm, Pmii = As, 


12 Loc. cit., p. 199. 
13 Morse, p. 230. 








428 G. D. BIRKHOFF AND M. R. HESTENES 


which we call the vertices of E. We admit the possibility of successive vertices 
being coincident. 

Lemma 9.1. Let Cy, be any k-chain on Q. If m is sufficiently large, then Cy 
can be admissibly deformed into a k-chain on Q,. 

To prove this, divide the interval 0 < ¢ < 1 of the parameter ¢ of the ares on 
C, into m + 1 equal segments ¢;t;,,. For m sufficiently large, the points P;, P’ 
on any are E of C, determined by values ¢,, t; (t; on #;t;,,) ean be joined by an 
elementary extremal £;. Assign to a point P on £; the parameter value ¢ which 
divides ¢,t;,, in the same ratio as P divides E;. Let t; vary continuously from 
t; to ti41, the are P,P’ on E being replaced by the corresponding extremal E;. 
The chain C; is then deformed admissibly into a k-chain on @,,, as one readily 
verifies. The deformation here used is due to Morse (p. 205). 

Thus we see that we can restrict ourselves for the most part to the study of 
k-eycles and k-chains on ©,,. 

The following lemma is useful in establishing the existence of extremals. 

Lemma 9.2. The space Q,, is compact. 

For let {Z,} be a sequence of curves in @,,, and let 


(9.2) PY = A, Pi, ..., P2, PS), = A, 


be a set of vertices on the ares E,. This sequence of vertices has at least one 
accumulation set (9.1) such that the points P;, Pj; can be joined by an ele- 
mentary extremal. The vertices (9.1) determine an arc £ in Q,,, which is clearly 
an accumulation curve of the sequence {Z,}. The lemma is therefore true. 


10. The deformation A. Our principal deformation which we shall denote 
by A can be defined as follows. Let E be an are in @,, with vertices (9.1). As 
the time ¢ varies from 0 to 1/2, points Q;(¢ = 0, 1, --- , m) move on E from 
the points P; towards P;,; at a J-rate'* equal to the J-length of P;Pis:. The 
vertices 


Al, Qo, =a » Qmy A, 


determine a curve in ©,,,; which varies continuously from the curve E to a curve 
E as t varies from 0 to 1/2. As ¢ varies from 1/2 to 1 let the points P;(i = 
1, --- ,m) move on E from Q; towards Q,_, at a J-rate equal to the J-length of 
Q;.Q;, the point P} moving at a J-rate“ equal to twice the J-length of QoAi. 
The vertices 


re are oe 


determine a curve which varies continuously on @,.4; from E to a curve EF’ 
. . me: . . , 

as ¢ varies from 1/2to 1. The final curve Z’ is in Q,,, since here Py) = A;. The 

deformation thus defined will be called A(é)(0 < tS 1). Deformations of this 


type have been used by Birkhoff and Morse. 


1 The J-rate of P; is defined as follows. The J-length of the are P;_, P; is a function 
h(t) of the time /. If A(t) is differentiable, then the quantity A’(¢) will be called the J-rate 
of the point P;. See Morse, p. 199. 
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The following lemma is immediate. 

Lemma 10.1. Under the deformation A(t)(0 S t S 1) a curve E on Q,, is de- 
formed continuously through curves of Qn+s: into a curve E' on Q,, such that J(E) = 
J(E'), the equality holding if and only if E = E’, that is, if and only if E is an 
extremal. Moreover, k-chains are deformed admissibly under A. 

We have the further result 

Lemma 10.2. Let {E,} be a sequence of curves in Q» having a unique limit 
curve E. Let E., E’ be the images of E,, E under A(t). The curve E’ is the unique 
limit curve of the sequence {E;}. 

To prove this let (9.2) be a set of vertices for the curves Z,. We may assume 
that these points have been chosen so as to have a unique limit set (9.1), the 
vertices of E. Let QS” be the J-mid-points of the ares P;Pi4;, and P, be the 
J-mid-points of Q™,Q%. The points 

Py = Ay P,™,---, Pa, Pasir = Ag 
are the vertices of the curves E,. It is clear that this set has a unique limit set 
(10.1) Py = Ai, Pi, --+ 5 Pay Por, = As, 


namely, the J-mid-points of the ares Q::Q:, where Q; is the unique limit point 
of Q’”. The set (10.1) forms a set of vertices for EZ’ and the lemma is estab- 
lished. 

Lemma 10.3. Let S be a set of arcs on Q,, such that the closure of S contains no 
extremal arc. There exists a positive constant d such that if E is a curve of S and 
E’ its image under A(t), then 


J(E) = J(E’) + d. 


For suppose the lemma were false. Then for every positive constant d, 
there would exist a curve E,, such that its image EZ, under A would satisfy the 


relation 
(10.2) J(E,) < J(E.) + d, (n = 1,2,---). 


The sequence {E,} could be modified so as to have a limit curve EZ. The 
sequence {E,} would then have a unique limit curve E’, the image of E under 
A, by Lemma 10.2. From the relation (10.2) we could conclude that J(Z) S 
J(E’), and hence that J(#) = J(E£’), by Lemma 10.1. But this could be true 
only in case E is an extremal, contrary to our assumption that the closure of S 
contains no extremal are. This proves Lemma 10.3. 

The following lemma establishes the existence of critical extremals. 

Lemma 10.4. Let {E,} be a sequence of curves on Q,, such that E,, ts the image 
of E,-; under A(t). The sequence {E,} has a unique limit curve which is an 
extremal. 

For by Lemma 10.1 we have 


J(E,4) 2 J(E,) 2 0. 
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It follows that the numbers J(EZ,) have a greatest lower bound J». Clearly 
J(E) = Jo for every accumulation curve E of {E,}. Moreover, E is an ex- 
tremal, since its image Z’ under A(¢) is also an accumulation curve of {Z,} 
by Lemma 10.2 and our choice of EZ, as the image of E£,,. The uniqueness 
follows readily with the help of Lemma 10.3 since our critical extremals, being 
non-degenerate, are isolated. 


11. Deformations in a neighborhood of an extremal. Consider now an 
extremal E of type k. Choose the integer m and if necessary diminish the con- 
stant p of §9 so that 


mp < J(E) < (m + 1)p. 


Let » be a positive constant so small that every are Z’ in Q,, at a distance d < n 
from £ is such that 


mp < J(E’) < (m + 1)p. 


Divide EZ into m + 1 sub-ares of equal J-length by points Pi, --- , P». Through 
each of these points pass regular analytic manifolds ™, ---,7, cutting E 
orthogonally. Let us denote by II the class of ares of 2,, which lie in the 7- 
neighborhood just described and which have their vertices on the manifolds 
™,°*+*,%m. We have the following 

Lemma 11.1. Let C; be a k-chain on Q,, such that the arcs on C;, at a distance d, 
0<63 dS », from E are on the domain J < J(E). If the constant 6 is suf- 
ficiently small, the chain C, can be admissibly deformed into a k-chain C;, on Q 
such that the arcs on C;, at a distance d S 6 are on the domain I, the arcs at a dis- 
tanced (6 S dS n) areonJ < J(E), and the arcs at a distance d = » are identical 
with those on Cy. 


This deformation can be accomplished as follows. Let Pi, ---,Pm be, 
respectively, the points in which an are E’ in the n-neighborhood of £ intersects 
the surfaces m, ---,am. Let Po = A: and Py : = Az. If E’ is at a distance 


dS »/2 from E, we deform E as follows. As the time ¢ varies from 0 to 1, the 
points P; move on E’ from P,_, to P; at a J-rate equal to the J-length of the 
sub-are P;_,P; on E’, the are P;_,P’; being replaced by the elementary extremal 
P,P;. If E’ is at a distance d, 1/2 < dS n, the points P; move from P;_, 
towards P; at a J-rate equal to 2(7 — d)/n times the J-length of P;..P;. The 
ares on C, at a distance d = » from E are held fast. Under this deformation 
C; is deformed into a k-chain C;, having the properties described in the lemma. 

Consider now the manifolds m, --- , x» described at the beginning of this 
section. The point P; on the manifold x; is determined by a set of nm — 1 par- 
ameters va, --+ , Vin. Let g = m(n — 1) and let the first n — 1 variables 
of the set uw, --- , ug be the parameters on 7, the next n — 1 the parameters on 72, 
and soon. We have further 

LemMa 11.2. On the domain II the functional J is an analytic function f(u) 
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of the parameters u,---,Ug. The function f(u) has a non-degenerate critical 
point of type k at the point (uo) corresponding to the extremal E. 

The first statement is immediate. The second statement can be readily 
established by elementary means with the help of the positive regularity of our 
integral J. An explicit proof has been given by Morse." 

Let E be a critical extremal of type k. By the last lemma we see that in a 
sufficiently small neighborhood S of £ the integral J is an ordinary function 
f(u) of q variables. It can readily be seen in a manner analogous to that given 
in the paragraph preceding Lemma 3.2 that there is a k-chain C;, on S having 
its boundary C,_; on the domain J < J(£) and having J = J(C;) only at the 
are E on Cy. The cycle Cy, is non-bounding in S on J < J(E£). Moreover, 
every (k — 1)-cycle on this domain is homologous to zero or to C;_1 on this 
domain. A j-chain C; on S whose boundary is on J < J(E) will be said to be 
equivalent to C; if j = k and if the boundary of C; is homologous to the bound- 
ary of C, on the domains S and J < J(E). 

Lemma 11.3. A j-chain C; on S whose boundary is on the domain J < J(E) 
and which is not equivalent to C, can be admissibly deformed into a j-chain on the 
domain J < J(E) having the same boundary. A j-chain Cc, on S which ts equiva- 
lent to C;, and has its boundary on J < J(E) cannot be so deformed but can be de- 
formed into one having the same boundary and having J = J(C;) only at the ares 
which coincide with E. 

This result can be established by an argument like that given in the proof of 
Lemma 3.2 with the help of Lemma 7.1 of Morse, p. 169. 


12. Proofs of three statements. The statements I, II, III made at the 
end of §8 can now be established as follows. Consider any admissible j-chain 
C;. By successive application of the deformation A of §10 we may deform C; 
so that the ares on which J 2 b lie in an arbitrarily small neighborhood of a 
set w of critical extremals on which J = 6b. If this neighborhood is sufficiently 
small, it will consist of a finite number of non-overlapping neighborhoods each 
of which contains but one extremal and is such that J is a function f(u) as de- 
scribed in Lemma 11.2. Let S be any one of these neighborhoods and let E 
be the extremal interior to S. Denote the type number of E by k. By succes- 
sive applications of the deformation A the j-chain C; can be deformed so that the 
only ares on C; at which J 2 b are those lying in an arbitrarily small closed 
neighborhood S’ of E interior to S. If C; is finely enough divided, there will 
be a j-chain C;, composed of all the cells of C; interior to and on the boundary 
of S and having its boundary on the domain between S and S’. According to 
Lemma 11.3 the j-chain C’; can be deformed into one on the domain J < J(E) 
having the same boundary except in the case in which Cc; is equivalent to the 
chain C;. described in the paragraph preceding Lemma 11.3. If C y is equivalent 
to C;, then C ; can be deformed into a chain Cc’ containing Z, having J (C4) = 
J(E£), and having the same boundary as C 4a Thus we see that the whole chain 


18 Pp. 196-7. 
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C; can be deformed admissibly into a j-chain in the class Mt; such that the points 
at which J = J(C;) are extremals of type j7. This proves statements I and II. 

In order to prove statement III, we first note that each extremal E of type j 
has associated with it a j-chain C; in Mt; such that FZ is on C; and J(£) = J(C;). 
For, according to the remarks preceding Lemma 11.3, there is one and but one 
independent (j — 1)-cycle Cj, in a sufficiently small neighborhood S of E 
which is on the domain J < J(£) in S, is non-bounding in this domain, and 
bounds a j-chain C; in S containing the extremal F and having J = J(C;) only 
at E. The (j — 1)-cycle C;_; is homologous on the domain J < J(E) to zero 
or to a (j — 1)-cycle C/_, in Na on this domain. Let C’; be a chain bounded 
by Cj. or by C;-1 + C4_, as the case may be. The j-chain C; = C; + C; is 
in M,;, contains ZF, and has J = J(C;) only at £. 

Consider now a set w of critical extremals on which J = b. Let Ey, --- , 2B» 
be the extremals of type j in w and let C}, --- , C? be j-chains of the type de- 
scribed in the last paragraph. These j-chains are clearly non-equivalent. We 
shall now prove that any j-chain C; in M; with J(C;) = 6 is equivalent to some 
linear combination of these m j-chains. To do so, deform C; admissibly, if 
necessary, so that the set of points on C; at which J = J(C;) is composed of some 
sub-set of the extremals £,,---,2Z,, say the extremals £,,---,2,. Let 
S:, --» ,S, be neighborhoods of these points chosen as in the last paragraph. 
Let » be a positive constant so small that the y-neighborhood of EZ, lies in S. 
(a = 1,---,r). We may suppose that C; has been so deformed that the 
points on C; outside these n-neighborhoods are on the domain J < b and so that 
C; cannot be admissibly deformed out of any one of these neighborhoods. If 
C; is sufficiently finely divided, there will be a j-chain yf composed of all the 
cells of C; having points in the y-neighborhood in £, and having its boundary 
vy{-, in S.on J <b. Moreover, the chain C%, if finely enough divided, has a 
similar j-chain C$ with boundaries C7_, on S, and J <b. The (j — 1)-cycles 
7%_,, CF_, are homologous on the domain J < b in S and hence bound a j-chain 
6% in Son J <b. The chain C; + yf + 8% forms a j-cycle 6F which is homol- 
ogous to zero on the domain J S bin Sz. Let 


C, = Ch +--+ + CY, 6 = 6} + ++. + 8%, 
and consider the relation 
6; _ (C; + C;) + (C; + C; + 6;). 
The j-chain in the last parentheses is clearly on the domain J < b. Moreover, 
by construction 4; is homologous to zero on the domain J S 6. Hence from 


the definition of equivalence in §6 we see that C; is equivalent to C te as was 
to be proved. Statement III of §8 is accordingly established. 
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ON THE FUNDAMENTAL NUMBER OF A RATIONAL GENERALIZED 
QUATERNION ALGEBRA 


By CLAIBORNE G. LATIMER 


1. Introduction. Let % be a rational generalized quaternion algebra, here- 
after referred to merely as an algebra. has a basis 1, ¢, j, 77: 


? = —a, TI = —B, OF] = —ji, 


where a, 8 are integers, neither divisible by the square of a prime. Such a 
basis will be said to be a normal basis associated with @ and £. 

Brandt defined the fundamental number d of %, employing an arbitrarily 
chosen maximal realm of integrity @ in his definition, and showed that d is 
independent of the particular © in % which is employed, and that two algebras 
with the same d are equivalent.'. We shall determine d explicitly in terms of 
aand 8. This gives a simple criterion for the equivalence of two algebras. 

Starting with a normal basis, as above, Albert? showed by a series of trans- 
formations that % has such a basis associated with certain integers rt and o 
which have the following properties: 

(a) 7 is a positive prime, r = 3 (mod 4); 

(b) ¢ is an integer prime to 7, containing no square factor > 1, and —o is a 

quadratic residue of 7; 

(ce) — 7 is a quadratic non-residue of every odd prime factor of o; 

(d) if ¢ is even, r = 3 (mod 8). 

From the method by which such a basis is obtained, there is no obvious 
relation between the initial a, 8 and the final r, ¢. 7 is any one of the infinitude 
of primes represented by a certain quadratic form, with a finite number of ex- 
ceptions. o was not shown to be unique, but if % is not a division algebra, it 
was shown that « = —1. 

We shall show that « = d, and hence is uniquely determined by Y%. Also, 
that 7 may be an arbitrarily chosen prime satisfying the four conditions above. 
We may take 7 as the least such prime and thus have a normal basis associated 
with a pair of integers which are uniquely determined by %. 


2. The determination of d. According to Dickson’s* definition, a set of 
integral elements in % is a set having certain properties R, C,U, M. It may be 


Received May 15, 1935. 
1 Jdealtheorie in Quaternionentheorie, Mathematische Annalen, vol. 99 (1928), pp. 9, 12. 
2 Integral domains in rational generalized quaternion algebras, Bulletin of the American 
Mathematical Society, vol. 40 (1934), pp. 164-76. In particular, see Theorems 2, 3. In 
this paper, we replace Albert’s 7, o by —r, —o, respectively. 
3 Algebras and their Arithmetics, pp. 141-2. 
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shown that this definition is equivalent to Brandt’s definition of a maximal 
realm of integrity. Let @ be such a set, or realm, with a basis w, --- , w4. 
The norm of the general element in Gis N(2zj,) = $29.77; = G(x, --+ , 4), 
where the coefficients of G are rational integers and g;; = g;i. By Brandt’s 
definition of d, the determinant | g,;; | = d®, and d is positive or negative accord- 
ing as G is definite or indefinite. 

Let & have a normal basis associated with a and 8 as in §1. The norm of 
the general element in & is 


Ny + yot + ysd + yt) = yi + ay? + bys + afyt =f. 


If the w’s are expressed as linear functions of 1, 7, j, 7j, let the matrix of the co- 
efficients be (¢;). Then G is obtained from f by a transformation of deter- 
minant | 4; |. Hence d? = 16a*8*| t;; |*, and to determine d? it is sufficient to 
find the value of | ¢,; | for a basis of some G. It will be observed that f, and 
hence G, is definite if and only if a > 0,8 > 0. Hence d > 0 if and only if 
a>0,6 > 0. 

Let a = a6, 8 = 8,6, where 4 is the positive g.c.d. of aand 8. Let ta’, +0’, 
+6’ be the largest positive divisors of a, 8, 5, respectively, such that each of the 
congruences x? + 8 = 0 (mod a’), y? + a = 0 (mod 8’), 22 + a6; = 0 (mod 
6’) has a solution, the signs being so chosen that A = a/a’, B = 8,/8’, A = 
6/6’ are all positive. 

Suppose a = 8 = 1 (mod 2). For this case, the writer determined a system 
of basal elements for each of the sets @ which contain 7, 7.4 An examination of 
these basal elements shows, for each of the subcases treated, that the deter- 
minant | t;;| = (4a'8’6’6), but when a = 8 = 1 (mod 4), | ti; | = (2a’p’5’6)—. 
Hence from the above expression for d*, d = +ABA, ord = +2ABaA, according 
as a and @ are not or are both = 1 (mod 4). 

Suppose a = 8 = 0(mod 2). For this case, Darkow® found a system of basal 
elements for each of the sets containing 7,7. She treated four subcases, which 
were designated as types A, B, C, D. From an examination of these basal 
elements, we find, as in the case where a and 8 are odd, that d = +2ABA or 
d = +ABaA according as % is one of the first two or last two types. Setting 
5, = 6/2, Wis one of the last two types if and only if the congruence 


2a,8:27 + Bid? + ad,2z? + 2w? = 0 (mod 8) 


* Arithmetics of generalized quaternion algebras, American Journal of Mathematics, vol. 
48 (1926), pp. 57-66. In particular, see pp. 61-2. The notations of the present paper, 
when a and @ are odd, are the same as in the paper cited, except that a, a, a’, I, J, K of 
the former paper are here replaced by —a, —a, —a’, 7, j, ij, respectively. 

& Determination of a basis for the integral elements of certain generalized quaternion alge- 
bras, Annals of Mathematics, (2), vol. 28 (1927-8), pp. 263-70. When our a and @ are even, 
most of the notations of the present paper are different from Darkow’s. Her a, yu, v, 28, 
u’, v’, 26’, M, N, D, e:, e2, €; are the same as the present —a, —a, A, 5, —a’, B’, 5’, A, B, A, 
i, j, tj, respectively. 
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has a solution with y, z odd.6 Multiplying the left member by 6, we obtain 
the equivalent congruence 


(1) oy8,52? + Bry? + az? + dw = 0 (mod 8) 


which is symmetric in a, Bi, 6. 

Suppose a = 8 + 1 (mod 2). In the basis 1, 7, j, ij we may replace 7, j by 
1, = 1, ji: = ij/6, respectively, or by 72 = 7/5, j2 = j, respectively. The first 
of these replacements is equivalent to interchanging a and 4; the second, to 
interchanging 6, and 6. Since a or 8; is even, this case may thus be reduced 
immediately to the preceding case by a proper interchange. We have then the 

THEOREM. Let %& be a rational generalized quaternion algebra with a basis 
1, 1, J, 1), 

v= —a, 7 = —8, y = —ji, 


« and 8 being integers, neither divisible by the square of a prime. Let a = aé, 
B = 6,6, where 6 is the positive g.c.d. of a and 8. Let A, B, A be the odd positive 
divisors of a, 8, 6, respectively, as defined above. Then the fundamental number 
of Nisd = + ABAord = + 2ABA. dis positive if and only if a > 0, 8 > 0. 
If a and 8 are odd, d is even if and only if a, = 8: = 5 (mod 4). If a or B is even, 
d is odd if and only if (1) has a solution in integers with two of y, z, w odd. 

We have the 

CorotiarRy. Y% has a normal basis associated with d and r, where r is any prime 
satisfying the conditions (a) to (d) of §1 witha = d. 

For by the theorem, the algebra with a normal basis associated with d and r 
has the fundamental number d and hence is equivalent to %. 

Brandt stated that an integer is the fundamental number of a division algebra 
if and only if it may be written in the form d = (—1)"*'pype - - - pa where the p’s 
are distinct primes. By our theorem, a fundamental number has no square 
factor > 1. Brandt’s statement may then be proved by showing that there 
is a prime satisfying the conditions (a) to (d), with ¢ = d, if and only if d may 
be written as above.’ 


UNIVERSITY OF KENTUCKY. 


6 Darkow, loc. cit., p. 266, and equation (8), p. 264. 

7 An examination of (1) and of the criteria of the theorem for the parity of d, for the 
various cases which may arise, will show that these criteria may be replaced by the follow- 
ing: d is odd if and only if (a + 8:)(@: + 6)(6 + a:)(a: + 6 +6) =0 (mod 16). (Added 
in proof.) 











ON THE CHARACTERISTIC EXPONENTS IN CERTAIN TYPES OF 
PROBLEMS OF MECHANICS 


By H. E. BucHanan anp W. L. Duren, Jr. 


1. Introduction. Some years ago H. E. Buchanan! published a discussion 
of periodic orbits near the straight line and equilateral triangle positions in the 
problem of three finite bodies. More recently he has discussed* small oscilla- 
tions of the so-called neutral helium atom near the straight line and equilateral 
triangle positions. In all four of these problems the characteristic exponents 
0, 0, iw, where w is the angular velocity, occurred. This paper is an attempt 
to find out whether one could have predicted the appearance of these exponents 
from the known integrals of the equations. 

All of the problems mentioned above were set up in axes rotating uniformly 
with angular speed w. The differential equations in each case may be written 
in the form 


ad?é; diji ot 1 al 
— — 2w— = wii + — —; 
dt? dt m; 0&; 
aA; 1; 1 aU 
l — — = w hi -~—— +» 
(1) dt? ° at lai m; Oi 
a _ 1 au (i = 1,2,3). 


dt? m; ag, 
The function U in the three body problem is 


mM. | MMs . MoM; 


’ 
rie T13 23 


and in the helium atom it is 
€)€2 €1€3 C2€3 
_——- —, 


ri T13 23 


é2 being the charge on the nucleus and —¢e,, —e3 the charges on the electrons. 
These equations can be thrown into the form 


dx; ~ » . 
— = X,(r), (i = 1,---, 18) 
dt 

by the simple transformation 

; ’ , Ds z/ 

& = Z;, &; wm Bias, hi = Tiss, A, = Tis, $i = Vizs2, §$¢ = Vi415- 


Received March 16, 1935. 
! Am. Journal of Math., vol. 45 (1923), pp. 93-121; and vol. 50 (1928), pp. 613-626. 
7 Am. Math. Monthly, vol. 38 (1931), pp. 511-521 and vol. 40 (1933), pp. 532-537. 
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2. Integrals of the equations of variation. We consider a system of differ- 
ential equations of the form 


dz; 


(2) a= Xi @O ({=1,---,n). 
In equations (2), and in what follows, when x occurs as an argument it stands 
for the n-partite variable x;, --- ,2,. We consider a particular solution 

(3) i= xi(t) 


which is defined for values of ¢t in a region T of the complex plane. The func- 
tions X;(x, t) and the functions F(z, t) which will define integrals of equations 
(2) are assumed to be continuous and to have continuous second partial deriva- 
tives in a neighborhood of the elements (2, t) belonging to the solution (8). 

The equations of variation for the solution (3) are 


dé; 0 , _ * 
(4) dt 2 an; Xi, O & (i,k = 1,---,n). 


If F(z, t) is an integral of the differential equations (2), the function 


(5) x 0/da, F(ax(d), OE: 


is an integral of the equations of variation (4) for the solution (3) of equa- 
tions (2). 


3. Equilibrium points and their equations of variation. We will consider a 
system of differential equations of the form 
» dx; ° 
(6) = * X,(z, t) (i = 1,---,n) 
in which the functions X;,(x, é) are periodic in ¢ with period 7 and vanish iden- 
tically in ¢ when 7; = --- = x, = 0. The origin is called an equilibrium point 
for the system. The generalized equilibrium problem‘ defined by a system 
of this type is associated with motions near a periodic motion y; = y;(t) of period 
t for the system 
dy ‘ » 
(7) mt = iy) 
dt 
by means of the transformation y; = yi(Q) + 7;. In ease the functions X; in 
(6) are independent of t we have the simplest type of equilibrium point and 


3. T. Whittaker, Analytical Dynamics, 3rd ed., Cambridge, 1927, p. 270. 
4G. D. Birkhoff, Dynamical Systems, Am. Math. Soc., Colloquium Publications, vol. 9 
(1927), pp. 59, 60. 
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equations (6) are identical with the equations (7). The equations of variation 


for the solution 7; = --- = 2, = 0 of equations (6) are 
dé co 
(8) St = DS) X.0, 0) &. 
dt — xr, (0, 0) & 
The coefficients of the variables &, --- , &, either are periodic with period rf or, 


in the simple case, are constants. 
The equations (8) possess a fundamental set of solutions of the form 

Ei = Pi(be (z, k= 1, eb teat! n) ’ 
where the numbers \y, --- , A, are the characteristic exponents for the equations 
(8). If the coefficients 0/ar,X (0, t) are constants, the functions P;,(t) are 
polynomials in ¢ of degree not greater than n. If the coefficients in equations 
(8) are periodic with period 7, the constant coefficients in the polynomials 
P(t) are replaced by periodic functions of ¢.6 The general solution of equa- 
tions (8) can then be written in the form 


(9) f& = Do cx Pult) e*', 


where ¢,, --- ,¢, are arbitrary constants. 
Since there is no value of ¢ for which the square matrix (P;;(¢)) is singular,*® 
it has a reciprocal matrix (Q;,(¢)), also non-singular. Consider the functions 


(10) vilé, t) = oft >» Q(t) §; (i,j _ 1, = ii n) ° 


7 


If we replace the variables & by the general solutions (9) of the equations of 
variation and interchange the order of summation we will have 


eilé, t) = et t * Cy erst (2 Qi; Pix) =, 
k F] 


since the equations 


3 Qi(t) P(t) = 5x, 


where 6, = Oif i # k and 6;; = 1 for every ¢, hold identically int. The system 
of integrals (10) is a fundamental system of integrals since the matrix of co- 
efficients of the variables £, --- , & in (10) is non-singular for every value of t. 
Thus we can solve the equations (10) for the variables &, ---, & and obtain 
solutions of the form 


& = Do fuld) o- 
7 
If we substitute these variables into any integral ¥(&, t) of equations (8) which 
is linear in the variables &, --- , &,, it will appear that y is expressed as a linear 


‘ F. R. Moulton, Differential Equations, Macmillan, 1930, p. 286. 
* F. R. Moulton, loc. cit., p. 235. 
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function of the integrals ¢), --- ,¢, with coefficients which are functions of ¢. 
But these coefficients must be constants, for y can be expressed as a function 
of the variables ¢:, --- ,¢, alone.” These facts may be summarized in the 
following theorem. 

THEOREM 1. The system of linear equations (8) possesses a fundamental 
system of integrals of the form (10). Every other integral y(&, t) of the equations 
of variation (8) which is linear in the variables &, --- , §, may be expressed as a 
linear form in the variables gi, --- , gn with constant coefficients. The determinant 


| e** Q;,(2) | 


of the coefficients in (10) vanishes for no value of t. 


4. Relations between integrals and the characteristic exponents. We will 
prove a group of theorems concerning the manner in which the form of the 
integrals of a dynamical system (6) may determine the nature of the charac- 
teristic exponents for an equilibrium point. 

We consider a system of differential equations (6) which have a simple or 
generalized equilibrium point at the origin and which have p integrals 


(11) F, (z, t) (s=1,---,pSn), 


which are such that the p X n matrix 


(12) (2 F, (0, ») 


has rank p for every value of ¢t. The linearly independent integrals of the 
equations of variation (8) which the integrals (11) determine are 


(13) > a/ar. F, (0, t) & . 


TueoreM 2. If the p integrals (11) of equations (6) are periodic in t with 
period T, then p characteristic exponents are of the form 2xv ~/ — 1/T, where v is 
an tnteger. 

To prove this theorem, we note that the hypotheses insure that there exist p 
linearly independent integrals of the form (13) of the equations of variation 
which are periodic with period T. This fact and Theorem 1 demand that p 
integrals of the fundamental set (10) be periodic with period T. For the 7-th 
integral of the set (10) to be periodic with period T, it is necessary that \; be 
of the form 2rv ~/ — 1/T, where » is an integer. 

THEOREM 3. If the p integrals (11) of equations (6) are such that the integrals 
(13) of the equations of variation are rational functions of t, then p characteristic 
exponents are zero. 

For Theorem 1 together with the form of the integrals (10) implies that p 


7F. R. Moulton, Differential Equations, pp. 73-75. 
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integrals of the set (10) must be rational functions of ¢t. Furthermore, if the 
i-th integral of the set (10) has not an essential singularity att = », we see 
that in the case of simple equilibrium the coefficient e~ must be a constant, 
while in the case of generalized equilibrium e~ must be a constant or must be 
periodic with period r. In any case we must have A; = 0, since we can and do 
replace an exponent of the form 2rv »/ — 1/T by a zero exponent in the solu- 
tions of the equations of variation for the generalized equilibrium problem. 

This theorem includes as a special case the well-known theorem for the case 
of simple equilibrium that if p integrals (11) are independent of t, then p charac- 
teristic exponents are zero.2 However, in case the right members of the 
equations of variation (8) are periodic in ¢, the theorem of Poincaré’ is not in- 
cluded, since the reduction to generalized equilibrium excludes his argument. 

THEeoreM 4. Jf the equations (6) have an integral which is such that the cor- 
responding integral of the equations of variation (13) is periodic in t with a minimum 
period T, incommensurable with r in the case of generalized equilibrium, then two 
of the characteristic exponents are + 2x ~/ — 1/T. 

Proof. The integral (13) of the equations of variation is periodic with mini- 
mum period 7 and this integral is, by Theorem 1, a linear combination of the 
integrals (10). If we take into account the form of the integrals (10), we see 
that one of the integrals (10) must have minimum period T. This implies 
that one pair of characteristic exponents must be + 2 +/ — 1/T. 

Tueorem 5. If p integrals of the equations of variation are continuous and 
bounded as functions of t for all real values of t, then p characteristic exponents are 
pure imaginaries. 

The hypotheses of the theorem together with Theorem 1 imply that p of the 
integrals of the fundamental set (10) are bounded as functions of ¢ for all real 
values of ¢t. In order that the 7-th integral of the set (10) have this property, 
it is necessary that the real part of A; be zero. 

One may apply Theorem 3 and Theorems 4 and 5, assuming that the integrals 
have real periods, to obtain sufficient conditions for stability in the sense that 
the characteristic exponents are all pure imaginaries and distinct except for 
possible zero exponents. 


5. Applications to the problems of three bodies and the neutral helium 
atom. [Equations (1) have ten integrals. It is desirable to use the six center 
of gravity integrals to eliminate £, #2 and §. We shall consider that this has 
been done. There remain the three area integrals and the energy integral. 
If the equilibrium points are given by 


(¢ = 1,3), 


mo 
II 
i) 


Ei, = ai, 9; = D;, 


8H. Poincaré, Les méthodes nouvelles de la mécanique céleste, Paris, 1892, vol. 1, p. 192. 
® Ibid., p. 188. 
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b; being zero in the straight line positions, and if we introduce new variables 
by the equations 
E=a+2, t=b+y, F=2 


then the integrals take the forms, 


3 


F,= 2” [ota + xi)? + (0 + yi)*} + at x) He — G+ w) =| 


Fr, = mf + 2) & 2 a ; + w(b; + we} sin wt 
+ }> mi {(h + yi) = —_  — w(a; + ries cos wt , 
=> m{ F ov _ (bj + Ww) 5 dx ; + w(a; + niet sin wt 
= 2 Se 
+ > m{ (a + 2;)— -— ;* w2i(b; + wa} Cos wt , 


The formulas (13) enable us to write at once the integrals of the equations of 
variation for the particular solutions which give the equilibrium points. The 
elimination of x2, y2 and z2 does not alter the character of the integrals. Two 
of these integrals are independent of the time. Hence by Theorem 3 two of the 
characteristic exponents must be zero, since all the conditions of the theorem 
are fulfilled. The other two integrals are periodic with minimum period 27/w. 
All other conditions of Theorem 4 are satisfied, hence two of the characteristic 
exponents must be +o+/—1 and —#V/—1. 


TuLANE UNIVERSITY. 











SOME IRREDUCIBLE MONOMIAL REPRESENTATIONS OF 
HYPERORTHOGONAL GROUPS 


By J. S. Frame 


1. A large number of simple groups of finite order can most easily be defined 
by means of matrices with coefficients from a finite field, whose characteristic 
p is a factor of the order of the group. A certain infinite family of these simple 
groups may be represented by unitary matrices of degree m with coefficients 
from a finite field GF(q*?) of g elements. Here q is the power p* of a prime p, 
and to each number z a conjugate is defined by the relation = x*. Since 
each x from the GF(q*) satisfies the equation z* = z, it follows that 3 = #* = 
z* = zx. By an m-dimensional GF-vector a, we shall mean an ordered set 
(a), G2, «++ , @m) Of m numbers from the field GF(q*), and we shall use the nota- 


tion >> ab; = (a| b) = (bja), calling the vectors a and b orthogonal if 
i=1 
(a|b) = 0. 

In a recent paper’ the author has studied some of these simple groups, re- 
solved them into sets of conjugate operations, and found for each group a repre- 
sentation as a permutation group of degree g* + 1, which was easily reduced 
into its two irreducible components. In this paper we shall find a set of mono- 
mial representations of these groups, also of degree g*° + 1, with complex co- 
efficients, some of which are irreducible, and the rest of which split into two 
irreducible components. Together these determine more than half of the 
distinct irreducible representations. With the aid of the familiar relations 
between characters, we are then able to determine the degrees and most of the 
characters of all the irreducible representations of these groups. 

Let G be the group of unitary matrices of degree m in this Galois field GF(q*) ; 
that is, the group of those matrices 7’ which leave invariant the form (| z). 


The matrices have the elements (t;), where >> fix te = D> lei ty = 8j. In 
k=1 k=1 


short, T is the transposed matrix of T. Since its determinant satisfies the 
equation TT = 1, it can have one of only q + 1 possible values. If we write 
a’ = aT when a; = > a; ti, (j = 1,2, ---,m), we find (aT | bT) = (a | b) 


t=1 


for every matrix T of G%, and for all GF-vectors a and b. Dickson? has shown 
that the order of G® is 


Received March 22, 1935. 
1J.S. Frame, Unitdre Matrizen in Galoisfeldern, Commentarii Mathematici Helvetici, 
vol. 7 (1935), p. 94. This paper will be cited here as U. 
2 L. E. Dickson, Linear Groups, 1907. 
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In - II "2. = g? Il Q:, if we write Q, = q* — (—1)*. 
k=1 k=1 


The matrices of determinant unity form an invariant subgroup G,, of index 
Q,; under G*, and of order gm = g2/Q;. The central K,, of this subgroup con- 
sists of the multiplications x; = ax;, such that a& = 1, and a” = 1. There 
are just d such, if d is the h.c.f. of m and q+ 1. Dickson has shown that the 
quotient group H,, = G»/K,, of order hn = gm/d, a group which he calls hyper- 
orthogonal and denotes by HO(m, p**), is simple except in the three cases HO(2, 
4), HO(2, 9), HO(3, 4). He has proved further that HO(2, q?) is isomorphic 
with the linear fractional group LF(2, q) of order q(q? — 1)/d. These linear 
fractional groups are quite well known, so we pass them by to study especially 
the groups HO(3, q’), which for g = 3, 4, 5, 7, 8 have the orders 6048, 62400, 
126000, 5663616, 5515776, respectively. 


2. We shall first exhibit certain normal forms which display quite simply 
the matrices of some of the complete sets of conjugate operations of G,,. In U 
it was shown that the matrices 

(I) M(a; «) = (6; + «dja;), where « + € = (a|a) = 0, but ea ¥ 0, forma 
single complete set of conjugate operations of order p in G,,, satisfying the 
relations 

(I’) M(a; «)-M(a; «) = M(a; «4 + e), 

(I”) T“M(a; 2)T = M(aT; «), for T in G,,. 

It was shown also that the matrices 

(II) M(a; a; ¢) = (6; + &a; — dia; + edja;), where (a | a) = (a! a) = (a|a) + 
e+ = 0, are of order p, if p > 2, or p’, if p = 2, and form one or d complete 
sets of conjugates, according as m > 3 or m = 3. 

THEOREM 1. The matrices 

(III) M’(c; 0) = (665;; + 0(6-™ — 1)éc;/(c | c)), where (c | c) ¥ 0, 06 = 1,6 ¥1, 
form for each admissible value of 6 a single set of g”"Q»/Q: conjugate operations 
of Gm, whose orders divide Q;. They satisfy the relations 

(III’) M’(c; 0:)-M’(c; 02) = M’(c; 6,62), 

M’(ke; 0) = M'(c; 8), for k ¥ 0, 
and 

(I1I’) T-M'(c;0)T = M’'(cT; 6), for T in Gu. 

The proofs of III’ and III” follow immediately from the multiplication of 
matrices. The matrix becomes a diagonal matrix if all but one of the com- 
ponents of c are made to vanish; its determinant is then readily seen to be unity. 
Since the character, or trace, of M’(c; 6) is 0(m — 1) + @'-™, two such matrices 
can be identical only if they have the same value of 6, (6 ¥ 1), and if the vectors 
c are proportional. By Theorem 5 in U there are Q,.Q,,-1 vectors a, a # 0, for 
which (a| a) = 0. Hence there are g" — 1 — QnQm—1 = Qn(q™ — q”~) vectors 
ec for which (c| c) ¥ 0, and g”"Q,,/Q; matrices for each 6. The fact that these 
are all conjugate to each other depends on the fact (see U) that the vectors c 
are permuted transitively among themselves by the matrices T of G,,. 
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We find that M’(c; 6,) and M’(c’; 6.) are permutable if and only if either 
c = ke’ or (c| c’) = 0, and that M(a; e) and M’(c; 6) are permutable if and only if 
(a|c) = 0. Now a matrix of order p(q + 1) will be obtained by multiplying 
together two permutable matrices of order p and q + 1, respectively, which will 
exist only if m > 2. 

THEOREM 2. The matrices 

(IV) M’(a; e;c, 0) = (06;; + Oedja; + 0(6-" — 1)éjic;/(c|c)), where € + é = 
(a|a) = (c|a) = 0, ea ¥ 0, (c|c) ¥ 0, 06 = 1, 6 ¥ 1, form for each admissible 
6 a single set of Gg” QmQmrQm—2/Q; conjugate operations in G,, whose orders 
divide p(q +1). They satisfy the relation 

(IV) T-M’(a;e;c, 0)T = M’(aT; €;cT, 6). 

The proof hinges on the fact, (see U), that the subgroup of G,, which leaves 
a vector c fixed permutes transitively among themselves the vectors a orthogonal 
to c, at least to within a multiplicative factor which does not affect the matrix. 
This shows that these matrices are all conjugate to each other in G,,. To deter- 
mine their number, we find that Q»—:Qn—2/Q: matrices M(a; ¢«) are permutable 
with each of the g”—"Q,./Q; matrices M’(c; 6), and that a matrix M’(a; €; c, @) 
ean be resolved in only one way, namely, M = M?*!. M~, into a product of the 
form M (a; «)-M’'(e; @). 


3. We turn for a moment from an algebraic to a geometric point of view. 
In U it was shown that there are Q,.Q,.-: GF-vectors a # 0 for which (a|a) = 
0, and that corresponding to these vectors there are QnQm—+/Qs rays R., each 
consisting of the Q. non-zero multiples of a given vector a. It was also shown 
that these rays are permuted transitively among themselves by the matrices 
of G,,, when m > 2, and further that the subgroup of G,, leaving one ray R, 
invariant permutes transitively among themselves the rays R. for which (a|c) # 
0, and also among themselves the rays R, + R, for which (a|b) = 0. This led 
to a representation of the group H,, as a transitive permutation group P,, on 
QmQm—1/Q2 symbols. Considered as a group of linear transformations it was 
shown that this group has just three irreducible components for m > 3, and 
only two form = 3. (This exception is due to the fact that when m = 3 there 
are no rays R, ~ R, such that (a|b) = 0.) Of these two components for m = 3, 
one is the identity representation, and the other is an irreducible representation 
of degree q’. 

By altering slightly the form of the permutation group P,,, we now find a 
set of monomial representations of H,,. From each ray R, we pick a particular 
vector a. Now since the rays are permuted transitively by the permutation 
group P,,, these vectors undergo a monomial representation in which the factors 
are marks from the GF(q°), satisfying the equation x*-' = 1. Since in products 
of these monomial matrices only the multiplicative property of the factors comes 
into play, we may replace these factors by ordinary (q? — 1)-th roots of unity in the 
field of complex numbers. Thus we obtain g — 1 monomial representations of 
G,,, some of which may be equivalent. Now //,, is the factor group of G,,, of 
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index d, obtained by letting the transformations z; = ax;, where a’ = 1, cor- 
respond to identity. So if in all these monomial representations of G,, we re- 
place each multiplier by its d-th power, then each element of the central of G,,, 
and these alone, will be represented by the identity, and we shall obtain a set of 
isomorphic representations of H». 

The questions of reducibility and equivalence of these representations may be 
answered by examining their characters. For any given matrix the trace, or 
character, is the sum of the multipliers affecting the invariant rays. (This sum 
is now to be interpreted in the field of complex numbers.) Conjugate matrices 
have the same trace, and two isomorphic representations are equivalent if and 
only if corresponding matrices have the same traces. The sum, taken over all 
the matrices of a group, of the squared absolute value of the trace is a multiple 
of the order of the group, this multiple being unity if and only if the group is 
irreducible. 

One or two restrictions on the multipliers of these matrices are of importance 
in determining the characters. The properties of transitivity mentioned above, 
(when m > 2), show that corresponding to a matrix T leaving one ray, or two 
non-orthogonal rays, or two mutually orthogonal rays invariant, there is some 
conjugate matrix which does the same to arbitrary rays with the same properties 
of orthogonality. If the matrix T takes the vectors a into k,a, and by into 
kebo, then (do | bo) = (kao | kebo) > Eik2(ao | bo). If (do | bo) = 0, we must have 
k,k2 = 1, which means k, = kj’. If a third ray R., is invariant under 7, (i.e., 
if coT’ = ksco) and if (ao| co) ¥ 0, (bo | co) ¥ 0, it follows that k, = kz = k;3 = @, 
where 06 = 1. In this case all the linear combinations of ao, bo, co are multi- 
plied by the same factor @, so the corresponding rays are all invariant. Now 
for m > 2 we can always find matrices which leave two non-orthogonal rays, 
and no others, relatively invariant. Let the complex numbers ¢ and ¢~*, where 
¢°”* = 1, correspond to these G.F. factors k,, and kz = kj*, which affect the 
rays. Then for (q — 2)Q,/2d values of ¢ ¥ $~*, and for Q;/d values of ¢ = $~%, 
the characters ¢ + $~* are all different. Hence we have obtained in this way 
at least qQ;/2d distinct monomial representations of H,,(m > 2). 


4. We are now ready to study in detail the characters of the monomial repre- 
sentations of H,, when m = 3. In this case no two distinct rays R, with (a|a) = 
0 are orthogonal, so the above restrictions on the multipliers are valid. (1) Only 
the d matrices of the central of G,,—those which correspond to the identity in 
H,,—can leave three linearly independent rays invariant, and they will leave 
each of g* + 1 rays absolutely invariant. Hence the identity has the character 
q + 1 in each of the monomial representations. (2) In addition to the identity 


there are (Q,/d) — 1 sets of (2) / (3) = ¢Q;/Q: conjugate elements of the 


form III discussed in §2. These multiply each of the Q, linear combinations of 
two linearly independent vectors by the same factor @". In the monomial repre- 
sentations these have the character Q,(¢*')", where ¢ is a complex number 
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satisfying the equation ¢°* = 1, and n = 1, 2, --- ,(Q,/d) — 1. (3) In like 
manner we find (q¢ — 2)Q,/2d sets of Q3:q* conjugate elements in H; which affect 
two vectors a) and bp with different factors, and have the character ¢" + ¢-", 
as given above. The (q — 1)-th power of such a matrix lies in one of the sets (2) 
just discussed, since it multiplies both vectors by the same factor. 

Matrices leaving just one ray R, invariant may either leave it absolutely 
invariant or multiply it by a factor. They are all included in the subgroup of 
h3/(QsQ2/Q:) = @Q:/d matrices permutable with the matrix M(a;«). Hence 
their orders are factors of g°Q,/d. (4) The matrices M(a; «), of the form (I) 
discussed in §2, form a single set of Q;Q2/Q; conjugates, each of order p, and 
correspond to matrices with character 1 in the monomial representation. (5) 
The matrices (II) of order 4 (when p = 2) or p (when p > 2) form d sets of 
Q;Q.q/d elements, also corresponding to monomial matrices with character 1. 
(6) The matrices (IV), whose orders divide pQ,/d, cannot leave a ray absolutely 
invariant, since their p-th powers do not. But since the Q,/d-th power of each 
of these does leave a ray invariant, the corresponding multiplier must be of the 
form (¢*"')", n = 1, 2,--- ,(Q:/d) — 1. Here we have (Q,/d) — 1 sets, each 
of Q;:Q2q?/Q; conjugate monomial matrices. 

There remain two or three types of sets of conjugate matrices which permute 
the g® + 1 rays, leaving none invariant, and have therefore the character 0 in 
the monomial representation. Their orders must divide q + 1. Of this type 
are the diagonal matrices with three distinct multipliers #, @, @-*“, where 
68 = 1. Such triples may be chosen in (Q? — 3Q, + 2d)/6 distinct ways. 
When d = 3, triples obtained from one another by multiplication by » or o*, 
where w*= 1, correspond to the same element of H;, so that in general d sets of 
conjugates in G; collapse into one in H;. Only a matrix of order d, such as the 
diagonal matrix with multipliers 1, w, w, is taken into a conjugate matrix in G; 
by such a multiplication. It is permutable, up to a factor w', with that sub- 
group of H; of order Q? generated by the Q?/3 multiplications and a permuta- 
tion of order 3. This gives us (7): a set of h3/Q? conjugates of order d, when 
d = 3 (otherwise like type (8)). The rest of these matrices of diagonal type 
are permutable only with the group of Q?/d diagonal matrices, and (8) they 
belong to (q? — q — 8 + 2d)/6d sets of hsd/Q? conjugate matrices in H3, whose 
orders divide Q,/d. 

The final type (9) to be considered includes matrices of order (q? — q + 1)/d. 
Since for the character of any matrix T in the GF(q) representation we have 
x(T") = x(T), each matrix of order (q — q + 1)/d has the same charac- 
ter as its g@-th and q¢*-th powers—that is, as its (q — 1)-th and (— q)-th powers 
—and can be shown to be conjugate to them. The identity excluded, the 
(q¢?—q+1—d)/d powers of one properly chosen matrix lie in (q¢?—q+1—d)/3d 
sets of h3Q.d/Q; conjugates, since each such matrix is permutable only with a 
cyclic group of order (q — q + 1)/d. All the A; transformations of H; are now 
accounted for. We have a total of q(q + 1)/d + d + 1 sets of conjugates, so 
this must be the number of irreducible representations of the group //3. 

In summary, we tabulate in four columns the number of sets of each of the 
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nine types, the number of matrices in each set, the character of a matrix of the 
set in the monomial representation corresponding to a particular (q? — 1)/d-th 
root of unity ¢, and a common multiple of the orders of matrices of that type. 


Sets Matrices in set Character Multiple of 
order 
1 1 g@+1 1 
(q+1)/d-1 (?@-¢g+)?¢ (q + 1)(¢*")” (¢ + 1)/d 
(q? — q — 2)/2d (F+ l¢ o* +o" (g — 1)/d 
1 (F + L(g -— 1) 1 Pp 
d (F + 1)(@ — lad 1 p, or 4 = p*. 
(q+ 1)/d-1 (+ 1)(qq -— D¢ (o*")* p(q + 1)/d 
1 (?@-q+)q@-—Dde/d 0 (q + 1) 
(@ —q—8 + 2d)/6d (? —¢ + 1)(q — 1)¢ 0 (q + 1) 
(?@-—q+1—-d)/3d (¢ — 1)q + 1)¢ 0 (? —q+1)/d 


5. The standard relations between characters show that the (q? — q — 2)/2d 
monomial representations obtained from values of ¢ * ¢~* are all irreducible, 
while the others with ¢ = ¢~* each have exactly two irreducible components. 
The permutation group P; discussed in U is obtained by taking ¢ = 1, and 
is easily split into its two irreducible components. The problem of splitting 
the others is not so easy. First we must write the degree g* + 1 as the sum 
of two factors of the order h; = (q° + 1)(@ — 1)q*/d. One of these must be 
either 1,q¢ + 1,orqg@ —q+1. The first gives the identity component of P; 
(no other representations of degree 1 are possible in a simple group), but the 
second is found to involve incompatible conditions on the characters of the 
elements of order (q? — g + 1)/d. There remains only the possibility (¢° + 1) = 
g(a —q+1)+ (@—¢+1). By actually working out the tables of characters 
for gq = 3, 4, 5, with the aid of many known relations between characters of 
irreducible representations, it was found possible to obtain for most of these 
characters literal expressions in terms of g and d, such as to satisfy the required 
relations in literal form. With these at hand, we then constructed the tables 
for qg = 7 and 8, and obtained further general information about those characters 
whose literal form was not yet determined. Omitting further details, we note in 
conclusion that the g(q + 1)/d + d + 1 distinct irreducible representations fall 
into nine types, as did the sets of conjugates, and that their degrees are as 
follows. 


1 of degree 1 

1 “cc “cc g 

1 “= “ €=-¢€ 
(?@—q+1-—d)/3d “ “ (-1q+) 

d ce  @-a+ VD@—- 1/d 
(?—q-—8+2d)/6d“ “ (?—q+Dq—- 1) 
(q — q — 2)/2d a * +5 
((q + 1)/d) - 1 ec dF — 9+ 1) 


((q + 1)/d) - 1 “ "= €=-041 
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To illustrate the theory, we give below the complete table of characters for 
the group HO(3, 25), of order 126000. Here we have gq = 5,andd = 3. Each 
row corresponds to a complete set of A, conjugates, and each column to an 
irreducible representation. The numbers A, are on the left, and h/h, on the 
right. 


Ay h/hy 

1] 1 125 20 144 144 28 28 28 84 126 126 126 105 21 | 126000 
525 | 1 5 —4 0 0 —4-4-44 -6 6 -6 1 5 240 
15750}1 1 O 0 0 0 0 0 0 iv¥2 0 -i¥2 -1 -1 8 
15750/1 1 O 0 0 0000 0 -2 0O 1 1 8 
15750 | : 2.4 0 0 0 0 0 0 -i¥2 0 iv2 -1-1 8 
504/1 0 —5 —6 —6 -*ess&e J 1 1 5 —4 250 
5040/1 0 O ~f - 5S =§<-G=3 1 1 1 01 25 
5440/1 0 0 =I =~] —$8 -8-1 1 8 8 @2 25 
5040/1 0 O —1 —1 —-2-23 -1 1 1 1 0 1 25 
12600 | : @ 4 0 0 14 tt =< =] 1 -1 1 0 10 
3500/1 —1 2 0 0 tt 2 @ 0 0 -3 3 36 
10500 | 1 —1 2 0 0 -l1-1-11 0 0 0 1 -1 12 
18000 | 1 —1 -1}(1+iV7) }(1-—iv7) 0 0 0 0 O 0 0 0 Oo 7 
19000 | 1 —1 —14(1 —iv7)401+iv7) 0 0 0 0 O 0 0 0 0 7 
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NECESSARY AND SUFFICIENT CONDITIONS IN THE MOMENT 
PROBLEM FOR A FINITE INTERVAL 


By R. P. Boas, Jr. 


1. Introduction. The moment problem of F. Hausdorff is the determina- 
tion of necessary and sufficient conditions that a sequence of numbers {u,} 
have the form 


(1) [fo eda) = (n = 0,1,2,---), 


where a(t) is required to belong to some particular class of functions. If a(é) 
is an integral, (1) becomes 


1 


(2) [ tp(t)dt = un (n = 0,1, 2,---). 


Since for any ¢(¢) which is integrable (in the sense of Lebesgue) the numbers up, 
if of the form (2), must have the property that y,, = lim u, = 0, we shall con- 


no 


sider also conditions that a sequence {u,} have the form 
1 
(3) [ irp(t)dt = un — wy, (n = 0,1,2,---). 


Stating the problem in the form (3) merely serves to simplify the formulation 
of some of our results. 

Hausdorff! has obtained necessary and sufficient conditions for the existence 
of solutions of (1) and (2) under a variety of conditions on a(t) and g(t). Hilde- 
brandt? has obtained one of Hausdorff’s conditions for the moment problem (1) 
by utilizing the theory of linear operations,?* the polynomials of 8. Bernstein, 
and a classical theorem of F. Riesz on the general form of a linear functional in 
the space of continuous functions. Professor Widder suggested to me that it 
should be possible to obtain conditions analogous to Hausdorff’s by the method 
of Hildebrandt, but using, instead of the Bernstein polynomials, two inversion 
operators which he has developed® for moment sequences known to have the 


Received April 2, 1935. The author is indebted to Professor D. V. Widder for suggesting 
the subject of this paper, and for valuable advice and encouragement during its prepara- 
tion. 

1 F. Hausdorff, Momentprobleme fiir ein endliches Intervall, Mathematische Zeitschrift, 
vol. 16 (1923), pp. 220-248. 

? T. H. Hildebrandt, On the moment problem for a finite interval, Bulletin of the American 
Mathematical Society, vol. 38 (1932), pp. 269-270. 

* By a linear operation we shall understand an additive and continuous operation. 

3D. V. Widder, The inversion of the Laplace integral and the related moment problem, 
Transactions of the American Mathematical Society, vol. 36 (1934), pp. 107-200. 
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forms (1) and (2). This has been found to be the case; we shall derive below 
criteria for several forms of the problem treated by Hausdorff, and for some not 
considered by him. In addition, the method of proof has been considerably 
simplified by the use, not of the general theorems of Riesz and Steinhaus on the 
form of linear functionals in various spaces, but of the specialized theorems (of 
course derivable from the more general results) which give necessary and suf- 
ficient conditions for the solvability of the moment problem in certain cases, 
but which are inconvenient in practice (they are stated below as Lemmas 1, 2, 
and 3). In this way the continuity argument which is always involved no 
longer appears explicitly; it is made once for all in the establishment of the 
general theorems. 

The central idea of the method is based on the close relation between the 
moment problem and the theory of linear operations. For the purpose of con- 
crete illustration we restrict ourselves for the present to the moment problem 
(1) under the condition that a(t) is a function of bounded variation. If we 
define an operation M[P,(t)] on polynomials P,(¢) by the relation 


(4) m{P.(o) = M$ aut |= ¥ aun, 

1=0 1=0 
the problem of determining when a(t) of bounded variation exists satisfying (1) is 
the same as the problem of determining a sufficient condition for the existence 
of such a function satisfying 


(5) [/Pcoaat = M[P,(0)] 
0 


for all polynomials. Now, the necessary and sufficient condition of Riesz for 
the moment problem (1) to have a solution becomes in this case that for some 
K > 0, and for every polynomial P,(t), 


6) | MIP,(]| $ K || Pa|| = K max | Py(t) |. 


Hence, to show that a condition on the sequence {x,} is sufficient for the exist- 
ence of a solution a(t) of (1), of bounded variation, we need only show that it 
implies the relation (6). We may expect to be able to establish such an im- 
plication if we can obtain some function of the u, and P,,(t) which approximates 
M[P,(t)] arbitrarily closely for every polynomial. Such a function will be 
obtained in terms of the inversion operator mentioned above. 

This inversion operator‘ is defined as follows.' 


(n+k-+ 1)! . kt 
Leste) = ®+EEM (iy, n=[-#], ose<i; 


Lx, 14 und = Ly, 1- unt . 


*D. V. Widder, op. cit., p. 178. 
5 Here and henceforward, |x] denotes the greatest integer S z. 
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We shall also need another operator defined by Widder; we give its definition 
here for future reference: 


Sielunt = —4, — > es (—1)*Hattty, , ~~ Fk 


t=n+1 
Sko = — (le, Ska = —f,- 


In terms of the operator L;.:{u,}, a necessary and sufficient condition for (1) 
to have a solution of bounded variation on 0 S t S 1 is that for some K > 0, 


(A) [i tnstual [dt < (k = 0,1,2,---). 


This condition has been previously obtained by Widder*® by a method different 
from that by which we shall obtain it here. 

We shall also obtain, in terms of the same operator, and by the same method, 
but using different general theorems on the moment problem, several criteria 
for particular cases of the problem (3). Our principal results, in addition to 
(A), above, are the following. 

For (3) to have a solution ¢(¢) which is, on (0, 1): (B), in the class? L™ (r > 
1); (C), bounded almost everywhere; (D), in the class L™; (E), of bounded 
variation; (F), continuous for 0 < ¢ < 1; it is necessary and sufficient, respec- 
tively, that 


1 

(B) [ | Lie{un} |" dt < Kr (k = 0, 1,2, ---); 
0 
(C) | Liclun} |< K (k=0,1,2,---;05¢81); 
1 
(D) lim | Lie {un} — Lere{un} | dt = 0;8 
kk’ JO 
1 

(E) [ | dLxe{un} | < K (k = 0, 1, 2,---); 

0 


(F) The sequence of functions Z;.{u,} converges uniformly, 0 S$ ¢ S 1. 


The extremely symmetric form of these criteria makes them analogous to the 
integral criteria of Hausdorff,? which involve Legendre polynomials. Our 
criteria, it should be noticed, can be expressed solely in terms of the differences 
of the sequence {u,}. It can be shown directly, by algebraic manipulation, 
that the condition (A) is equivalent to the condition given by Hausdorff for 
the corresponding case; this question will be discussed in the last section of 


6 D. V. Widder, op. cit., p. 194. 

7 As usual, L‘*) denotes the class of functions integrable, together with their r powers, 
in the sense of Lebesgue. 

5 That is, the sequence Li, {u,} converges in the mean (of order 1). 

* F. Hausdorff, op. cit., p. 246. 
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the paper. Condition (C) is, except for notation, precisely Hausdorff’s condi- 
tion. The criteria which have been given by Hausdorff for case (D) all involve 
Legendre polynomials; a criterion involving merely the differences of the se- 
quence {u,} does not appear to have been previously given. The case (F) does 
not appear to have been treated before. As a corollary of (F), we shall obtain 
also a condition for the solvability of the moment problem (1) by a continuous 
function a(t). 


2. Preliminary theorems. We shall need a number of lemmas, most of 
which are known results which we merely state with appropriate references. 
There are first the theorems of F. Riesz and H. Steinhaus referred to in the 
introduction. 

Lemma 1.'° For (1) to have a solution a(t) of bounded variation, it is necessary 
and sufficient that for some K > 0 and for every polynomial P,(0), 


(7) | MIP.()]| SK max | P,()| = K || Pad lla. 





Here M[P,(t)] is the operator defined by (4). 
Lemma 2."' For (2) to have a solution g(t) in L™ (r > 1), it ts necessary and 
sufficient that for some K > 0 and for every polynomial P,,(t), 


"1 1 
(8) utp.(ol| s K(| | Pa(d |" dt) = K-|| Pala, (i+1=1). 


Lemma 3." For (2) to have a solution g(t) which is bounded almost everywhere, 
it is necessary and sufficient that for some K > 0 and for every polynomial P,,(0), 


K || Palle. 


1 
(9) | M[P.()]| K[ | P(t) | de 
0 
We shall also need three inversion theorems for moment sequences which 
are known to have the forms (1) and (2). 
Lemma 4." If a(t) is of bounded variation on (0, 1), of a(1) = 0, and of 


1 
fin = | i” da(t) (n = 0, 1, 2, th ies ), 
0 
then 
a(t+) t a(t—) = lim Srrf{pn} (0<t< 1). 
k-+m 


1° F, Riesz, Sur cerlains systemes singuliers d’ équations intégrales, Annales scientifiques 
de |’Ecole Normale Supérieure, (3), vol. 28 (1911), pp. 33-62; p. 43. 

uF. Riesz, Untersuchungen tiber Systeme integrierbarer Funktionen, Mathematische 
Annalen, vol. 69 (1910), pp. 449-497; p. 469. 

12H. Steinhaus, Additive und stetige Funktionaloperationen, Mathematische Zeitschrift, 
vol. 5 (1919), pp. 186-221. Steinhaus does not actually state this theorem, but it is a simple 
consequence of his results, and has been explicitly formulated in the form given here by 
S. Banach, Théorie des Opérations Linéaires, 1932, p. 75. 


‘8. V. Widder, op. cit., p. 179. 
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Lemma 5." Jf g(t) is integrable on (0, 1), and if 


1 
Kn = [ t*o(t) dt (n = 0, 1, 2, coe 3 
0 


then 
g(t) = lim Lxt{un} 
almost everywhere on (0, 1). 
Lemma 6. Under the hypotheses of Lemma 5, if in addition g(t) is continuous 
for 0 S t S 1, then 
g(t) = lim Lxt{un} 


uniformly for0O S tS 1. 

More generally, it can be shown by methods parallel to those used in the 
treatment of the corresponding theorem on Laplace integrals," that if ¢(¢) is 
merely continuous for a < ¢t S b, where 0 S a < b S 1, then 


g(t) = lim Lee fun} 
k-—+00 


uniformly for a’ S ¢ S b’, where a < a’ < b’ <b. However, we shall not need 
this more general result. 
We proceed to establish Lemma 6. We begin with g(t), a polynomial. It is 


clearly sufficient to consider the case g(t) = t, raninteger. Then, for0 Ss t < 1, 
(ntk+i1)! [' ; kt 
Lxt{un} = — nikt6 dd y"*"(1 — y)* dy, = 1_? 
_— (r+n\(r+n—1)--- (+1) 
~~ (r+n+k4+1)---(n+k+4+2)’ 
by use of the Beta function. This fraction is the product of r terms of the 
form 





ct , 
_ eft 
<i = as * Si: ES (0<jsr-1). 
r+n+k+1l—-j° : eee 


It will be sufficient to show that the limit of each such term is ¢, uniformly for 
Ost<tlask— ox. We have 


: kt , kt , kt 
- m . <= ’ i 
kt 


ay kt .  * 
r—jtl+k+ r—j+tths| Mo] r—j+kt 


IIA 


and it can be seen at once that the two extreme members of this inequality both 
approach ¢ uniformly on 0 S ¢ < 1. Hence the middle term does so also. On 


“]). V. Widder, op. cit., p. 188. 
1% 1). V. Widder, op. cit., p. 126. 
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the other hand, the representation above for Li,:{un} shows that Li,i{un} = 
= t’],_, > 1; hence the limit is uniformly approached in the closed interval. 
This establishes the lemma for polynomials. 
Now if ¢(¢t) is any continuous function, given any « > 0 we determine a poly- 
nomial ¥(¢) such that 


le) —W| <« (0st 1). 
Set 
n= [evoa a = & 4% ++). 
Then 
|Lastan} — Laaton) |= @ EE DY f° yaa — yyy) — vd) dy 





. 1 f? 
se Att! y"(1 — y)* dy =« (Ost <1). 
n! k! 0 


This holds for 0 S$ ¢ S 1, by continuity. We then have 

|e(t) — Leslun}| Sle — WO) + WO) — Lerten} | + | Leclon} — Leslun} | 
3¢, 

for k sufficiently large, uniformly for0 S$ ¢< 1. This establishes the lemma. 


We shall need one general result on sequences {yp}. 
Lemma 7.° If 


lA 


IIA 


b> (” 4 *) Aftiyn,| << M 


ip=m 





(m = 0,1,2,--- ;k = 0,1,2,---), 


then the limits 
(10) lim (’ 7 *) AF post 


exist (k = 0, 1, 2, --- ) and, except perhaps for that corresponding to k = 0, all 
vanish. 

We note here for future use the following properties of the functions Lie{ un} 
and Sxe{un}. 


(11) Lesfun} is a step function, with jumps of amount 


((+k+1)! (i +k)! 
= itk! (—1)* A wi = Tas Dim (— Dt a 


at the points 7/(i + k) (¢ = 1,2,--- ;k > 0). 
16D. V. Widder, op. cit., p. 189. 




















ee aes 
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(12) Sixs{u,} isa step function, with jumps of amount 
(. 1)*# r 7 *) Aftty; 
at the points 7/(¢ + k) (¢ = 0,1, 2, --- ); Sxo{un} = —o by definition. 


We are now in a position to establish 
THEOREM 1. For every sequence {u,} such that 


(13) Dit *) lawl <x (k = 0,1, 2, ---) 
i=0 
it ts true that 
1 
(14) pm — ng = im J emda 
k—-@ 0 
= li : i+k 8 \" ¢_yyestgen,, 
= tim ("5 (ay lilies 


The series and the integral in (14) are seen to be equal by (12). 
This is a special case of a known theorem.” Since the proof can be given 
much more simply in this more restricted case, we give it here. 


By Lemma 7, we know that under (13) the limits lim (? iH ‘) A*ugs1 exist, 


qe 
and, except perhaps for the one corresponding to k = 0, i.e., u,, are all zero. 
From this it follows by partial summation that 


(15) p> (’ M ¥ (—1)*1a'y,; = pe — pe, 
s=0 
and hence that 
7 - k 
— t+ ) —1)Ft+gttty,. 
Ho — B lim > ( k (—1) M 


This is the conclusion of the theorem for m = 0. We now proceed by induction. 
Assume the theorem proved for 0, 1, 2, --- , m; we establish it for m + 1. 

Since 7/(i + k) < 1, k > 0, the series on the right of (14) converges when- 
ever (13) holds. We have 


SC Ga cms 


—\ fitk\( i+1 \ 
->(‘t ) (ERY Cetera 





17]). V. Widder, op. cit., p. 188. 








456 R. P. BOAS, JR. 


Now it is seen at once that if (13) is true for the sequence {y,}, it is true also 
for the sequence {uni}. By the induction hypothesis, then, 


— SV (itk\( i \n 
lim 2 (' : \(; 4) (—1)FH ARH yi.) = mgt — Me 


ke i=0 





Now, 
» (¢ )GY - Gy 
hb ————}) — (___ —1)FHAttty, 
=r k i+k+1 i+k | 
—_ rs4 _k 
SN k JEP EF IPT 
>) (6+ OE + DPE +k + DIA | aya 
j=1 
s™ >) (FE *) arma s 5% 0 (k— @). 
i=0 


This establishes the induction, and the theorem is proved. 
Corotitary. For every sequence {un} for which (13) holds, and for every poly- 
nomial P,(2x), 


(16) MIP,(2)] — w.Pa(1) = lim [  Pa()dSea{un}. 
0 


oe 


3. The deduction of criteria (A), (B) and (C). We first prove 
THEOREM 2." A necessary and sufficient condition for (1) to have a solution 
a(t) of bounded variation on (0, 1) is that for some K > 0 


1 
(A) [ | Leslun} |dt << K (k = 0,1,2,---). 
0 
We establish first the necessity of the condition. Since Zo.{un} = wo, 0 S 
i = 1, we may suppose henceforward that k > 0. Set 
1 
n= ff tdV (t) (n = 0,1,2,---), 
0 


where V(t) is the total variation of a(u) on0 Su st. Then 


| tus | = | [a — t)*da(t) | < [ (1 — t)'dV(t) = (—1)*A*y;. 


18D. V. Widder, op. cit., p. 194. 
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By referring to the property (11) of Lx:{un} we see that 


1 wo . Md 
. tte SOSOS Oe if 448 . 
(17) i | Lee{un} | dt = > TCS | A*u; | i+k+1 i+k 


(eee Irv 
.* , ini ') (—1)*A*y,; , 


provided that this last series is convergent. We saw in the proof of Theorem 1 
that 





M:iMs! 


t=0 


>» (' + : he ') (—1)*A*y; = %¥— Ve 


i=0 


provided that 


(18) lim D,x = lim (—1)* (’ 4 *) A'vgis = 0 (k = 1,2,---). 


qe qe 


We proceed to establish (18). When this has been done, we shall have from (17) 
1 
[ | Leslun} |dt Sm — v, (k = 1,2,---). 
0 
We have 


Ds=(*7") [ena — orev = [” (7 F")ena — ave, 


since (1 — t)*t?+! vanishes att = 1. Then, 


Dia | 7 (’ : ‘) (1 — t)'dV(t) + / 2 (*t *) wH(1 — t)*dV(t) 
0 1-68 


Now the maximum of ¢*+'(1 — ¢)* occurs for ¢ = (q + 1)/(q + k& + 1), and 
simple computation shows that there is a number A(k) depending only on k 


such that 


(9¢*) ena — os AW) 0 <t<). 
Hence 


I, = A(k) [° dV(t) = A(k){V(i—) — V1 — 4)} <e, 
1-8 
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for an arbitrary preassigned « > 0 and for 6 chosen sufficiently small. Now 
we fix 5, and note that 

lim ( . *) e+(1 — )* = O, 

qe k 
uniformly for 0 S$ tS 1 — 6. We may then take the limit under the integral 
sign in J,, so that lim J, = 0. Hence 


qe 


lim Dux = 9 (k = 1,2,---), 


ene 


which completes the proof of the necessity of (A). We now establish the 


sufficiency. 
Supposing (A) satisfied, we have, by the corollary of Theorem 1, for every 


polynomial P,(z), 


(19) M[P,(z)] = », Pal) + lim >(' + *) P, (4) (—1)Hattty,, 


i=0 


[MEP aG2II Sle Pad) | + tim >> (°£*) | p. (-25)|- Lata 


S ({u.| + K) || Pa |la = K’ || Pola. 


This is condition (7). This establishes the existence of the desired function a(t). 
THEOREM 3. A necessary and sufficient condition for (3) to have a solution 
g(t) in L™,r > 1, is that for some K > 0, 


1 
(B) [ |Lielun} \"dt < Kr (k = 0,1,2,---). 
0 





We prove first the necessity of the condition. It is trivial fork = 0. Since 
y(t) is given as a solution of (3), we have, fork > 0,0 S$ t <1, 


w+ h+ (—1)*A*un 


Lasloal = STE 

= i ba [ u(1 — u)*e(u)du, n = [4]. 
Now, 
(20) elu) du =f) (PFE 2) wet — wh | ole) rd, 


p=0 


for any given k > 0, since 


= p+k-—-1 ae - : 
> ( )ea tt = 1 <st<1); 


p=0 











eee A Ao 
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moreover, this series is boundedly convergent, so that we may interchange the 
order of summation and integration in (20), obtaining 


[ | ou) |"du = > [ oer aoe ') (1 — u)tu? | o(u) |rdu 











x. = k ' (p+k + 1)! = ; 

- 2) @+ho+tTD |, ~~ pl kl (1 — u)tu? | o(u) | du 
: k (p+k+)! [' , lr 
2 > GFEGTITS| pik! J o-oo 


p=0 








? 


«¥ k (P+k+))! 
S (p+h\(p+k+1)| pik! . 


by use of the inequality” 


( [ Na) | ela) | dz) I " x(a) | (a) [rae (x >0, “Na)de = 1) 


Here 


(P+ k+l Gy _ pepe 


At) = pik! 


Hence, noting the form of Lir{un}, as given by (11), we have as in (17) 


5 p+ p : 
» e225 _ =P) Earsetie | 


p=0 


1 
I | Lit{un} Ir dt. 
0 


This establishes the necessity of (B). We turn now to the proof of the suf- 


IV 





Kr = [ "1 plu) [edu 





ficiency. 
We are now assuming 
k \(p+k+ 1)! f 

21 Atup| < Ke (k =0,1,2,---). 
” p D+H@+k+))! ple! 
We shall show that 

= k-—1 
(22) ars Jia <K, 


p=0 


19 Used in a similar connection by Hausdorff, op. cit., p. 233. 
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uniformly for k = 1, 2,---. To this end, consider 

Si (P+E=1N a 2 SY (Ot DO +h+ DY" 
— p | Mp | = hood k 

p= = 


k i abate = (2 1 ) 
rz ee | A ply a -=1 
(Gonececn) ( p ” rts 








: (> (2th 2 k + yy ‘7 +k- t) stan y 
pao k z | 
+ k I/s 
(> (p+ k)\(p+k+ 3) 
s (> ik _|@+k+0! - ‘y" 
= (p+ k)(p+k+1)| pik! | 
. k Us 
(> (p+k)\(p+k+ ») 
< K, 


by (21), since > k/(p+h)(p+k+1) =1,k >0. 


This holds for any P > 0; hence the series in (22) converges, and relation (22) 
is valid. 

Now (22) is (13) with k replaced by k — 1, and the corollary of Theorem 1 
applies; that is, for any polynomial P,,(¢) 


| 
ar — p+k—-1 p 
(23) |M[P,] —u, P.(1)| = lim | > ( » )Po(P 5) (—188n 


| p=0 





where it is to be noted that because of (22) the series on the right is convergent. 
Now, 


as (? $3 - ') Pp ( Pp 4)( ee) =) 
|S p “\p+k—WMpt+h(p+k+D 


(e+. e+! +H (—1)*Aty, | 


























CONDITIONS IN THE MOMENT PROBLEM 461 


s(> (theses ny (7+) an, [)". 
oO | l/s 
|p. (2) | 
(>| p+k—1)| p+ H@+k+) 


neta) Gt -s) 
p+k—1/| \p+k+1— p+hk/! 


= K(G,)"* ( + 1 = 1). 
r s 


It is to be noted that the series denoted by G; is actually convergent, because 
| P,(t) | is bounded; furthermore, it is easily seen that 














IIA 





> 


p=0 | 





K.| 
( 


1 
lim G; = / | P,(t) |* dt = (|{ Pa |Is)*. 
ke 0 
Hence, returning to (23) we have 
| M[P,(t)] - uP (1) | s K || P, lle, 

which is the condition (8), sufficient to ensure the existence of a function ¢(t) 
of L™ such that 

Mn — He = [ t"o(t)dt (n = 0,1, 2,---). 

0 


The theorem is thus established. 
TuHEoREM 4.2% A necessary and sufficient condition for (3) to have a solution 
g(t) bounded almost everywhere on (0, 1) is that for some K > 0, 


(C) | Leelun} | < K (k= 0,1,2,---;0S¢51). 
We establish first the necessity of (C). 
: (n+k+1)!,., kt 
| Lit {un} | = viet | A‘ un | r= rad ’ 0 < t< 1 
’ | f 
= (n +k = aa (1 — u)*urye(u) du 
n! k! | Jo 
: ' 1 
< ++! - true max | ¢(u) | (1 — u)*u"du 
nik! osts1 0 
= true max | g(u) | < K (k = 1,2,---). 
ost<s1 


20 F, Hausdorff, op. cit., p. 237. 
% True max | f(z) |= M if | f(z)| Ss M almost everywhere, and if for every « > 0, 
| f(r) | = M — ec ona set of positive measure. 
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Fork = 0,n = 0, and| Losfun} | = | wo! S K; fort = 1, (C) holds by conti- 
nuity. 
We turn now to the sufficiency. If (C) holds, for any P > 0 
P «“ 
>> r eo« ') lat, ta a Me 
= P ss 2 oF HOTETD pik! be | 
E k 
= kK ——_—_—_—_—__. sK (k=21,2,.--). 
<K 2 ormhestsn~* | ) 
Hence 
= k _ 1 | ! , 
(24) > a )latuel SK (k = 1,2, ---). 


(24) is (13) with k replaced by k — 1; we may again apply the corollary of 
Theorem 1, so that for any polynomial P,(t) we have, applying (C), 


nS (8) Gta) os 


kn 


| M[P.(t)] — w. Pal) | 


p=0 
< K lim » P.( 2) — . oe 
SN ee AL" +8) OF OOFEFD 
= K|| Palle, 


as in the last theorem. This is the condition (9), which ensures the existence 
of a solution g(t) of (3), bounded almost everywhere. 


4. The criteria (D) and (E). The remaining criteria cannot be directly 
obtained from theorems on linear operations, since there are no relevant theo- 
rems available. The cases to be considered are all sub-cases of those already 
treated, and the criteria in each case result from an application of the more 
general criteria already found, together with an examination of the specific 
properties of the special classes of functions involved. 

We shall need an additional inversion formula for moment sequences of the 
form (1). We state it as 

Lemma 8. Jf 


1 
n= f t"da(t) (n = 0,1,2,---), 
0 
where a(t) is a function of bounded variation, 0 S t S 1, and a(1) = 0, then 


‘ t 
(25) a(t +) ¢ ba Pe im f Luulun} du (0 <t <1). 
kw JO 
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Proof. By Lemma 4, 





BH) + =) 0 tm Masten (0<t<)). 


Swale) = —te- Dy he (—1) Ay, n= Fe 





é=n+1 
= —ut+ > (' . *) (—1)'Hatty,; — > (' . ‘) (—1)*+HaFtty, 
= —ue + p> (’ . _ (—1)*a'4y; — po + we» 

i=0 


since the relation (18) established in Theorem 2 allows us to conclude that the 
limits (10) of Lemma 7 vanish, and hence that the relation (15) of Theorem 1 is 
valid. We thus have 


Sie{un} = —po + pS + ‘) (—1)*HaFtty,; 


s=0 





n+1 
— ‘ 7 | oe {un} du, n= [4] , 
0 -_ 


as we see by property (11) of Li.s{u,}. Our lemma will therefore be estab- 
lished if we show that for each fixed t,0 < ¢ < 1, 


— Mo + [ Lisiulun} du — Sxt{un} 








lim J, (¢) = lim 
ko 


kk 











t 
kk n+1 
n+k+2 
We have 
r 
(26) L(t) s : | List,u{un}| du. 





nt+k+2 


But we also have 


Lis1.u{ un} = eet t”’ (1 ai t)e+ da(t) , of = E23 





Since the maximum of t”’(1 — ¢)*+! occurs for t = n’/(n’ + k + 1), 


(n’ + k + 2)! ( n! y"( k+ a 
2) Eoualmll SATE Ma pea) Weeks) ° 


where A is the total variation of a(t) on 0 S ¢ S 1. Since u is restricted to 
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+1 


lie between = kao and ¢, an upper bound for the right hand side of (27) may 


be easily obtained by Stirling’s formula, and we find for the values u under 
consideration, 


| Lesiufun} | = O(V/k) (k — @). 
Hence, by (26), 


; " n+1 iin 
(28) [,(t) = of vi sabe »)} (k Be 





It is easily seen that 


n+1 | 1 7 
(— <35s3|" - (7) os 


and hence by (28) that J,(t) has the limit zerroask— «. This establishes the 
lemma. 

We are now in a position to establish 

TueoreM 5. A necessary and sufficient condition that (3) have a solution ¢(t) 
integrable over (0, 1) is that 


1 
(D) tim [| Lastua) — Lata | = 
k,k’se JO 
We prove first the necessity. We are given that 
1 
te (n = 0,1,2,---). 
) 
The series 
$ i+k-— 1)! DY ‘ = ‘a 


has its partial sums iti bounded with respect to y and k, as we noted 
before. Hence, for any integrable function w(y), 


[ea iay= [iow > ES wl — ah dy 
= (FEO) [oer iva — array 
i=0 
» (' * : 7 ') ff w(y)y(l — y)*dy|, 


0 


[ | Luwlaa} | dt, 


IV 


IV 


(29) [ * | ly) | dy 
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1 
where 7, = [ i"w(t)dt. Hence, taking w(y) = ¢(y), 
0 


(30) [veto bay = [1 tatnnh Lat, 
Given « > 0, we can find a continuous ¥(y) such that 
(31) [lem -volay <e. 
Also, by Lemma 6, if we set 
r= [ evcodt, 


we have lim Ly+{v,} = ¥(t), uniformly on 0 S ¢t < 1, and, 4 fortiori, 
k—+00 


(32) lim [ | Liefvn} — y(t) | dt = 0. 


ke 


Furthermore, the inequality (29), if applied to the function w(y) = {¢(y) — ¥(y)}, 
shows that 


[ | Lielun} — Lir{vn} | dt = [ | Liel{un — vn} | dt 
(33) ' 
< | le(y) — vy) | dy. 


We then have 


[ le) — Luslan} [dt < [ le) — vO |dt + i | v(t) — Laatvn} | at 


+ [ | Lit{un} — Liefvn} | dt, 
and for k sufficiently large, by (31), (32), and (33), 
[ico — Lis{un} | dt < 3¢. 
Hence 
(34) tim f° |e) — Lastaa} dt = 0, 


and from (34) the necessity of (D) follows immediately. 
We now establish the sufficiency of (D). By hypothesis, 


1 
lim i | Lee{un} _ Ly {pn} | dt = 0. 
k’o JO 


k, 
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t 
Let a(t) = [ | Lew{un} | du. Then, foranyt,0 sts 1, 
0 
t 
| ax(t) — ox-(t)| S [ I| Liwfun} | — | Levu fun) || de 


1 
[| tastual — Lernlual Ide. 
Thus the sequence {a,(¢)} converges uniformly on0 S$ ¢S 1. Hence, a fortiori, 
|a(t)| << K, K>0O, 
uniformly in ¢ and k. If we now express a;(1) as a series (using (11)), we find 
(35) S(t Namie (k = 1,2, ---) 
ZJ ; Bi, = #9 &) 


1=0 


t 
Now set 6,(t) = / Liutun{du. Then it is clear that the sequence {8;(t)} 
0 


converges uniformly on 0 S ¢ S 1 to a continuous function S(t). We shall 
show that A(t) is absolutely continuous. To this end, let « > 0 and a set E 
of non-overlapping intervals (t;, t;) be given. 


Di | Balti) — Belts) — Be(ti) + Belt) | = >| | (Lie{un} — Lere{un}) dt 


1 
< I | Lief un} - Lut {un} | dt <€, 
0 
for k and k’ sufficiently large. Let k be chosen sufficiently large and then fixed; 
let k’ — «©. We obtain 
€ = Dis | Bulli) — Belts) — BC) + (Cd | 
= 1 Dos! Beli) — Belt) | — Ds | BES) — BC) | I. 


Here k is fixed; since 8,(t) is absolutely continuous, we deduce that, if the 
measure of £ is sufficiently small, 


di! ati) — Blt) | < 2e, 


so that 8(t) is absolutely continuous. 
On the other hand, (35) is equivalent to (A), and by Theorem 2 implies that 


1 
(36) Kn = [ t"dy(t) (n = 0,1,2,---), 


*! The proof of this fact follows in essentials the outline of the proof of a similar result 
given by Hausdorff, op. cit., p. 247. 
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where 7(¢) is a function of bounded variation. By Lemma 8, 
v(t) = — ant tim La, ctua) du, (0<t<1). 
But 
att) = tim f° La, stua} du 


by definition. Hence 
A(t) — y(t) = mo, O0<t<l1. 
Since §(t) is absolutely continuous, y(t) is absolutely continuous for 0 < ¢t < 1, 
and since we may modify y(t) by an additive constant to make y(0) = (0+) 
without affecting (36), 
1 1 
m= [i vary +f votoa, 
1- 0 


where g(t) = y'(t) for 0 < t < 1, wherever the derivative exists, and is suitably 
defined at the remaining points of (0, 1) and at the end points. That is, 


1 
wn = (1) — y(l—) + [ t"p(t)dt . 
Let n — ~; the integral approaches zero, so that y(1) — y(1—) = u,, and 
1 
Hn — He = [ t"p(t)dt (n - 0, 1, 2, ale ). 
0 

The theorem is thus fully established. 

THEOREM 6. A necessary and sufficient condition that (3) have a solution ¢(t) 
of bounded variation, 0 < t = 1, is that for some K > 0, 


(E) [Vata tual |< K (k = 0,1,2,---), 


provided that we redefine Lx, o{un} = 0. 
Necessity. Given 


pn — te = f° rolba (n = 0,1, 2,--- ) 


assume ¢(1) = 0; this produces no change in the u,. Consider 


[vac (n = 1 2,---) 


1 
—n i t™1y(t)dt . 
0 


(37) Vn 
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Then 
ja fy = —- — > 


It may be established” that 
(38) Lx, t{ pn} c= Li, tun — Be} = Sz.efvn}, (k = 1, 2, --- ;0<t< 1). 


By Theorem 2, since (37) has a solution of bounded variation, 
ra 
(39) K> i | Less, e{va} | dl wit .-.5. 
0 
But we have 


J tassstond bat SY (FEE) pate ned = fase cd 


(k = 1,2,---), 





by using (11) and (12); ef. (14) and (17). Referring to (38) and (39), we have 
1 
ke | | dLiz,clun} | (kK = 1,2,---), 
0+ 
and hence, since we are taking Ly, o{u,} = 0, 


1 
K+ me jo |= | Madad| @e&%&---). 
@sitsl 0 


1 
For k = 0, [ | dLx,tlun} | =| mo| S max | (|. 
0 O0stS1 


Sufficiency. Given 


“1 
| | dLx,tl{un} | SK (k = 0,1, 2,---). 
0 
Then 
| ft | ihe . 
| Les {un} | = ‘| dL iu {un} | = | | dL, {mn} | = kK. 
0 0 
Hence (C) holds, and 
1 
Un — Me = i t"p(t)dt (n = 0,1,---), 
0 


where g(t) is bounded almost everywhere. By the inversion formula of Lemma 
5, o(t) = lim Ly.:{u,} for almost all ¢ on (0,1). But the Ly,:{u,} have uni- 
k-—+2 


formly bounded variation on 0 S ¢ S 1; hence ¢(é), if suitably redefined on a 


22D. V. Widder, op. cit., p. 180. 











anette BLS ATs 








CONDITIONS IN THE MOMENT PROBLEM 469 


set of measure zero, will have bounded variation also. This completes the 
proof. 


5. Further criteria. We establish now the condition (F). 
THEOREM 7. A necessary and sufficient condition that (3) have a solution ¢(t) 
continuous for 0 S t S 1 is that 


(F) {L,e{un}} be a uniformly convergent sequence, 0 St S 1. 


The sufficiency of this condition would of course be entirely trivial if the 
functions Ly {u,} were continuous; its chief interest, and the chief difficulty 
in proving it, come from the fact that these functions are actually step functions. 

The necessity of the condition is established in Lemma 6. 

Sufficiency. Let g(t) = lim Li,e{un}; the functions Ly,:{u,.} are uniformly 

ke 


bounded for 0 < ¢ < 1, and hence for some K > 0, | g(t) | < K. Condition 
(C) is fulfilled, and therefore there exists a function y(t), bounded almost 
everywhere, such that 


1 
Hn — He = i imy(t)dt (n = 0,1,2,---). 
0 
Since by Lemma 5 
V(t) = lim Lx, t{un} 
ko 


for almost all ¢, 0 < ¢ < 1, it follows that y(t) = ¢(t) almost everywhere on (0, 1) 
and 


1 
n-ne | tro(t)dt (n = 0,1,2,---). 
0 


It remains to show that ¢(t) is continuous,0 S ¢ S$ 1. We consider first the 
open interval. Given any fixed t, 0 < ¢ < 1, and given e > 0, take ky so that 
2AK(1 — t)/(kot)"? < €/3, where A is an absolute constant whose value will be 
specified later. Then choose k > ko so large that 


| o(t) — Li,elun} | < €/3 


for any ¢ in (0, 1) (this is possible because Li,¢{u,} converges uniformly to 
g(t)), and fix k. Determine 6 > 0 so small that k6 < 1/2. Then for any t’ 


such that | ¢/(1 — t) — t’/(1 —t’) | < 6 we have, ifn = FE _ :} n’ = eS oh 


3 kt kt’ kt kt’ 3 
, a a ee ape See ee , oe 
47-43-77 ~ '4*-* 85-47 ret" 43 


Thus n and n’, being integers, differ by at most unity. Ifn =n’, 


Lx, « {un} =~ Lx, {un} =0. 
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If n * n’, suppose for definiteness n’ = n+ 1. Then 


* 1 
Ln, {un} — Le, cfun} = (n+ +3)! u™*(1 — u)*e(u)du 





(@+itkt 
— FRED! [wl = wioluddu 
nik! 
= BEEBE EEE 2 yah welt — wholuda 
(n + k + 1) ! . n+l + 
~~ “(at wer 2 7, Wendl — wt} elu)du . 


Hence we have 


Dt) = | La, elun} — Lace fun} | 
(n+k+1)! [' 
re fe oN LD 
sk (n+ 1)!k! Jo 
Since u"*"(1 — u)*t! has a single maximum, at u = (n + 1)/(n + k + 2), 
and vanishes at the end points of the interval, the right hand member of this 
inequality is equal to 


OK % +k+ ') (mn + 1)"** (k + 1)*4! 





d n+l k+1 
du {us+(1 — u) } 


k (n +k + Q)ntk+2 
Applying Stirling’s formula, we find 





mk 
DW) SAR GEES OTD 


where A is a constant independent of k and¢. Since n = 4 ke | , 





/ k+l 
Dt) S AK .. & kt 
1—tl—f? 
-l-?t 1 ‘k+1 
= ART VEV 
pa =f 
But then 
le(t) — ot’) | S | o(t) — Leckun} | + |e’) — Lew fun} | + Dil) S 


This establishes the continuity of g(t) at the point t, which was arbitrary in the 
open interval; a simple argument will now show that, since the sequence Lz.1{un} 
is uniformly convergent in the closed interval, and since each Lys{u,} is con- 
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tinuous at the two end points, ¢(t) is continuous at the end points also. This 
completes the proof. 

We can obtain as a corollary of Theorem 7, 

THEOREM 8. A necessary and sufficient condition that the moment problem 


wn = [date (n= 1,2,---), 


with lim y,/n = 0, have a solution a(t) which is continuous (not necessarily of 


bounded variation) for 0 < t < 1, with a(1) = 0, is that 


(G) Lad - bet} be a uniformly convergent sequence on0 St S11. 
This may be simply proved by the use of Theorem 7 and integration by parts. 
In the same way, by using Theorem 6 one may prove 
THEOREM 9. A necessary and sufficient condition that the moment problem (2), 
with lim nun. = 0, have a solution g(t) which is an integral, with g(1) = 0, is 


that if we set v, = — Nun (n = 1, 2, --- ) and make a suitable definition of vo, 
1 
(H) lim [ | Lit {vn} _ Li’ t{vn} | dt = 0; 
kk’ JO 


that is, the sequence Li.z{v,} converge in the mean (of order 1). 


6. Equivalence relations. We shall now show that the condition (A) and 
the necessary and sufficient condition of Hausdorff,” 


ai 2 (”) barn | < (p = 0, 1,2, ---) 


i=0 


are equivalent, in the sense that either is obtainable from the other by algebraic 
methods, without appeal to the moment problem itself.% 

THEOREM 10a. Condition (A) implies condition (A’). 

We shall consider p > 0, since for p = 0, (A’) is trivial. We show first that 


(40) 2 4 ie < (—1)"A? up 
= wake (p = 1, 2, veept _ 1, 2, tg Fe 1) 


oo He (i = p) 
We noted in the proof of Theorem 1 (see (15)) that for any sequence {»,} for 
which y.. exists and 
(41) ere ‘ ri q A*yos = 0 (k = 1, 2, ee -) 


23 F, Hausdorff, op. cit., p. 232. 
24 1 am indebted to Professor Widder for an outline of the proof of this result. 
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we have 
(42) pS r ee ') (—1)'A'y, = » — vr. 


In the series in (40), set n — i =j. The series becomes 


x 


(43) > (F445 1) Caearnes- 


j=0 


y= (—1)P Aig, 

Then by (42), the series (43) gives 
SV (itg-1  (itg-1 a 
a) (FFF 7") ares = (EFF) ene, 


j=0 j=0 


((—1)?-iar-ip, (i = 1, 2, og a ee 1), 


itp — My (i= P), 
which is (40), provided that 
(45) lim (’ : ‘) AP ay = 0 (k= 1,2,---;0<i<p). 
qs a 


For k = 0,7 < p, (45) is the relation 


lim A?-‘p:.04, = 90, 
q2 
which a simple induction shows to be true; for k = 0,7 = p, the limit on the 
left of (45) is u,, as it should be. 
We now establish (45). By hypothesis, 


(A) >: (OE) at <K (k = 0,1, 2, ---). 


The series is convergent; its general term must approach zero as 7 becomes in- 
finite, for each k. In particular, 


(46) lim Etere Atip = 0 (k+p—i21). 


qd **s 
(45) will therefore be established if we show that for fixed k and p, for fixed 7, 
0 <i < p,and for some M > 0, 


q@+h)!G+q+D!kh+p—i-— 1)! » 
(47) . qk! aie k+p+o! ——————— < M (q = ie 4 cee), 
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(47) is equivalent to 
@+hkhq+k—1)---@+)) <M k! 
k+q+pe+pt+a—-l)--G@+q+2)~ &Fp—i-—iy 
(q = 1,2, ---), 








(48) 


which is certainly true because the numerator in (48) has k factors, the de- 
nominator has k factors at least for i < p, and each factor of the numerator is 
less than the corresponding factor in the denominator. We may therefore 
infer the validity of (45), and hence of (40). 

We next show that the series (40) is absolutely convergent. We use the 
form (43), and compare it with 


wo we . 
(ter lal K a 4%--), 


m= 


which is an immediate consequence of (A); or, setting m — i = j, with 


3) (i+i+P-1)) 4, x . 
(49) > ( p—1 ) armas <K (p = 1,2, ---). 
Referring to (43), we see that we wish to establish the convergence of 
bad . . pon 1 : 
(50) > S; YL arms (p = 1,2,---;¢ = 1,2,---,p). 
7=0 


To do this, we need only show that for some A > 0, and for each pair of values 
(p, t) considered, 





G@+j-D)!@-D!G+)! es 7 
G— Dit Gaiep—-Dyi 24 GrOb3---), 


or, 
G+ )G+i----G+)-@-VO-%--W oy 
G+i+~p-DG+i+~-D-- G+) **? 


which is clearly the case. This establishes the absolute convergence of (40). 
We now have, from (40), 








— (n—1 , 

jars >) (7 1) [3° a (p = 1,2,--- ;¢=1,2,---,p—D; 
(51), fa 1 | 

[art Sloe + (GT 5) lara G =p); 

| AP* ys | = | A? po | (i = 0). 
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Then, 
(52) SP) tartoel Snel + Larwl + > (2) (72 1) 1? 
= [ne -+ 1am | + >) jaron! > (P)(72 3) 
+ > arm (?)(72 3). 


We evaluate the two inner sums as follows. Write the first one as 
S, = >\(?\(*-! > 
Si a i “eo i (p = n) . 


Now, since 


a—or=(P) 4 (2)e4 (2) e+ ae +(?)e, 
a-or=("5")4 - Nee ("5 Ve 4 shi +(Qrie, 


the coefficient of ¢* in the expansion of (1 — t)"*?~' is 


C=0)+ CDQ + + 9Q-s. 


On the other hand, the same coefficient is 


“as. 
n 


Now write the second sum as 
E p n—1 
&- (2 )G23) a 


The coefficient of ¢?-' in the expansion of (1 — ¢)"*?— is, from the relations 
above, 


GPs )+G2) C3 )+~+ Gr) 


but the same coefficient is also 


(53) (TPT ta("tP- Naas. 


| 
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Hence we have 


(54) D>) (?) ard Ine + arm + >) parm (FE ’ 


t=0 n=1 
S\luel+K (p = 1,2,---) 


by (A). This shows that (A) implies (A’). 
THEOREM 10b. Condition (A’) implies condition (A). 
Let p > 0, arbitrary, be given. We then have 


(1 " t)k+ p-i = (1 oe, tet tp-i (t + ee t)i- 
i 1 
->(5 ) era — gies (0<isp,k2=0). 
j=0 J 
On each side of this equation we have a polynomial; since there are only a finite 
number of terms on each side, if we take the moments of both sides, using the 
given sequence {y,}, we may conclude that the resulting moments are equal. 
Thus 
i-1 ,,. 
(— 1H Att yp; = p> (’ se " (— 1)F+H Att yd, 
j=0 J 
and hence 


t-1 


| Ay | < »> (' j ') | Att¥t yy 5a |. 


y= 


Then, forming this relation for each 7, 1 S i S p, and adding, we obtain 


P 


Pp i-1 
k —?t k —1 -—1 
> ( 7? *Y [atte < Zz ( 7s ‘) > (' j ) at pis 


i=1 t=1 7=0 
p-l P 
t—1\/k+p-i 
= Ylarmmes! (5) ETE) 
7=0 t—j+1 
p-l k 
= (7 te) Latta. 
7=0 


For 


DGC) 


is the coefficient of ¢?-*-! in the Maclaurin series of (1 — #)-9* (1 — t)-@*» = 
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(1 — t)-“***), Hence, writing in the last inequality 7 in place of p — i, 


Yam k 4 p-l k 
S(t ams 3 (Pt Yaron 


< 
i=0 j7=0 
os k 
~at's ) ar a | (m = p—j— 1) 
m= 0 


IIA 
M: 
: 
a, 
s 
3+ 
> 
ed 
b 
a] 
> 
| 
3 
.~ 
IIA 
> 


by (A’). Since p > 0 was arbitrary, we have finally 
 (it+k . 
(A) yt ge Jism s K (k = 0,1,2,---). 
i=0 
This completes the proof of the stated equivalence. 
It is probably possible to show by similar methods that our conditions (B) 
and (E) are equivalent, in the same sense, to Hausdorff’s conditions for the 
corresponding cases. 


Harvarp UNIVERSITY. 

















GROUPS INVOLVING FIVE COMPLETE SETS OF NON-INVARIANT 
CONJUGATE OPERATORS 


By D. T. SicgLEYy 


1. Introduction. The finite abstract groups involving no more than five 
complete sets of conjugate operators were determined by G. A. Miller.!. W. 
Burnside? published the same results in his Theory of Groups of Finite Order. 
Some general theorems on the number of sets of conjugate operators in a group 
of finite order have been published by G. A. Miller. In this paper we prove 
two theorems on complete sets of non-invariant conjugate operators in a group 
of finite order, and derive the abstract groups involving five complete sets of 
non-invariant conjugate operators. 


2. Non-invariant sets of conjugate operators in a finite group. Let @ rep- 
resent a group of finite order g, and let 7, of order h, represent the central 
of G. Assume that G is non-abelian, and hence G contains k, k > 0, complete 
sets of non-invariant conjugate operators. From the isomorphism between 
G and the quotient group G/H, we may state the 

Lemma. A necessary and sufficient condition that a group G contain more 
than k, k > 0, complete sets of non-invariant conjugate operators, if the central 
quotient group contains k complete sets of conjugate operators, and the identity, is 
that the order h, of H, exceed unity. 

We may state 

TuHEorEM 1. A group G containing k, k > 0, complete sets of non-invariant 
conjugate operators, with a central of order greater than unity, has a central quotient 
group which involves not more than k + 1 complete sets of conjugate operators, 
at least two of which are composed of invariant operators, if this number is k + 1. 

The first part of the theorem follows from the fact that G and G/H are iso- 
morphic, and hence G/H does not involve more complete sets of conjugates 
thanG. Assume that G/H involves k + 1 complete sets of conjugate operators, 
of which k are composed of non-invariant operators. The order of G/H is 
divisible by at least two distinct primes p and q, since a group of order p”, p a 
prime, contains invariant operators in addition to the identity. The operators 
in a co-set of G with respect to H are all conjugate. Therefore, all of the opera- 
tors in the same co-set are of the same order. This is a contradiction, since 
there are operators of two different orders in one of the co-sets corresponding 


Received February 18, 1935. 

! Archiv der Math. und Phys., vol. 17 (1910), p. 199. 

2 W. Burnside, Theory of Groups of Finite Order, 2nd ed., 1911, Note A. 

3 Trans. Amer. Math. Soc., vol. 20 (1919), p. 262; Amer. Journal of Math., vol. 54 (1932), 
p. 110. 
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to an operator of order p or g in G/H. (Each operator of G is commutative 
with every operator of /.) 

From the lemma and the theorem, it is seen that the number of complete 
sets of non-invariant conjugate operators in a group G is greater than the number 
of complete sets of non-invariant conjugate operators in the central quotient 
group of G. 

Another result which has been useful in §3 is the 

THEOREM 2. A group G, having the non-cyclic group of order pq, p and q 
being the same or distinct primes with p 2 q, as the central quotient group, con- 
tains h(q? — q + p — 1)/q complete sets of conjugate non-invariant operators, 
where h is the order of the central of G. 

Establish an (h — 1)-isomorphism between G and the non-cyclic group of 
order pq, p and q primes with p 2 q, so that the central of G corresponds to the 
identity of the group of order pg. The (p — 1)h operators of G which correspond 
to operators of order p in G/H are distributed in (p — 1)h/q conjugate sets of 
q operators each. The p(q — 1)h operators of G which correspond to the 
operators of order q in G/H are distributed in (¢q — 1)h conjugate sets of p 
operators each. The total number of non-invariant conjugate sets in @ is 
k=h? —q+p-—1)/4. 

Corotuary. If the central quotient group G/H is of order p*, p a prime, the 
order of the central of G is divisible by p. 

For q equal to 2 or p in Theorem 2 the number of sets of conjugates in G is 
h(p + 1)/2, and h(p? — 1)/p, respectively. 


3. Groups involving five complete sets of non-invariant conjugate operators. 
We make a division of cases as follows. 

(A) Determination of the groups involving five complete sets of non-invariant 
conjugate operators, having a central whose order exceeds one, and 

(B) Determination of the groups involving five complete sets of non-invariant 
conjugate operators, and having a central of order one. 

We shall consider each case separately. 

(A) From Theorem 1 the central quotient group in this case is one of the 
following groups. 

(a) Non-cyclic group of order 4, 6, 10, or 14. 

(b) Octie group. 

(c) The tetrahedral group. 

(d) The metacyelic group of order 20 or the semimetacyclic group of order 21. 

(e) The symmetric group of order 24. 

(f) The icosahedral group. 

(g) The dihedral or dicyclie group of order 12. 

As the consideration of these different cases is similar, we give only the deter- 
mination for the cases (a) and (b). 

(a) Substituting p = 2,q = 2, (the abelian G/H); p = 3, q = 2; p = 5,q = 2; 
and p = 7,q = 2 in the formula of Theorem 2, it is seen that no integral value 
of h gives five sets of conjugates. 
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(b) The operators of G corresponding to the operators of order four in G/H 
have only two conjugates. Hence they are in at least two sets. The operators 
of G corresponding to the characteristic operator of G/H are all conjugate. 
Therefore h = 2, and G is one of the groups of order 16 with the octic group 
as the central quotient group. The group G is, accordingly, the dihedral or 
dicyclic group of order 16, or Gj(A’ = B? = 1, BAB = A’). 

We consider next case 

(B) The order of a group which involves five complete sets of non-invariant 
conjugate operators and a single invariant one satisfies an identity of the form‘ 


1/g + 1/g. + 1/g2 + 1/93 + 1/gs + 1/gs = 1, 


where each gi, i = 1, 2, --- , 5, is the order of a subgroup of G, and hence a 
divisor of g. An examination of the identities of this form reveals that the 
following are the only ones corresponding to groups involving five complete 
sets of non-invariant conjugate operators: 


(1) 1/18 +1/24+1/9+4+1/994+1/94+1/9 =1, 
(2) 1/168 + 1/3 + 1/4 + 1/8+1/74 1/7 =1, 
(3) 1/36 4+1/441/4441/444+1/941/9 =1. 


In the study of these identities, we make the following observations. No 
gx is equal to g, since there is a single invariant operator inG. If p — 1 of the 
g;’s are the same prime p, G contains an invariant subgroup of order prime to p. 
The number r of g,’s that are equal to a prime p is a divisor of p — 1, and g/p = 
(p — 1)/r, mod p, forr > 0. If one of the g,’s is divisible by two distinct prime 
factors p and q, at least one other g; is divisible by one of these prime numbers. 

We may state the results in 

THEOREM 3. The dihedral and generalized dihedral groups of order 18, the 
simple group of order 168, the dihedral and dicyclic groups of order 16, the non- 
twelve group of order 24, a group of order 16 with equations A* = B* = 1, 
BAB = A, and a group of order 36 with the equations A’ = B® = C4 = 1, 
AB = BA, C“*AC = A®B, CBC = AB are the only finite groups which involve 
five complete sets of non-invariant conjugate operators. 


UNIVERSITY OF Kansas CITY. 


* Loc. cit., footnote 1. 








ON SUBHARMONIC FUNCTIONS 
By E. F. BeckeENBACH 


1. Introduction. The following theorem, first given by Montel, was com- 
pleted by Radé.! 

A necessary and sufficient condition that the non-negative continuous function 
p(u, v) be of class PL? is that for all real constants a, B the function 


ew +8 n(u, v) 


be subharmonic. 

The above theorem has been generalized by Kierst and Saks.* 

It is the purpose of the present paper to present an immediately equivalent 
form ($2) of the Montel-Rad6 theorem, and to give two simple geometric conse- 
quences (§4 and §5). Without recourse to the Montel-Rad6é theorem, the 
latter of these consequent results has been given previously;* it is repeated 
briefly here because the present setting seems to be its proper one. 


2. Lemma. A necessary and sufficient condition that the non-negative con- 
tinuous function p(u, v), for (u,v) in some domain D, be of class PL is that for all 
analytic functions f(u + tv), for (u, v) in D, the function 


(1) p(u, v) | f(u + w) | 


be subharmonic. 

Necessity. Uf p(u, v) is of class PL, since the absolute value of an analytic 
function is of class PL, and since the product of two functions of class PL is a 
function of class PL, it follows that (1) is of class PL, and therefore, 4 fortiori, 


is subharmonic. 
Sufficiency. If (1) is subharmonic for all f(u + wv), it is subharmonic in 


Received March 21, 1935. 

1 P, Montel, Sur les fonctions convezes et les fonctions sousharmoniques, Journal de Mathé- 
matiques, (9), vol. 7 (1928), pp. 29-60, especially, p. 40. T. Rad6é, Remarque sur les fonc- 
tions subharmoniques, Comptes Rendus, vol. 186 (1928), pp. 346-348. In proving the suf- 
ficiency, Montel assumed continuous partial derivatives of the first and second order; 
Rad6é removed this restriction. 

? A function p(u, v), defined in a domain D, is said to be of class PL in D provided p(u, v) 
is continuous and 2 Oin Dand log p(u, v) is subharmonic in the part of D where p(u, v) > 0. 
See E. F. Beckenbach and T. Rad6, Subharmonic functions and minimal surfaces, Transac- 
tions of the American Mathematical Society, vol. 35 (1933), pp. 648-661 for the definition 
and elementary properties of these functions. 

2S. Saks, On subharmonic functions, Acta Szeged, vol. 5 (1930-32), pp. 187-193. 

‘kk. F. Beckenbach, A characteristic property of surfaces of negative curvature, Bull. 
Amer. Math. Soc., vol. 40 (1934), pp. 761-768. 
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particular for the function 
(2) f(u + iv) = eli (utivd | (u, ») in D, 
for arbitrary real a, 8. We have then that 

p(u, v) | e(a—i8) (utiv) | = p(u, v) ets 


is subharmonic for all real constants a, 8 and hence, by the Montel-Rad6 theo- 
rem, that p (u, v) is of class PL. 

CoroLtary. The lemma remains true if in (1) we replace f(u + iv) by any 
power either of f(u + iv) or of any derivative of f(u + iv), with the restriction that 
for negative powers the function (either f(u + tv) or the one of its derivatives in 
question) remains unequal to zero. 

The proof of the corollary is quite the same as that of the lemma, since in 
the proof of the sufficiency we used only functions (2) which remain unequal 
to zero. 


3. Three continuous functions 
(3) xr = r(u, v), y = y(u, v), z = 2(u, v), (u, v) in D, 


will be said to define a surface S. 
If D is mapped conformally on an (r, s)-domain D* by the analytic function 


r+is = f(u + iv), 
we have S in a representation 
(4) xr = r(u(r, s), v(r, s)) = X(r, 8), ete., (r, s) in D*. 


The representations (4), obtained from (3) by conformal maps of D on (r, s)- 
domains D*, will be said to be conformally equivalent to the representation (3). 

If the functions in (3) admit continuous first derivatives satisfying E = G, 
F = 0, where EL, F, and G are the fundamental quantities of the first order for S, 
then u, » are said to be tsothermic parameters, and the representation is con- 
formal wherever EG — F? ~ 0. If u, v are isothermic parameters, so are r, 8 
for every conformally equivalent representation. 

If the representation (3) is isothermic, and if x(u, v), y(u, v), z(u, v) are har- 
monic, these functions are said to be a triple of conjugate harmonic functions.® 
As is well known, a necessary and sufficient condition that (3) be an isothermic 
representation of a minimal surface is that x(u, v), y(u, v), z(u, v) be a triple of 
conjugate harmonic functions. 


4. THEOREM. A necessary and sufficient condition that the continuous functions 
x(u, v), y(u, v), z(u, v) in (3) be the codrdinate functions of a minimal surface in 
isothermic representation is that for every conformally equivalent representation 


’ See E. F. Beckenbach and T. Rad6, loc. cit., p. 648. 
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(4) with r? + s* ¥ 0 the function 
g(r, 8s) = [(X — a)? + (¥ — b)*? + (Z — c)*))/(r? + 8°)! 


be subharmonic for all real constants a, b, c. 


Proof. We have 
o(r, 8) = [(x — a)? + (y — b)? + (2 — ©)*}!/| flu + wv) | = Yu, v), 
whence by the corollary of §2 the function 
(5) (x — a)? + (y — b)? + (2 — c)*I! 


is of class PL. But the condition that (5) be of class PL for all real a, b, ¢ is 
necessary and sufficient in order that r(u, v), y(u, v), z(u, v) be a triple of con- 
jugate harmonic functions, that is, that z(u, v), y(u, v), z(u, v) be the coérdinate 
functions of a minimal surface in isothermic representation.® 

The theorem remains true, by the lemma of §2, if in place of g(r, s), repre- 
senting the quotient of distances with r? + s? # 0, we substitute the function 


[(X — a)? + (Y — b)* + (Z — cM? + 8%), 


representing the product of distances. 


5. Tueorem. [If the functions x(u, v), y(u, v), z(u,v) in (3) have continuous 
derivatives of the third order, and if u, v are isothermic parameters, a necessary 
and sufficient condition that the Gaussian curvature K of the surface S be <= 0 
wherever K is defined’ on S is that, for every conformally equivalent representation, 
the area deformation ratio 


u(r,s) = X'4+ ¥3 4+ Z° 


be subharmonic. 
Proof. We have 


u(r, 8) = (a + yn + 20)/1S'(u + we) |? = A(u, »)/| f'(u + wv) PY, 


where A(u, v) 2 0. By §2, then, a necessary and sufficient condition that 
A(u, v) be of class PL is that u(r, s) be subharmonic for all conformally equivalent 
representations. Since A(u, v) has continuous second derivatives, the statement 


that A(u, v) is of class PL is equivalent to the statement that 


—_#logr , #logr _ 
Out az 


0 





in the part of D where \ > 0; further, K is defined at points where \ > 0 and is 
then given by 


, 1 
K = — py 4 log); 


® See E. F. Beckenbach and T. Radé, loc. cit., p. 654. 
7 L.e., wherever EG — F? = 0. 
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consequently the two conditions, (i) that \ be of class PL, and (ii) that K < 0 
in the part of D where K is defined, are equivalent. The theorem follows from 
these considerations. 

In the statement of the present theorem, we could as well have used the 
length deformation ratio [u(r, s)]! in place of the area deformation ratio u(r, s). 
For since the square of a subharmonic function is subharmonic, it follows that 
if [u(r, s)]! is subharmonic, so is u(r, s). Conversely, if u(r, s) is subharmonic 
for all conformally equivalent representations, \(u, v) is of class PL. Since the 
class PL is invariant under conformal mappings, u(r, s) is of class PL. Finally, 
since any positive power of a function of class PL is subharmonic, [u(r, s)]! is sub- 
harmonic. 


Tue Rice INsTITUTE. 











ON THE NUMBER THEORY OF CERTAIN NON-MAXIMAL DOMAINS 
OF THE TOTAL MATRIC ALGEBRA OF ORDER 4 


By Epwarp J. FInan 


1. Introduction. This paper is devoted to the investigation of the number 
theory of certain non-maximal domains of integrity of the total matric algebra 
of order 4. 

We shall call a domain of integrity (or merely a domain) of the above algebra 
any subset which (1) is of order 4, (2) contains the identity matrix and (3) is 
closed under addition and multiplication, the constants of multiplication being 
rational integers. 

A' canonical basis has been derived for such domains under certain trans- 
formations. We shail make a study of a subset of these domains, obtaining 
some interesting properties. If we take the basis mentioned above under 
case I and set m = 1 = 0, a = 1 and let k be a prime, we get a basis which is 


evidently equivalent to 


(1) ’ , , 

0 0 0 O 0 1 k 0 
We shall refer to the above matrices as £,, 22, E3, and EF, in the order given. 
If k = 1, we get the unique maximal domain of the algebra. In this paper 
k' > 1. Weshall refer to (1) as the domain D. 

In paragraph 2 we obtain a set of canonical forms for the numbers of the 
domain under consideration. From this it follows that a necessary and suf- 
ficient condition that a number be indecomposable in the domain is that its 
determinant be a rational prime. Hence we have an example of a simple non- 
commutative domain of class number greater than one for which the inde- 
composable numbers are known. 

Paragraph 3 is devoted to the determination of the class number of the domain. 
I believe this is the first determination of the class number of a non-commutative 
domain with class number greater than 1 —that of quaternions being 1. This 
approach to the theory of ideals through matrices with rational integral ele- 
ments is the same as that used by C. C. Mac Duffee? 


2. Canonical forms for numbers of the domain. Any number in the do- 
main D may be written in the form N = Yn,k,, where the n; are rational 
integers. Evidently such a number is a rational integral square matrix of 

teceived April 8, 1935. 

' ki. J. Finan, American Journal of Mathematies, vol. 54 (1931), pp. 920-928. 

70. (©, MaeDuffee, Transactions of the Amer. Math. Soe., vol. 31 (1929), pp. 71-90. 
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order 2. We shall call N a unit if and only if |N| = +1. Two numbers N, 
and N» in D are said to be associated if and only if there exist in D units A and B 
such that AN,B = Ne. We might mention here that the relations n,; = 0, 
ns; = 0 mod k and every scalar factor are invariants in all associated numbers 
of D. Since the inverse of a unit in D is a unit in D, the above relationship 
is reciprocal. It is easily shown that the centrum* of D is the set of all two- 
rowed scalar matrices. Hence in finding a canonical form for associated num- 
bers we shall neglect the scalar factors. We shall now prove that every number 
of D without a scalar factor other than a unit is associated with one and only 
one (with the exceptions stated in the theorem) of the numbers 


1 O| in; 0| 0 ns! 0 1] 
10 nl flo 1 lk O} |lkaf 0 


which we shall refer to as a, 8, y, and 6, respectively. The n’’s in the above 
canonical forms are rational integers and k is the rational prime in (1). 

THeorEeM 1. Let N = Xn;E; be any number of D, without a scalar factor 
s = sk, + sE3, whose basis is (1). Then N is associated with a, B, y, or 6, ac- 
cording as n, # 0, ns ¥ O, (mi, M2, ns) = (0, 0, 0), (1, 3, rs) = (0, 0, O) mod k, 
respectively. If (mi, n3) = (0,0) and neng ¥ 0 mod k, N is associated with both 6 
andy. If nn; 4 0 mod k, N is associated with both a and 8. Finally, if nin; 4 0 
mod k, «and B are associated. If ns 4 0 mod k, y and 6 are associated. In all 
other cases no two of the four numbers in canonical form are associated. 

We shall first prove that if n, # 0 mod k, N is associated with a. We make 
two cases of the proof. 

Case l. ne contains as many factors k as n3;. Form the produet AN = N’ = 
ni E, where A = Ya,E;. Then ny = ayne + aeons. Since nz contains as many 
factors k as n3, there exist values for a, and az such that 5 is zero and such that 
a, and kag will be relatively prime. Then it is possible to select a3 and a, so 


that | A| = aja; — kasay = 1. Hence N is associated with a number N’ for 
» ’ » - is — Wun 
which n. = 0. Now form the product CN’B = N” = Xn,F,; where C = 


Ye;E; and B = Yb,F;. The element in the upper left hand corner of N”’ is 
‘ ”” , , , 
(2) ny = ben, + dkny + cobskny. 


Since N has no scalar factor, nj, nj and n, are relatively prime. Also, since A 
is aunit, n, # Omodk. Hence nj, knj, and kn, are relatively prime. Then‘ 
there exist integers b,, ¢,, ¢2, and by such that ny = 1. However, since N’ and N” 
are to be associated, we must show that the conditions |B! = |C) = +1 can be 
satisfied at the same time. Since n{ = 1, it is evident from (2) that ¢, cannot 
have a factor k and that ¢ and cz must be relatively prime. Hence ¢ and kee 
are relatively prime and we can find integers ¢; and ¢, which will satisfy C) = 1. 

>The centrum is the set of elements of D commutative with every element of D. See 
Moderne Algebra by van der Waerden, vol. I, p. 168. 

* 1). J. Pinan, Bulletin of the Amer. Math. Soe., vol. 39 (19383), p. O44. 
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In the same way we can show the existence of integral values of b; and bz that 
will satisfy |B| = 1. 

Case II. ns contains more factors k than ne. The procedure here is similar 
to that in Case I. We start out by making n; = 0 and then proceed as above 
until we get n{ = 1. Dropping primes, we have in both Case I and Case II 


1 Ne 
N= 


|kny ns 
If we multiply on the left and right respectively by the units 


l 0 1 —MNe 
—kn, 1 : 0 1 j 
we get the a mentioned in the theorem. 

The derivation of the remaining canonical forms given in the theorem is 
similar to the above. We shall not include it here. 

We shall now prove the second part of the theorem. If the nj, in @ is not 
divisible by k, then 8 is associated with @ according to the proof given above. 
To show that y and 6 are associated when n, 4 0 mod k, form the product N” = 
AyB. The element in the upper right hand corner is ny = beak + aybsns, 
which can be made unity by proper choice of a), a2, b2, and 63. Values for az, 
ay, b;, and by may then be chosen so that |A| = |B] = 1. If n{ = 1 and 
(ni, n;) = (0, 0), N” and 6 are associated. 

To prove the last statement in the theorem, we observe that if n; = 0 mod k, 
then n; = beask + aybsn, can not be unity. Hence y and 6 are not associated. 
In view of the invariant relation given above, 8 is not associated with any of the 
remaining canonical forms providing n, = 0modk. A similar remark holds for 
a. This completes the proof of the theorem. 

THEOREM 2. A necessary and sufficient condition that N be a prime is that | N | 


be a rational prime. 

The sufficiency of the condition is evident. Suppose | N | is not a prime. 
If N is the scalar s, it is the product of S; = FE, + sE; and S, = sE, + E£;, nei- 
ther of which is a unit. If N has no sealar factor, it is associated with a, 8, 
y, or 6 according to Theorem 1. For example, suppose N is associated with 
+, and 

0 ne }o 1] 1 OF 
ANB = = | . : 
gk 0} ik O} 0 ne) 
where A and B are units. Multiplying the above matric equation on the left 
and right by A~' and B™', respectively, we have N expressed as the product of 
two numbers, neither of which is a unit. In a similar way, it can be shown that 
N is factorable if it is associated with a, 8, or 6. 


3. Ideals in the domain. We shall define a left ideal’ of D to be a set of 
numbers of D which is closed under addition and subtraction and under multi- 


*C.C. MacDuffee, Transactions of Amer. Math. Soc., vol. 31, pp. 71-90. 
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plication on the left by numbers of D. It has been shown that such an ideal 
has a basis w, w2, w3, and ws, where w; = YgijE;. A® necessary and sufficient 
condition that the w’s constitute a basis is that there exist integral matrices D,, 
D2, D3, and D, such that 


(3) GC, = D,G . (p = 1, 2,3, 4), 


where @ is the matrix (g,,) above defining the w’s, and C, = Cprs, the c’s be- 
ing the constants of multiplication of the domain. We shall refer to G as an 
ideal matrix, or briefly as an ideal. 

A’ necessary and sufficient condition that the ideals G, and Gz be equivalent 
is that the corresponding sets of matrices D,,, D2», D3), and D4, satisfying the 
equations 


GC, — Dy Gy, GC, = D2,G2 (p = 1, 2, 3, 4), 


respectively, be similar—i.e., that D,, = AD2,A-' for p = 1, 2, 3, 4, where A 
is an integral unit matrix. The left class number of D is the number of non- 
equivalent non-singular ideals in D. It is known to be finite. We shall show 
that this class number is 3. Because of the length of the calculations we shall 
give an outline only. If G is an ideal and A is a unit integral matrix, then G 
and AG stand for the same ideal. Hence G may be taken as an integral non- 
singular matrix of order 4 in Hermite’s canonical form.’ G is taken as non- 
singular” because G is a non-singular ideal if and only if G isa non-singular 
matrix. The matrices 





1 0 0 0 10 0 0 0 eben 10 0 0 1| 
010 0 0000 0000 10 0 & O| 
0 0 0 Ol!’ 0100" Jo oto! 000 0 
000 0 ik 0 0 0} 10 0 0 1) 0 0 0 0} 

















are the Ci, C2, C3 and Cy, respectively of (3). Now form the matrices 
GC,G" (p = 1, 2, 3, 4). The condition that these 4 matrices be integral to- 
gether with the condition that G be in Hermite’s canonical form show that G 
must be in the form 

! agy 0 0 


*C. C. MacDuffee, loc. cit., p. 76. 

7™C. C. MacDuffee, loc. cit., p. 79. 

*C.G. Latimer, Bulletin of the Amer. Math. Soc., vol. 40 (1934), p. 433. 
* Journal fiir Mathematik, vol. 41 (1851), p. 193. 

°C, C. MacDuffee, loc. cit., p. 74. 
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where 
(4) 85 = k mod a and mod jy, ad = 0 mod y, By = 0 mod a. 


If one forms the D,, De, D3, and D, of (3) using G = G’, one finds them iden- 
tical with those obtained by using G equal to 


a 0 0 0 

B 10 0 
G” = ? 

0 0 y O 

0 0 6 1 


where a, 8, y, and 6 satisfy (4). Hence every ideal is equivalent to one in the 
form G@’’, where (4) still holds. 

We shall now show that @” is equivalent to a diagonal ideal matrix. Let 
a = foy,y = fyi, where a and ¥; are relatively prime. Then because of the last 
two congruences in (4), 8 contains the factor a; and 6 contains 7;. From the 
first two congruences k contains a, and y;, but since they are relatively prime, 
k contains ayy;. The only possibilities are (a) a, = +k andy, = +1; (b) a = 
+l and y, = +k; (©) a = +1 and y, = +1. Evidently the discussion is 
general if we consider only the positive signs in the above equations. In all 
three cases (”’ is equivalent to 


a 0 0 0 

0 10 0 
GQ” = 

0 0 y, 0 

000 1 


We shall give the proof for the first case only—i.e., we shall show that the 
ideals represented by 


fk 0 0 0 k 000 
Bk 10 0 0100 
G"” = and @’” = 
0 oF 0 0010 
eS @@ § 0 0 0 1 
are equivalent. To do this, we shall find a matrix A = (a,,) such that | A | = 


+land AG"C,G"" = @'"C,G’"""A for p = * 2,3, and 4. Since 8 contains 
a, = k, we can write 8 = 8k. Also in this case (4) is equivalent to the single 
condition 1 — 6,6 = 0 mod f. Hence let 1 — 8,6 = ef. When p = 1 or 3, 
the condition is satisfied by the matrix which is determined from the remaining 
two matrix equations. When p = 2 and 4, we get 8 equations—4 for each value 
of p: 
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— Bid33 + ed34 = Aa, — 644, + edy2 = 43, 
fass + ba34 = a2, fay + Bide = Aa, 
— Bid43 + €A4, = An, — 6d2 + €d22 = 433, 
fass + ba44 = Ay, fan + Bid2s = a4. 


If we solve the last 4 equations in pairs for a1), @2, da; and G22, we see that they 
are equivalent to the first 4. Hence assign values to a,;, @)2, @2: and d22 so that 
the two-rowed determinant in the upper left-hand corner of A is 1. Since the 
determinant of the unknowns in the first two equations is a unit, we get integral 
values for a33 and a34._ The same is true for a43 and ays. Hence we have shown 
the existence of an integral unit matrix A, whose elements satisfy the 8 equations 
above. Thus G” and G’” are equivalent. The simplest matrix satisfying these 
equations is the first one of the three given below. 


‘1 0 0 0 lg 4 0! | a, Gy 0 0| 
(0 1 0 0 xo os —~ « 0 0. 
0 0 e€ B) | 0 0 0 0 1 0) 
| | i | 
10 0 -—és fii '0 001 (0 O ha, —éa,, 1! 


The second matrix is the A matrix for case (b) where conditions (4) become 
1 — 6,8 = gf and 6 = 6,k. The third matrix is the A matrix for case (¢c) with 
a prime to both 6 and 6. The conditions (4) then become k — 85 = ha. In 
this matrix a); and a). are any integers such that aa, + Bay = 1. There are 
two more possibilities under case (c), but we shall not include the A matrices 
for them. 

Hence all ideals are equivalent to 


‘k 0 0 o| 100 0 100 0 
(0 100) 0100 0100 
Jo 0 1 0)’ 00k Oo }0 0 1 0} 
10 0 01, 0001) 0 0 0 1) 


which we shall refer to as G,, Gz. and G; respectively. To show that these three 
are non-equivalent, it is sufficient to form G,C,G;' (¢ = 1, 2,3). These matrices 
are respectively 


|0 0) 10 0|| |0 0 || 
| ! i | | | 
jo1 |r lok |i» lo1 | 
j10 Oo |ko 0] |ko ol 
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If AG,C,Gy' = G,C,Gz'A, we have 


ay a; 0 O 0 0 0 0 } 
au a3 0 0| 0 0 o of 
ay a3; 0 O a haz, kde kaos kas, | 
ay a O O kay, kay kay kay 


This implies that (a@)4, Ges, @34, @43) = (0, 0, 0,0) mod k. This is impossible if 
|4| = +1. Hence G, and G, are non-equivalent. In the same way, it may 
be shown that G, and G; are non-equivalent, and that G. and G; are non-equiva- 
lent. Hence the left class number of D is three. 

It is well known" that a necessary and sufficient condition that every pair of 
numbers of D have a greatest common right divisor expressible linearly in 
terms of the numbers is that the left class number be 1. Hence there are pairs 
of numbers in D having no g.c.r.d. Consider the 4 numbers 


k 0 ‘0 k ‘1 O| 10 1 
o kl’ jk ol’ jo ki’ jk of: 


The last two are right divisors of the first two. However, they are primes by 
Theorem 2 and non-associates by Theorem 1. Hence the first two numbers 
do not possess a greatest common right divisor. 


Tue CatTuHo.tic UNIVERSITY OF AMERICA, 


"1 C. C. MacDuffee, loc. cit., p. 89. 
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CONCERNING THE EQUILIBRIUM POINT OF GREEN’S FUNCTION 
FOR AN ANNULUS 


By ALFRED J. MARIA 


1. Introduction. This paper is concerned with an investigation of the 
equilibrium point of Green’s function for an annulus. 

In the z-plane let |z| = Ri and |z| = R, Ri < R, be the equations of two 
circles; let = be the set of points z for which R; S |z| < R. It is known that 
the Green’s function for =, @(z, zo), with pole at zo, interior to =, has one and 
only one equilibrium point z, Ri < |z| < R, ie., z = re satisfies the equations 
aG/dar = 0, dG/a0 = 0; further, 6 = % + 7z.! 

Let the pole 2 lie on a fixed line o through 0; then the equilibrium point z will 
lie on o. We shall then have r as a single-valued function of ro, r = g(r), say. 
The following is a study of the function g(7). 

It will be shown that g’(ro) > 0, Ri < ro < R, and that lim g’ = lim g’ = 0. 


To-R rok, 
Another result is that if Ri < ro < R, values Ro, R; exist such that R; <R, 
<r< R;<R. Itis possible from the theory developed to compute for given 
R, and R the maximum and minimum values of R: and R;, respectively. 


2. Some results in the theory of elliptic functions.2. The function {(u) is 
defined as 
1 wn 1 
f(u) = = + a ( 


1 u 
u— 2w + Qu ¥ i) ? om en > OS 


The function o(u) is defined as 


2 
o(u) = exp (toe u+ b> {og (1 _ z) + a + S)). 


The function g(u) = — £’(u) is doubly periodic with periods 2; and 2w3. £(u) 
and o(u) are odd functions, and g(u) is an even function. When a is positive 
and w; is pure imaginary, ¢(u), o(u) and g(u) are real for real u. We define 
m = ¢(@;) which is real. 


3. The Green’s function for >. It is clear that we may restrict the discussion, 


without loss of generality, to the case where R; = 1 and the pole is at e*, a 


=> 


Received April 26, 1935; presented to the American Mathematical Society June 15, 1933. 

1 For the sake of completeness, proofs of these statements will be given. 

2 Tannery et Molk, Eléments de la théorie des fonctions elliptiques, Paris, 1893, vol. 2, 
p. 235. 
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positive. Under these restrictions it can be easily shown with the results of 
section 2 that G(z, 2.) = ® log V(log z), where 


V(u) = o(u + a) exp (— 2dau), 
a(t 


= a 
w, = log R,\ = m/o1, ws = ri and u = logz, is the Green’s function for =.’ 
’ ’ 
It is clear that the equilibrium points for G(z, zo) are the solutions of 


(1) = — Qha — ¢{(u — a) + ¢(u + a) = 0. 


It can be shown that d log V(u)/du = 0 foru = ow + 4,0 <t<w. Now 
da(u) = S(u + a) — f(u — a) is an even doubly-periodic function with primi- 
tive periods 2w, 2ws, since* 


, 
delu) = 2¢(a) — — 2 __, 
g(u) — (a) 
Hence there are just two values of u in the period parallelogram with vertices at 
w + ws, Ww) — W3, — W — w3, — &, + ws, Where ¢2(u) = 2Aa; u = — ws — I, 
u= —a;+t. It follows then that G(z, 2) has exactly one equilibrium point 
in = and that it lies on the same diameter as the pole. 


4. The derivative g’(r)). To show that g’ + 0, it is sufficient to show that 
du/da # 0. From (1) we have 


d 

(2) O = 2A + glu — a) + glu + a) + c lp(u + a) — glu — a)), 
where @ is such that 0 < a < w and u = w; + t,0 < t < w is the solution of 
(3) 2r0a + f(u — a) — S(u+a) = 0. 
In the first place g(u + a) — g(u — a) ~ 0 and is finite for u = ws + ¢ and 
0 < a < «w, since : 

: aa ae. | lUe 

g(u + a) — glu — a) = ple) — otal 
Using the identities® 

elo elo - — 1 y'(s) wae y(t) 

He +) — 6s) -— = 5 SON, 


, s = , 2 
oo + + 9) + 9 =} (LO 8) 


3 Goursat, Cours d’analyse mathématique, Paris, 1915, vol. 3, p. 241. 
* Tannery et Molk, loc. cit., vol. 4, p. 96. 
5 Tannery et Molk, loc. cit., vol. 4, p. 96. 
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and letting s + ¢ = u — a, s = u + a, we must have 
[¢(2a) — 2ra}l? = — 2A + —(2a) 
for at least one value of a such that 0 < a < w if 
2\ + p(u — a) + plu +a) = 0, 


where u and a satisfy (3). It will be shown that this is impossible. 
Let 2a = y. We have 


(4) [e(y) — Ay? = — 2+ gy). 


It will be sufficient to show that this does not hold for y real and such that 
0 <y Sw. In fact, if 


2ha + S(ws + t — a) — S(ws +t+a) =0 
and 
2\ + g(ws + t — a) + Pos + t+ a) #0, 
then 
2d(w1 — a) + F(wr + ws — t — (wi — @)) — (wr + wos —t + (1 — @)) = 0 
and 
2d + g(wr + ws — t — (wo — @)) + P(or + ws — t+ (wi — a)) ¥ 0. 


This is easily demonstrated, using merely simple properties of ¢(u) and g(u). 
More results in the theory of elliptic functions.6 We take w; = log R, w3 = m1. 

Then y(w:) = e1, P(w2) = e(—w — ws) = e2 and g(ws3) = és are real, and 

€1 > €2 > €3; 1, €2 and e; are the zeros of 4x* — gox — g3. The relations gz = 

4(e? — eves) = 2(ei + €3 + €3), 93 = 4ereres, O = e1 + e2 + e3 are seen to hold. 
The following formulas hold: 


_ , ofl = 4g" 

(5) 2mwi = — ew; +7 3 + 2 (1 + g™)2 |’ 
. 2 4q?"—1 

(6) 2miw1 = — 2eqw; + 7° a a+’ 

” ae . wf > et 

(7) 2mo1 — 2e3w | Tv — (1 ae q?n)2? 


where g = exp (tw3/w:) and m = ¢(@1). 


6 Tannery et Molk, loc. cit., vol. 2, pp. 236 and 250. 
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From (6) and (7) it is seen that 


ée +A < —e3 —X. 


Hence 2\ < —e: —e3; =e. Therefore g(y) — 2X > OforyinJ(0 < y S w). 
Furthermore, ¢(y) — Ay > 0 for 0 < y < w, because of (5) and the relations 


5 &W) —ry)=-ely)-A<0, ¢w)—m=0, t(y) — Ay > 0, 


which hold for real positive sufficiently small y. 
If (4) holds for some y in J, then 
ry) — dy = Voy) — 2x. 
From the series expansions for ¢(y) and g(y) it follows that 
lim [s(y) — 4y — V p(y) — 2a] = 0. 
Therefore if (4) holds for some y in J, there is a y in J for which 


_e’ty) 


(8) — - = —g(y)—d. 
av g(y) — 2dr 
This is elementary. 
It follows that we shall have 
8X — 9s 


eV) = Tae? 


when we square both sides of (8) and use the identity [g’(y)]? = 4le(y)}* — 
g2(y) — gs. Since g(y), y in J, is not less than e, the inequality 


8\3 -— @3 
anf oS 
@) a- i=” 
must hold. 
Let us show that g. — 12? > 0. Suppose A > 0; thene; > 2A >0. If 
é2 2 0, 


g2 = 4(e; — eves) = 4e7 > 16d2 > 12d?; 


if é2 < 0, 
4(e? — exes) = 4(e? — a(l — ae?) = 3e; > 12d?. 


Il 


92 
If \ Ss 0, it follows from (5) and (6) that 
a>Ial, é:>|Aal. 
Hence 
—-e=|le|=ea+e>2\al. 
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Therefore 
2(ey — d*) + Bez — d*) + Bes — 402) = Ae; + €3 + €3) — 12¥ 
= g2 — 127 > 0. 
Multiplying both sides of (9) by gz — 12 \? we obtain 
(10) 8\° — gs = ee — 12de,. 
Now go = 4(e; — e2e3) and g3 = 4e,e2e3. Substituting these values into (10), 
we get 
8r3 = 4e? — 12n%e,. 

This inequality is equivalent to the inequality 

(e: + A)?(2A — a1) 2 0. 


This, however, is impossible, since e; + 4 > 0 and 2A — e, < 0. This proves 
that g’ ¥ Oforl < rm < R. 


5. The sign of g’(r>). To show that g’ > 0 for 1 < 7 < R, it is sufficient 
to show that g’ > 0 for 7, = R'. We have then from (3) that r = R!. Also 
du/da = g' for r5 = r = R'. Now du/da for a = w,/2 is equal to a— 3, 

2 — 3 


which is positive. 


6. Existence and calculation of R, and R;. Let a and ¢ have the defini- 
tions given them in section 4. It is clear from what has been proved that 
lim (w3 + t) = ws + to, say, exists. Hence the maximum of R; is e”. 

Since 2Aa + {(ws + t — a) — S(ws + t+ a) = 0, we have 


lim (n 4 Hort — a) = Hoot tba) a + font) = 0. 


a0 2a 


This equation has just one solution t such that 0 < t& < w. Similarly we may 
show the existence of R;. Its minimum value is Re-*. 





7. Limits of g’(ro). It will be sufficient to show that lim g’ = 0. We have 


fol 


(11) 2dAa@ + f(w3 + t — a) — S(ws + t+ @) = 2ra + Za—(ws + t) + O(a’) = 0. 





Hence lim 2h + 2p(ws + #) = 0, ¢ real, subject to (11). Now 
Qa 


a--0 


du. 2K + 2(ws + t) + ofa) 


da Qag’(w; + t) + o(a*) 





Hence lim = = 0. Therefore lim g’ = 0. 
a0 da rool 


Corresponding results are valid for the region between two concentric spheres. 
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ON CERTAIN PROPERTIES OF PROJECTIVE PARALLELISM OF 
SURFACES 


By M. L. MacQuEEN 


1. Introduction. It is the purpose of this paper to make some contributions 
to the projective differential geometry of surfaces in ordinary space which are in 
the nature of projective analogues of certain metric theorems connected with the 
metric concept of parallelism of surfaces. We provide a projectively defined 
substitute for the metric property of parallelism of surfaces by employing a 
projective generalization of euclidean parallelism of surfaces developed in the 
author’s thesis' and summarized briefly in a preceding paper. For the basis 
of our projective theory use is made of one of the well-known transformations 
of surfaces, namely, the fundamental transformation, or transformation F.' 

In §2 we introduce a canonical form of the system of differential equations 
employed in the study of projectively parallel surfaces in ordinary space. Cer- 
tain results which we shall need for later reference are summarized. In §3, on 
introducing a projective analogue of the plane at infinity, certain projective 
properties which are analogues of well-known metric properties of surfaces are 
investigated. The quadries of Darboux at corresponding points of two projec- 
tively parallel surfaces are considered, and certain configurations connected 
with these quadrics are studied. A more general type of projective parallelism, 
which we have called modified projective parallelism of surfaces, is employed in 
§4 and in the following section. For the study of this type of projective paral- 
lelism a somewhat different canonical form of our system of differential equa- 
tions is used. Finally, projective analogues of certain metric theorems of Bom- 
piani connected with the theory of the correspondence between axial systems of 
curves on parallel surfaces are obtained in §5. 


2. Analytic basis. Two surfaces S,, S,,in ordinary space S3, are said to be 
projectively parallel* if they are in the relation of a fundamental transformation 
with the projective normal congruence as the conjugate congruence, and with 
the developables of the harmonic congruence indeterminate. By considering 
the projective normal congruence as the common conjugate congruence of the 


Received March 25, 1935. 

1M. L. MacQueen, A projective generalization of euclidean parallelism of surfaces, Uni- 
versity of Chicago, December, 1933; unpublished doctoral dissertation. 

2M. L. MacQueen, A projective generalization of metrically defined associate surfaces, 
Transactions of the American Mathematical Society, vol. 36 (1934), p. 826; hereafter re- 
ferred to as MacQueen, Associate Surfaces. 

+L. P. Eisenhart, Transformations of Surfaces, Princeton University Press, 1923, p. 34 
et seq. 

* MacQueen, Associate Surfaces, pp. 827-828. 
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transformation F, we thus provide a projectively defined substitute for the 
metric normal congruence. Moreover, the assumption that the developables 
of the harmonic congruence are indeterminate, that is, corresponding tangent 
planes of the two surfaces intersect in the lines of a fixed plane, affords us a 
projective substitute for the metric parallelism of the tangent planes, and also 
a projective analogue of the plane at infinity. 

Let us consider two projectively parallel surfaces S,, S, with the respective 
parametric vector equations 


xr = r(u,v), y = y(u,v). 
The four coérdinates x and the four coérdinates y form four pairs of solutions 
of a completely integrable system of partial differential equations of the form‘ 
uu = px + ar, + Br, + Ly, 
Luv = CX + az, + O7,, 
(1) Lev = QL + ¥Iu + bt, + Ny, 
Yu = fx + mz, + Ay, 
Y = gx + nz, + By, (mnLN # 0). 


II 


The coefficients of the system corresponding to (1) when the réles of x and y 
are interchanged will be indicated by dashes and will be given later. In order 
that S, may be non-developable we shall assume that LN # 0. 

System (1) is characterized analytically by the following conditions 

(a)a+b6+A 4+ (log N), — 3(log r),/2 — 2(log R), = 0, 
(b) y/r + a + (log r),/2 = 0, 
(2) (ec) F=nr/m, 
(d) f/m = — [log (mn)'?R/L), , 
(e) m(1 — n)B? + nr(1 — mC? + m,(B’ + m,/4m) + nur(C’ + nu /4n) =0, 


and by the counterpart of (a), (b), and (d) in the substitution 


(‘ acfmpaBpAtlL r ) 


(3) 
v begn_qiy BN i1/r rR 


A geometrical interpretation of conditions (2) will be found in the paper last 
cited. The invariants 8’, ©’, R of Green, and the invariant r of Eisenhart, 
which appear in equations (2), are expressed for the projective lines of curvature 
on S, in terms of the coefficients of system (1) by the formulas 


8B’ = 4a + 2NB/L — 25 + (log N/L),, 
(4) 8G’ = 4b + 21y7/N — 2a + (log L/N), , 
R = LB"/N + C6”, r=WN/L. 
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The coefficients of equations (1) are functions of u, v and satisfy certain inte- 
grability conditions’ which we shall not rewrite here. 

We list for future reference the coefficients of the equations corresponding to 
(1) when the réles of z and y are interchanged. These coefficients are given by 


p = A, + mL — A(m,/m + f/m + a) — mBB/n, 


&a&=a+f/m + m,/m + A, B = mB/n, 
L = —m(af/m + Bg/n + (f/m)? — p — (f/m).), 
(5) é = A, — A(m,/m + a) — B(f/n + mb/n), 


= B, — B(n,/n + b) — A(g/m + na/m), 
a@=a+m,/m = B+ g/m + na/m, 
fj = —A/m, m = 1/m, A = —f/m, 


and the formulas obtainable therefrom by the substitution (3). 

The developables of the projective normal congruence intersect S, and S, 
in the projective lines of curvature which are the parametric curves thereon. 
The focal points of a projective normal are the points 7, ¢ defined by 


(6) n= y — mz, f= y — nz. 
The curvilinear differential equation defining the asymptotic curves on S, is 

(7) Ld? +- Ndv? = 0, 

and the asymptotic curves on S, are given by 

(8) Ldv? + Ndv* = 0. 


The line of intersection of the tangent planes at corresponding points P., P, 
of the surfaces S,, S, joins the points P,, P, defined by 


(9 p=%+ fz/m - (Yu re Ay)/m, 
) 
o= 2, + gz/n = (y, — By)/n, 

as may be seen on inspection of the last two of equations (1). Since the curves 
corresponding to the developables of the congruence of lines po are indeter- 
minate, the congruence consists entirely of lines lying in a fixed plane. This 
plane is determined by the two points given by (9) and by the point p, (or ¢,). 
By differentiating with respect to u the expression for p found in (9), and making 
use of (1), (5), and (9), we may express p, in the form 


p, = Lr/m + Ly + (a + f/m)p + Bo. 


* Ibid., p. $28. 


#4 @ le 
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We therefore see that the fixed plane intersects the projective normal in the 
point P, given by 
(10) 7 = Lr + mLy. 


The same point may be written by symmetry, or by a similar computation using 
6,, in the form 


(11) r = Nx + nNy. 


We shall have occasion to use the tetrahedron z, p, o, y as a local tetrahedron 
of reference with a unit point so chosen that a point 


rx + rep + X30 + Tay 
has local coérdinates proportional to 1, ---+ , 24. 
3. The quadrics of Darboux. The projective generalization of metric par- 
allelism of surfaces summarized in the preceding section will now be employed 
in formulating projective analogues of certain metric theorems. 


Let us consider any point X near a point P, on surface S,. The codrdinates 
of such a point X can be represented by power series of the form 


X =2+2,Au + 2,Av + (2,,Au? + 27,,Audv + 2,,Av?)/2 + ---, 


in which Au, Av denote the increments of u, v that correspond to displacement 
from P, to the point X. When the derivatives of x of the second and higher 
orders are replaced by the expressions given for them by (1) and the equations 
obtained therefrom by differentiation, we find that X can be expressed uniquely 
in the form 


(12) NX = 10 + Foty + Lake + Tay, 
where 


x, = 1 + (pAu® + 2cAudv + gAv*?)/2 4 ---, 


Xe = Au + (aAw + 2QaAudAv + yAv?)/2 4+ ---, 
(13) 2x3 = Av + (BAu? + 2bAuAv + 5Av*)/24 ---, 
ry = (LAw? + NAv*)/2 + [(L, + al + AL)Aui 
+ 3aLAwAv + 3bNAuAv? + (N, + 6N + BN)Ar]/6 4+ ---. 
These series represent the local coérdinates 2, --- , 2; of the point X, referred 


to the tetrahedron x, x,, 2,, y With suitably chosen unit point, to terms of as high 
degree as will be needed. In a similar way, we obtain the power series expan- 
sions of the local coérdinates of a point Y near P, on S,, namely, 
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fau + gdv + [(f. + fA + mp)Au® + 2(af + fm,/m + bg 
+ gn,/n)Audv + (g, + gB + nqg)Av*]/2 + ---, 


"ni 


Ye = mAu + [(am + f + m, + mA)Au®? + 2(mB + g + an)Audv 
+ nyAv*]/2 4+ ---, 
Ys = ndv + [(mBAw? + 2(nA + f + bm)AudAv + (6n + 9 + n, 
+ nB) Av*]/2 + .---, 


(14) 


1+ AAu + BaAv + [(A, + A? + mL)Au? + 2(A, + AB)Audv 
+ (B, + B? + nN)Av*]/2 + ---. 


The power series expansions of the coédrdinates of points X, Y, referred to the 
tetrahedron x, p, ¢, y, may be easily obtained from (13) and (14). It will be 
observed that only the first coérdinate of each point will be changed. In order 
to find this coérdinate for each point, a simple computation shows that it is 
sufficient to multiply the series representing the second and third coérdinates 
given in (13) and (14) by — f/m and — g/n respectively, and to add the cor- 
responding results to the series representing the first coérdinate in each case. 
We shall omit the writing of these results. 

The equation of any non-singular quadric surface containing the asymptotic 
tangents of S, at P. and having contact of the second order with S, at P, can be 
obtained by writing the equation of a general quadric, and demanding that this 
equation be satisfied by the series (13) identically in Au, Av as far as the terms 
of the second degree. The result can be written in the form 


II 


Ys 


(15) Lai + NxjZ + 2ra(— 2 + kote + ksrs + kar.) = 0, 

where ke, ky, ky are arbitrary. Among this three-parameter family of quadric 
surfaces there is a one-parameter family of quadrics of Darboux, each of which 
cuts S, in a curve whose triple point tangents at P, coincide with the three 
directions of Darboux® for which 


(16) C'du® — 3B’dutdv — 3rC'du dv? + rB'dv* = 0. 


It is easy to verify that for the quadrics of Darboux at P, on S, we have ky; = 
k; = 0; hence these ~' quadries are represented by the equation 

(17) Lai + Nxj + 2r4(— 2 + kr) = 0 (k arbitrary). 
For the purpose of writing the equation of the quadries of Darboux referred to 
the tetrahedron z, p, o, y, a simple computation shows that it is sufficient to 
replace x; in equation (17) by 7, + fre/m + ga;/n. Hence, the equation of 
any quadric of Darboux at P, on S,, referred to the tetrahedron 2, p, o, y, is 

(18) Lx? + Nxi + 22, ( — ry 4 kote oa ksz3 oe kay) = 0, 


*h. P. Lane, Bundles and pencils of nets on a surface, Transactions of the American 


Mathematical Society, vol. 28 (1926), p. 163. 
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where k is arbitrary and ke, ks are given by 

(19) ke = — f/m, ks = —g/n. 

Among the quadrics of Darboux at P, on S, there is the quadrie of Lie, which 
is the limit of the quadric determined by three asymptotic tangents of one 
family of asymptotics constructed at points of a fixed curve of the other family 
of asymptotics as these points approach coincidence along the fixed asymptotic. 
It can be shown that the quadric of Lie at P, on S, is represented by equation 
(18), for which the value of k is given by 


(20) 4LNk = pN + qh — LN(m + n). 


It is evident that the quadric of Darboux at P, on S, that passes through P, on 
S, is given by (18) when k = 0. 

The equation of any quadrie of Darboux at P, on S, is found in a similar way 
to be 


(21) ne? + m?Nx? + 2 mn2x, (— ra + Foxe + Fsx3 + Fx,) = 0, 
where F is arbitrary and kz, k3 are defined by 
(22) k, = A/m, k; = B/n. 


We find that the quadrie (21) is the quadric of Lie at P, on S, in case k has the 
value given by 


4LNK = A°N + BL + AN (log AP), + BL (log B/?), + mLN 


(23) a a 
+ nNL — LN(1/m + 1/n). 


The quadric of Darboux at P, on S, which passes through P, on S, is the quadric 
(21) for which k = 0. 

Incidentally, it is easy to verify, by use of (2) (a), (3), and the integrability 
conditions, that (2) (b) may be written in the form 


(24) A = (log R/L),, B = (log R/L),. 
On making use of (24), (19), and (22) we obtain from (2) (d) the relations 
(25) ky — mkz = (log mn),/2, ks; — nks = (log mn),/2. 


In metric geometry we recall that the center of a quadrie surface may be 
defined to be the pole of the plane at infinity. We have remarked earlier in this 
paper that the fixed plane containing the lines of intersection of the tangent 
planes at corresponding points of the two projectively parallel surfaces S,, S, 
affords us a projective analogue of the plane at infinity. The points p, o, 7 
given by (9) and (10) determine this fixed plane, which will be called the projec- 
tive plane at infinity. We shall, therefore, define the projective center of a quadric 
as the pole of the projective plane at infinity. 

The first problem that suggests itself is to determine the projective centers 
of the quadrics of Darboux at corresponding points P., P, of the projectively 
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parallel surfaces S,, S,. The local equations of the polar planes of the points 
P,, P, with respect to the quadries of Darboux (18) at P, are, respectively, 


(26) Lr. — frs/m = 0, Nas — gain = 0. 


Therefore, the line of projective centers of the quadrics of Darboux at a point P, 
on the surface S, joins P, to the point 


(27) (0, f/ mL, qa nN, 1). 


On finding the point where the polar plane of the point P, intersects the line 
defined by (26), we arrive at the projective center of the quadrics of Darboux at P, 


on Sz, namely, 
(28) (— ((f/m)*/L + (g/n)?/N + (L/mL — 2k)], f/mL, g/nN, 1), 


the tetrahedron of reference being x, p, 0, y. Similarly, the line of projective 
centers of the quadrics of Darboux at point P, on the surface S, is found to 
join P, to the point 


(29) (1, — mA/L, — nB/N, 0). 


The local coédrdinates of the projective center of the quadrics of Darboux at P, 
on S, are 


(30) (1, — mA/L, — nB/N, — [A2/L + B?/N + mL/L — 2k)). 


If two surfaces S and S are parallel in the metric sense, a well-known theorem 
implies that the lines of centers of the quadries of Darboux at corresponding 
points of the two surfaces coincide with the normal if, and only if, the two sur- 
faces have constant total curvatures.’ Inspection of (27) and (29) yields the 
following projective analogue of the aforementioned metric theorem. 

The lines of projective centers of the quadrics of Darboux at corresponding points 
of two projectively parallel surfaces coincide with the projective normal joining these 
points if, and only if, 


(31) f=agurAuB=0. 
The elass of projectively parallel surfaces for which these conditions hold 
would seem to be worthy of some consideration. When f = g = A = B =0, 


it follows immediately from (19), (22), and (25) that 
(32) mn=c (c = const.). 


This condition is reminiscent of a characteristic metric property® of the W- 
surfaces, namely, that a functional relation exists between their principal radii 


? Fubini and Cech, Geometria Proiettiva Differenziale, Bologna, 1926, vol. 1, pp. 177-178. 
* L. P. Eisenhart, Differential Geometry, 1909, p. 291 and p. 296. 
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of normal curvature. If, further, we make use of (31) and (32), we obtain from 
(2) (d) the relation 
R/L=k (k = const.). 


As a result of conditions (32), with the aid of (5), we find from equations (9) 
that the reciprocal projective normals of S, and S, coincide with the line po, and 
therefore lie in the projective plane at infinity.’ Since the curves corresponding 
to the developables of the reciprocal projective normal congruence have been 
called” the reciprocal projective lines of curvature, we may state the following 
result. 

If the lines of projective centers of the quadrics of Darboux at corresponding 
points of two projectively parallel surfaces coincide, the reciprocal projective lines 
of curvature on each of the two surfaces are indeterminate. 

From (28) and (30) it can be seen that the projective center of the quadric 
of Darboux at P, on S, which passes through P, coincides with the projective 
center of the quadric of Darboux at P, on S, which passes through P,. The 
common projective center of these quadries is the point (Z, 0,0, — mL). On 
referring to (10) we may state the following conclusion. 

When the lines of projective centers of the quadrics of Darboux at corresponding 
points of two projectively parallel surfaces coincide, the projective centers of the 
quadrics of Darboux at P., P, which pass through P,, Pz, respectively, coincide in 
a point on the projective normal. The corresponding points P., P, are separated 
harmonically by this point and the point where the projective normal is intersected 
by the projective plane at infinity. 

Returning now to the situation where no restriction is imposed on the position 
of the lines of projective centers of the quadrics of Darboux at corresponding 
points of two projectively parallel surfaces, we shall investigate the developables 
of the congruences generated by these two lines. Since, from (27), the line of 
projective centers of the quadrics of Darboux at P, on S, joins P, to the point 


(33) @ = fo/mL + go/nN + y, 
it is evident that the point ¢ defined by 
(34) E=o+ ur (u scalar) 


is any point, except P., on this line. By the usual method we obtain the differ- 
ential equation of the developables of the line of projective centers of the quadrics 
of Darboux at P, on S,, namely, 


(fBr/m + gy/nr — fg/mn + (g/n),)du* 
(35) + (fri f/m + 2b — (log fri/m),]/m — glg/n + 2a — (log g/nr*),]/n 
— N(m — n))dudv — r(fBr/m + gy/nr — fg/mn + (f/m),)dv? = 0. 


* Fubini and Cech, loc. cit., pp. 177-178. 
10 FE. P. Lane, Contributions to the theory of conjugate nets, American Journal of Mathe- 


matics, vol. 49 (1927), p. 570. 
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The equation for the determination of the focal points of the line of projective 
centers of the quadries of Darboux at P, is 

(36) w+ Su+ T = 0, 

where we have placed 

(37) S = fl{f/m + (log fr'/m),|/mL + glg/n + (log g/nr}).]/nN + m + n, 


and where the expression for T is not needed in what follows. If 41, we are the 
roots of equation (36), then the corresponding points £, & given by the formula 
(34) are the focal points. 

Since the line of projective centers of the quadrics of Darboux at P, on S, 
joins P, to the point P, defined by 


(38) yy = — mAp/L — nBo/N + 2, 
the point 
(39) ¢c¢=y+ vy (v scalar) 


is any point, except P,, on this line. By use of (39), we obtain, similarly, the 
differential equation of the developables of the line of projective centers of the 
quadrics of Darboux at a point P, on the surface S,, namely, 


m(ABr + By/r + AB + B,)dv? 
(40) + (Anr|A — 2b + (log A(r/mn’)!),) — mB|B — 2a + (log B/(m'nr)'),] 
— mN(1/m — 1/n))dudv — nr(ABr + By/r + AB + A,)dv* = 0. 
If 1, ve are the roots of 
(41) 24347 = 0, 
in which S is defined by the formula 
(42) S = A[A — (log A(nr/m)!),]/L + BIB — (log B(m/nr)}),]/N + 1/m + 1/n, 


the definition of T not being essential to our work, the corresponding points 
1, ¢2, given by (39), are the focal points of the line of projective centers of the 
quadrics of Darboux at P, on Sy. 

Demoulin has shown," in the metric theory, that the developables of the 
congruence generated by the line of centers of the quadries of Darboux at a 
point of a surface intersect the surface in a conjugate net. The harmonic 
invariant of (7) and (35) vanishes if, and only if, (f/m), = (g/n)., a condition 
which is easily seen to be satisfied by inspection of (2) (d) and (3). Similarly, 
the harmonic invariant of (8) and (40) is found to vanish if, and only if, A, = 


! Demoulin, Sur quelques propriétés des surfaces courbes, Comptes Rendus, vol. 147 


(1908), p. 565. 
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B,. Reference to the integrability conditions” shows that this condition is 
satisfied. Thus the following theorem is established. 

The developables of the congruences generated by the lines of projective centers 
of the quadrics of Darboux at corresponding points of two projectively parallel sur- 
faces intersect the respective surfaces in conjugate nets. 

The projective center of the quadric of Lie at P, on S, is given by (28), if the 
value of k, defined by (20), is substituted therein. Making this substitution, 
we find that the projective center of this quadric is the point 


f= o+ ur 
wherein ¢ is defined by (33) and 
(43) w = —[(f/m)?/L + (g/n)?/N + L/mL — (p/L + q/N — m — n)/2). 


The cross ratio of point P., the projective center of the quadric of Lie at P., and 
the focal points of the line of projective centers of the quadrics of Darboux at 
P, is given by 

(20, My May M2), 
where u is defined by (43) and yu, we are the roots of (36). This cross ratio 
is harmonic if, and only if, 

Mi + we = 2. 


On making use of (36) and (43), together with (2) (b), (2) (ce), (3), and (5), we 
find that this condition is satisfied. We therefore arrive at a projective general- 
ization of a theorem™ of Demoulin. A similar result can be obtained by con- 
sidering the quadric of Lie at P, on S,. Combining these results we have the 
theorem 

The two focal points of the line of projective centers of the quadrics of Darboux 
at P,(P,) on S.(S,) regarded as generating a congruence separate harmonically the 
point P,(P,) and the projective center of the quadric of Lie at P.(P,). 

We interpolate here a few remarks on the axes at corresponding points of two 
projectively parallel surfaces. The axis of the projective lines of curvature at a 
point P, of the surface S, is the line of intersection of the osculating planes of 
the projective lines of curvature through P,. By making use of equations (1) 
it is not difficult to show that the axis at P. joins P, to the point (0, y/N, 8/L, 
1). Similarly, by use of (5) and the equations corresponding to (1) when the 
roles of x and y are interchanged, it is found that the axis at P, joins P, to the 
point (1, yn/N, Bm/L, 0). It can be shown that the axis at P, intersects the 
fixed plane determined by the points p, o, r in the point (L/mL, y/N, B/L, 1). 
Furthermore, we find that the axis at P, intersects this fixed plane in the same 
point. Thus we have established a projective analogue of the property of the 
parallelism of the axes in the metric theory of parallel surfaces. Our result may 
therefore be stated as follows. 


12 MacQueen, Associate Surfaces, p. 829. 
‘8 Demoulin, loc. cit., p. 565. 
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The azes of the projective lines of curvature at corresponding points of two pro- 
jectively parallel surfaces intersect in a point which lies in the projective plane at 
infinity. 


4. Modified projective parallelism of surfaces. In this and in the following 
section we shall drop the assumption that the common conjugate congruence 
of the transformation F is the projective normal congruence, and shall employ 
in its place a general conjugate congruence. The configuration composed of 
two surfaces in ordinary space in the relation of a fundamental transformation 
having a general conjugate congruence and with the developables of the har- 
monic congruence indeterminate leads us to a characterization of surfaces 
which are projectively parallel in a modified" sense. 

For the analytic basis of our study of modified projective parallelism a some- 
what different canonical form of the basic system of differential equations is 
employed. If S., S, are a pair of surfaces projectively parallel in the modified 
sense, the four coérdinates z and the four coérdinates y form four pairs of solu- 
tions of a completely integrable system of differential equations“ of the form 


Zuu = L(x + y) + ar, + Br, 
Lun = AL, + b2y, 


N(x + y) + vtu + 62, 
Yu = MI, Yo = NX, (mnLN # 0). 


(44) 


Tov 


The integrability conditions for this system are found to be 
a, + ab = a, + fr, by + ab = 6. + By, 
by + 0? + aB = 8, + ba + nL + 85 + L, 
(45) a, + @ + by = y + a5 + mN + ay + N, 
L, = aL — BN, N, = ON — vL, 


m, = a(n — m), n, = b(m — n). 


The coefficients of the equations corresponding to (44), when the rdéles of 
z and y are interchanged, are indicated by dashes and are given by the following 
expressions: 


L = mL, & = a+ m,/m, B = mB/n, 
(46) a = na/m, b = mb/n, m = 1/m, i = 1/n, 
N = nN, y = ny/m, §6=6+n,/n. 


We shall assume that LN # 0 in order that S, may be non-developable. 


1% MacQueen, loc. cit., p. 832. 
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The line of intersection of the tangent planes at corresponding points of the 
two surfaces joins the points p, o defined by 


(47) Pp = Zu, Oo = Z,. 


It is easily shown that the fixed plane containing the lines po crosses the line 
zy at the point 


(48) TH=2r+y. 
The differential equation of the asymptotic curves on S, is 
(49) Ldv? + Ndv* = 0, 


and the asymptotic curves on S, are given by 
(50) mLdu? + nNdv* = 0. 


Some of the invariants of the parametric conjugate net N. are found to have 
in our notation the following formulas: 


8B’ = 6a — 25 — 3(log L), + (log N)., 
(51) 8C’ = 6b — 2a — 3(log N). + (log L)., 
H=ab-a, K = ab — 6,. 


By use of (45) and (46), the corresponding invariants for N,, indicated by 
dashes, are given by the following expressions: 

ga) 88 = 88+ log min), 86" = 86" + (og n*/m)e, 

5 = 

A =H — (log m)w, K = K — (log n)w. 


Several results similar to those obtained in §3 will now be given. Inasmuch 
as the proofs of these results run parallel to those in the section just cited, they 
will be omitted here. The equation of any quadric of Darboux at a point P; 
on the surface S., referred to the tetrahedron z, x, z,, y, is found to be 


(53) Lai + Nx} + 2xq(— 21 + kare + ksxs + kz.) = 0, 
where k is arbitrary and ke, k; are given by 
(54) ke = 20’ — b — y/r, ks = 286’ — a — Br. 


Similarly, the equation of any quadric of Darboux at point P, on surface S,, 
referred to the same tetrahedron, is 


(55) nLaz + mNxi + 2mnz, (—24 + Kore + Rsx3 + Fri) = 0, 
where F is arbitrary and ks, k; are expressed by the formulas 


(56) mk, = kz — (log mn),/4, nk; = ks — (log mn),/4. 
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The line of projective centers of the quadries of Darboux at P, on S, joins P; 
to the point ¢ given by 


(57) @ = — ker, /L — kax./N + y, 
and the projective center is the point with coérdinates 
(58) (— [k3/L + k§/N + 1 — 2k], —ke/L, — ks/N, 1). 


Similarly, the line of projective centers of the quadrics of Darboux at P, on S, 
is found to join P, to the point y defined by 


(59) vY = —mkoez,/L — nksz,/N + 2, 
and the projective center has local coérdinates 
(60) (1, —mk:/L, — nk3/N, — (mk /L + nki/N + 1 — 2k). 


Inspection of (56), (57), and (59) leads us to the following theorem. 

If two surfaces S., S, are projectively parallel in the modified sense, and if the 
line of projective centers of the quadrics of Darboux at a point P, on the surface S, 
coincides with the line xy joining corresponding points of the two surfaces, the line 
of projective centers of the quadrics of Darboux at a point P, on the surface S, will 
also coincide with the line ry if, and only if, mn = const. 

The reciprocal line of the line zy with respect to a quadrie of Darboux asso- 
ciated with the point P, of the surface S, intersects the tangents of the para- 
metric curves at P, in the points 


(61) s= 2 + kez, ¢ = x, + kee. 


Similarly, the reciprocal line of the line ry with respect to a quadric of Darboux 
associated with the corresponding point P, of the surface S, crosses the para- 
metric tangents through P, in the points 


(62) 3 = y, + mkoy, i= y, + nkgy. 


When the lines of projective centers of the quadrics of Darboux at corresponding 
points P., P, of the two surfaces coincide, equations (61) and (62) show, with 
the aid of (44), that each of the reciprocal lines of the line xy with respect to a quadric 
of Darboux associated with the corresponding points P,, P, of the two surfaces S,, S, 
coincides with the line po, and therefore lies in the projective plane at infinity. It 
follows that the curves on the two surfaces corresponding to the developables 
of the congruences generated by the reciprocal lines are indeterminate. 

The developables of the congruences generated by the lines of projective 
centers of the quadrics of Darboux at corresponding points of the surfaces S., S, 
can be found by the usual method. On considering equation (34) with ¢ de- 
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fined by (67), the differential equation of the developables of the line of projec- 
tive centers of the quadrics of Darboux at P. on S, is found to be 


(koks + Brke + vks/r + ksu)du? + (rke [ke + 2b — (log ker'/?),] 

(63) — ks (ks + 2a — (log k3/r'/*),] + N(m — n)) dudv 
— (keks + Ark, + yks/r + key) dv? = 0. 

The focal points of the line of projective centers of these quadrics are defined by 
(64) f2 = > + m2, 
if 41,2 are the roots of an equation of the form 
(65) w+ Su+ T = 0, 
where S is defined by placing 
(66) S = ki/L + k3/N — kz(log ker”),./L — ks(log ks/r"?),/N + m + n, 


and where the expression for 7 is not needed in what follows. Similarly, the 
differential equation of the curves on S, corresponding to the developables of 
the congruence generated by the line of projective centers of the quadrics of 
Darboux at P, is given by 


m(Bmrk, + ynks/r + (nks), + mnkeks) du? 
+ (mnrk{mk, + 2b — (log k2(mr/n*)"),] 
— mnk,[nk; + 2a — (log k3(n/rm*)"/2),] — N(m — n)) dudv 
— nr(Bmrk, + ynk;/r + (mk), + mnkok;) dv? = 0. 


When y is defined by (59), the focal points of the line of projective centers of 
the quadrics at P, are 


(67) 


(68) fi2 = 0 + 1,2y, 
if ,2 are the roots of 

(69) v+ $+ T=0, 
and if 


- S = mki/L + nki/N — ke (log ke(mnr)"?),/L 
i — ks(log ks(mn/r)"*),/N + 1/m + 1/n, 


the expression for T being omitted. 
Calculation of the harmonic invariant of (49) and (63) shows that the curves 


defined by (63) form a conjugate net on S, if, and only if, 
(71) ks, = ka, 
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a condition which is easily shown to be satisfied by differentiating (54) and 
making use of (51) and the integrability conditions. The harmonic invariant 
of (50) and (67) vanishes if, and only if, 


(72) (mz), - (nks)u. 


On referring to (56) it becomes evident that this condition is equivalent to (71). 
Combining these results we see that the lines of projective centers of the quadrics 
of Darboux at corresponding points of two modified projectively parallel surfaces 
each generate congruences whose developables intersect the respective surfaces in 
conjugate nets. 

The quadric (53) is the quadric of Lie at P, on S, in case ke, ks; have the values 
given in equation (54) and k has the value given by 

4LNk = Nk; + Lk + Nkeo(log ker’), + Lks(log ks/r'*), 
(73) 
+ LN(2 — m — n). 
Similarly, we find that the quadric (55) is the quadric of Lie at P, on S, in case 
ke, ks are defined by (56) and & has the value 
4LNE = mNEi + nLki + Nkz (log k2(mnr)"”), + Lk3(log k3(mn/r)"?), 
+ LN (2 — 1/m — 1/n). 

Substituting in (58) the value of k given in (73), we find that the projective 
center of the quadric of Lie at P. on S, is the point 


§&=¢+ uz, 


(74) 


where ¢ is given by (57) and 
w= — (ki /L4+kj/N — ke(log ker"), /L — ks(log k3/r'/?),/N + m + n]/2. 


On considering the congruence generated by the line of projective centers of the 
quadrics of Darboux at P, on S,, it may be shown that the foci of the generator 
separate harmonically the point P, and the projective center of the quadric of Lie at 
P,. A-similar result may be obtained at point P, on surface S,. 


5. Axial systems. A curve on a surface is called a union curve of a con- 
gruence if the curve is such that the osculating plane at each of its points con- 
tains the line of the congruence which passes through the point but which does 
not lie in the tangent plane of the surface at the point. The union curves of 
a congruence have also been called an axial system of curves, since the osculating 
planes at a point of the surface of the «' curves that pass through this point 
form a pencil with the line of the congruence as axis. 

In the metrie theory of surfaces Bompiani has shown" that there always 
exists a system of axial curves on a surface S to which corresponds a system of 


‘—. Bompiani, Corriapondenza fra una superficie ¢ le sue parallele, Mathematische 
Zeitachrift, vol. 24 (1925-26), p. 311 et seq. 
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axial curves on a surface S parallel to S. The axis of the pencil which is thus 
determined at corresponding points P, P of each of the two parallel surfaces S, 
5 is called the axis of the correspondence. Moreover, Bompiani has shown that 
the locus of the axis of the correspondence at a point P of the surface S, as the 
surface S§ varies, is a quadrie cone, with vertex at the point P, which contains 
the tangents of the lines of curvature through P. This cone is found to be 
composite only when the lines of curvature on S are spherical or plane. The 
cone contains the normal to S at P if, and only if, the axial curves on S are the 
geodesics that pass through each point of S. A characteristic property of 
minimal surfaces among the W-surfaces is the possession of geodesic curves as 
axial curves. 

The present section is devoted to the problem of establishing projective 
analogues of the metric theorems stated above. We begin by choosing a point 
P, on the line zy joining corresponding points P., P, of the surfaces S., S,, in 
§4, such that 


(75) y= (1+hk)z+ ke (k = const.). 


If we make the transformation (75) on system (44), we find that z, z are solu- 
tions of differential equations of the form 


L'(x + z) a a'r, oe B’re, 
Lup = a'2, + 0'2,, 
N' (xz + 2) + y’'tu + 820, 


Zy = m' Zu, 2, = n'Xq, 


ll 


Tun 


(76) 


Lov 


wherein the coefficients, indicated by primes, are given by the formulas 


(1 + ADL, a’=a, f' =8, 
(77) a’ =a, b'=b, m’'=(m—b/1+h, vn’ =(n—-bW/14+h, 


S 
] 


(1 + &)N, yv=y 8 =6. 


= 
1 


The integrability conditions (45) are satisfied identically by these coefficients. 
The coefficients of the equations corresponding to (76) when the rdles of x and z 
are interchanged may be found by use of (46) and (77). If the fourth equation 
of (76) is differentiated with respect to v and use is made of the second, fourth, 
and fifth of equations (76), we obtain a Laplace equation from which it follows 
that the parametric net N, is conjugate. It can easily be shown that the 
tangent planes at corresponding points of the two surfaces S,, 8, intersect in the 
lines of a fixed plane. Furthermore, it can be seen that the tangent planes at 
corresponding points ’,, P,, P, of the surfaces S,, S,, 8, intersect in the same 
line by differentiating equation (75) to obtain 


Yo = (1 + kz + hry, Ue = (1 + k)ey + kay. 
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In order that the surfaces S,, S,, S, be distinct, we exclude the cases for which 
k = Oandk = —-1. 

Let us consider a curve C, of the family dv — Adu = 0 through point P, on 
surface S.. The osculating plane of C, at P. is determined by the points 
x, x’, x"’, where 


2’ = 2 + ZA, 2” = Luu + Wuer + Lod? + Td’ (A’ = Ay + AAd). 


The coérdinates £ of the osculating plane of C, at P., referred to the tetrahedron 
z, p, ¢, y, are found by a simple calculation to be given by 


(78) & = 0, f& = —dA(L + Nd’), f= L + NX, 
tf = —d’ —B — (2b — a)dA + (2a — 4)? + yA’. 
Similarly, the codrdinates » of the osculating plane of the corresponding curve 
through point P, on S,, referred to the same tetrahedron, are found to be 
m=P, m= XA(1+k)(n — k)Q, 
m = —(1+k)(m—k)Q, m=kP, 
where we have placed 
P = (m — k)L + (n — k)N®, 
Q = (m — k)(n — k)d’ + B(m — k)* + [2b(m — k)? — a(m — k)(n — k) 
—m,(n — k)]\ — [2a(n — k)? — 6(m — k)(n — k) 
— n,(m — k)] B — y(n — k)r*. 


(79) 


(80) 


The differential equation of the axial curves on the surface S, of the congruence 
generated by the line joining P, to the point P,, with coérdinates (0, he, hs, 1), 
can be written by means of the condition of united position hog: + hs3é; + & = 0 
and equations (78). We find, after replacing \ by v’, the axial curves on S, 
to be given by 
(81) v’’ = Lh; — B — (Lhe + 2b — a)v’ + (Nhz + 2a — 5)v” — (Nh, — y)v". 
In a similar way we obtain, on the surface S,, the differential equation of the 
axial curves of the congruence generated by the line joining P, to the point 
(1, ke, ks, 0), namely, 
v’’ = (1 + k)(m — k)Lks/(n — k) — B(m — k)/(n — k) 

— [(1 + k)Lkz + 2b(m — k)/(n — k) — a — m,/(m — k)j v’ 

+ [(1 + k)Nks + 2a(n — k)/(m — k) — 6 — n,/(n — k)]v” 

— ((1 + k)(n — k)Nko/(m — k) — y(n — k)/(m — k)] vv”. 


Now if to every curve (81) on S, there corresponds a curve (82) on S,, and vice 
versa, we find necessary and sufficient conditions for this correspondence to be 


(82) 
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Lh; = (1 + k)(m — k)Lk3/(n — k) + B(n — m)/(n — k), 
Lhe = (1 + k)Lke — m,/(m — k) — 2b(n — m)/(n — ky), 
Nhs = (1 + k)Nks — n./(n — k) — 2a(m — n)/(m — k), 
Nhe = (1 + k)(n — k)Nko/(m — k) + y¥(m — n)/(m — k). 


(83) 


From these equations we obtain 
(84) he = (m + m,t/(m —n))/L, — hs = (m2 + n,/t(n — m))/N, 
wherein we have placed 
m, = y/r — 2b, me, = Br — 2a, t = (n — k)/(m — k). 
Let the axis of the correspondence joining P, to the point P, be represented 
by the equations 
(85) Xe — hex, = O,7 x3 — h3x, = O,/ 
with he, hs given by (84). The locus of this line, as the surface S, varies, is 


found by eliminating ¢ from equations (85). For this result we obtain the equa- 
tion of a quadric cone with its vertex at the point P,, namely, 


(86) LNaers — (miLaz + m2Nas)x4 + [mum + mn,/(m — n)*] zi = 0. 


It is now possible to deduce several interesting theorems. For example, 
the cone (86) intersects the tangent plane, x, = 0, at point Pz of the surface S, in 
the tangents of the parametric conjugate net through P,. It is easily shown that 
the cone (86) is composite if, and only if, 


(87) MN, = 0. 


If m, = 0, by use of (45) and (51), it follows that H = 0 when m # n. Then 
the u-curves on S, are cone curves, namely, the curves of contact of a cone circum- 
scribing the surface. Similarly, if n, = 0, it follows that K = 0, and the 
v-curves are cone curves. For the net N, the invariants corresponding to H, K 
are found to have the following expressions: 


,_n—k am, o m—k/,, bn, 
a . - 5-3 (4+ 24). - - ai (K+ 4). 
In the presence of conditions (87), inspection of (52) and (88) shows that the 


parametric curves are cone curves on S, and on every surface projectively paral- 
lel to S, in the modified sense. The cone (86) contains the line ry if, and only tf, 








mime + m,n,/(m — n)* = 0, 


and in this case the axial curves on S, are what we call the modified projective 
geodesics on Sz, i.e., the union curves of the congruence of lines ry. 


SOUTHWESTERN COLLEGE. 








A FUNCTION NOT CONSTANT ON A CONNECTED SET OF 
CRITICAL POINTS 


By Hass_terR WHITNEY 


1. Introduction. Let f(x, ---,2,) be a funetion of class C™ (i.e., with 
continuous partial derivatives through the mth order) in a region R. Any 
point at which all its first partial derivatives vanish is called a critical point of f. 
Suppose every point of a connected set A of points in R is a critical point. It is 
natural to suspect then that f is a constant on A. But this need not be so. 
We construct below an example with n = 2,m = 1, A = anare. The example 
may be extended to the case n = n,m = n — 1, A = anare. The are and 
the function on the are are easily defined. The extension of the function 
through the rest of the plane or space is given by a theorem of the author.' 

The question settled in this paper was raised implicitly in a paper of W. M. 
Whyburn.? It is brought up by his definition of critical sets as the maximal 
connected subsets of the set of critical points on which the function takes a 
single critical value. Theorem 2 of Whyburn’s paper shows that an example 
of the type given in the present paper can be constructed only by using critical 
sets which have points that cannot be joined in these sets by rectifiable ares. 
It would be interesting to discover how far from rectifiable a closed set must be 
to be a set of critical points of some function but not a critical set of the function. 
It may be remarked that any closed set may be a critical set.* 

For fixed n and m large enough, m = [(n — 3)?/16 + nl], where [n] is the inte- 
gral part of n, f must be constant on any connected critical set, as shown by 
M. Morse and A. Sard in an unpublished paper. 

The example shows that it is in general impossible to express the values of 


a function f(x, ---,2,) along a curve which is not rectifiable by means of an 
integral of a function of partial derivatives of f of order < n — 1 along the 
curve. 


2. The arc. Let Q be a square of side 1 in the plane. Let Qo, Qi, Qo, Qs 
be squares of side 1/3 lying interior to Q in cyclical order, each a distance 1/12 


Received May 16, 1935; presented to the American Mathematical Society, October 26, 
1935. The example given here was discovered in 1932 while the author was a National 
Research Fellow. 

1H. Whitney, Analytic exlensions of differentiable functions defined in closed sets, Trans- 
actions of the American Mathematical Society, vol. 36 (1934), pp. 63-89, Lemma 2. We 
refer to this paper as AF. 

2 W. M. Whyburn, Bull. Amer. Math. Soc., vol. 35 (1929), pp. 701-708. 

* See A. Ostrowski, Bull. des Sciences Math., Feb. (1934), pp. 64-72. 

‘For such an expression (using partial derivatives of any desired order) along a recti- 
fiable curve, see H. Whitney, Functions differentiable on the boundaries of regions, Annals 
of Mathematics, vol. 35 (1934), pp. 482-485, (1) and (3). 
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from the boundary of Q. Let q and q’ be the centers of the sides of Q along 
Qo, Qi, and along Q3, Qo. Let q; and q. be centers of adjacent sides of Q; (¢ = 
0, 1, 2, 3) so that g{_, and q; face each other (i = 1, 2, 3), and qo is near q, q3 
is near q’. Let Ao be a line joining q and qo, let A; join q;_, and q; (i = 1, 2, 3), 
and let A, join q; and q’. 

Suppose we have constructed squares Qj,...i,, points qi,...i;,; G.--i,, and lines 
Aj,...i, (each % = 0,1, 2,3; each 7, = 0,1, 2,3,4) fort <s. By taking a square 
Qi,...i,.,, Shrinking it to a third its size, and turning it around and upside down if 
necessary, we may place it in Qj,...;,., so that qi,...;,, and qi,...;,., go into qi,...«,, 
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q 


and q;,...4,,, and thus construct squares Q,,...;,, ete. We continue this process 
indefinitely. Let Qj,:,... be the point common to Q, Qi,, Qi,:,,--- for each 
(t, t2, +--+ ). 

The line segments A;,...;, together with the points Q;,;,... form an are A. It 
may be represented as the topological image of the segment (0, 1) by letting 
Aj,...4, correspond to the segment 


2i, + 1 Mi1+1. 2 2i+4+1 Moi+1 . M+ ') 
( 9 —feee t+ Qs + >? 9 +--+ Q-1 “Qe ’ 
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and letting Q;,:,... correspond to the number 


2ie oe 1 
te. 


2in + 1 


+ 


he vee, 


3. The function f(z, y). We first define f(z, y) along the are A as follows: 


a1 t. 
on Aj,...ie, =it- +2) 
1 to 
at Qi,i,..., fos +a *-- 


f increases from 0 to 1 as we run along A from q to q’. Set foo(z,y) = f(z,y), 
Sw(z,y) = fu(z,y) = Oon A. We shall show that fg is of class C' on A in terms 
of (foo, fro, fr) (see AE). It will follow from Lemma 2 of AE that the definition 
of f(z,y) may be extended over the plane (in particular, over Q) so that f is of 
class C'; also af/dx = fio = 0, f/dy = fo. = 0 on A, and hence each point of A 
is a critical point of f. 

As fio and fo, are continuous in A, we need merely prove that for each « > 0 
there is a 6 > 0 such that if (z,y) and (x’,y’) are points of A whose distance 
apart is r < 6, then 


(1) S(z',y’) — S(x,y) | < re, 


(see AE (3.1) and (3.2)). 
The proof rests on the following two facts. 
(a) If (x,y) and (x’,y’) are points of A in Q,, ... :,, then 


(2) | f(z',y’) — f(xy) | S 1/4". 


(b) If (x,y) and (z’,y’) are points of A separated by some point Q,,;,..., and 
if Q:, ...«, is the smallest square containing them both, then 


a 


(: ; 
3) > 79 361 


Assume (a) and (b) are true. Given e > 0, choose so and 6 so that 

3 \% ] l 
(4) 36 (3) “4. @¢ 

4 12 3%*! 
Now let (z,y) and (z’,y’) be any two points of A distant r < 6. If no point 
Q.. separates them, then f(z’,y’) = f(z,y), and (1) holds. Otherwise, let 
Q) , be the smallest square containing them both. (b) gives 

- 6 < ’ en i> e 

Hence 


r 


(,’ , with (r D . atl 7 a 
fry) — Silay) T 12 = ; 46 (7) — 
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It remains to prove (a) and (b). (a) is obvious from the definition of f. To 
prove (b), we consider three cases: neither point is in any square Qj, ... ;, i,.,; 
each point is in such a square; one point is in such a square, and the other is not. 
In the first two cases we see that r > 1/(2-3**'); in the third case, (3) holds. 


4. Generalization to higher dimensions. We shall indicate how the corre- 
sponding example is constructed for n = 3, m = 2; the generalization to 
higher dimensions is obvious. 

Let Q be a cube of side 1. Let Qo, --- ,Q; be cubes of side 2/5 arranged 
in Q so that Q; is adjacent to Qi. Let q and q’ be the centers of faces of Q 
which are adjacent and adjacent respectively to Qo and Q;. Define q; and q; 
(¢ = 0,---,7) as before, and similarly for Ao, --- , As. The process is con- 
tinued indefinitely, as before. A isagainanarc. We set 

ls 


on Ba inntus fagtoot+eE, 


at Qii...., f=s+St+ ys 


Set fooo = f, fasy = O(a +8 +7 =1o0r2)onA. To prove that f = foo is of 
class? in terms of these functions we need merely show that 


(5) A =| f(z’, y’, 2’) — f(z, y,2)| <reon A (r < 6). 


Note that f varies by at most 1/8* in any Q;, ...;,. Now if the smallest cube con- 
taining (z,y,z) and (x’,y’,z’) is Qi, ...:,, r is of the order (2/5)*, while A S 1/8*; 
hence A/r* is of the order (25/32)*, which is < ¢ for r small enough and hence s 
large enough. 

Note that all partial derivatives of f (of order S n — 1 = 2) vanish on A. 


Harvarp UNIVERsITY. 








ONE-PARAMETER GROUPS OF TRANSFORMATIONS IN 
ABSTRACT VECTOR SPACES 


By D. S. NATHAN 


1. Introduction. Consider an abstract function in the sense of an operation 
on real numbers which yields for each number an element of a linear, normed 
space. The derivative of such a function has been defined by Fréchet.' The 
same formal rules are valid as for the derivative of an ordinary function. Once 
the concept of a derivative is at hand, one can generalize from ordinary to 
abstract differential equations. The theory of Riemann integration of func- 
tions of a real variable whose values belong to a complete, linear, normed space* 
% has been developed by Graves’ and by Kerner.‘ This theory is analogous, 
on the whole, to the classical theory. 

The notion of integral leads to existence theorems for abstract differential 
equations. By applying an existence theorem of this type due to Kerner, we 
find that a transformation in % satisfying a Lipschitz condition generates, 
in the sense of integration of an abstract differential equation, a one-parameter 
group of transformations in % or, at least, the group-germ. The group gener- 
ated by a given bounded linear transformation is obtained as an exponential 
series. Conversely, the transformation which generates the subset in a certain 
neighborhood of the identity transformation of a given one-parameter group 
of bounded linear transformations with an additive law of composition is ob- 
tained as a logarithmic series. That this converse theorem can have content 
is made clear through the consideration of a certain class of one-parameter 
unitary groups in Hilbert space. In this connection use is made of results due 
to Stone. While Stone’s results are more powerful than ours in that the gener- 
ating transformation need not be bounded, they are restricted to the case of 
unitary groups. Furthermore, even in this case it is of interest to fix the precise 
scope of the representation by power series. 


Received April 17, 1935; presented to the American Mathematical Society, March 30, 
1934. The author is a National Research Fellow. 

1M. Fréchet, La notion de différentielle dans l’analyse générale, Annales Scientifiques 
de |’Ecole Normale Supérieure, vol. 42 (1925), p. 312. 

2S. Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 53. 

?L. M. Graves, Riemann integration and Taylor’s theorem in general analysis, Transac- 
tions of the American Mathematical Society, vol. 29 (1927), pp. 163-177. 

*M. Kerner, Gewéhnliche Differentialgleichungen der allgemeinen Analysis, Prace Math- 
ematyczno-Fizyczne, vol. 40 (1932), pp. 47-67. 

5M. H. Stone, On one-parameter unitary groups in Hilbert space, Annals of Mathematics, 
vol. 33 (1932), pp. 643-648. 
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2. One-parameter groups. Using the method of successive approximations, 
Kerner® has proved the following 

THEOREM 1. Let the operation F(f, t) order an element of B to each element f 
of a neighborhood of fy in B and to each real number t in a neighborhood of to. Let 
F be continuous with respect to f and t for certain neighborhoods of fo and ty. Let 
there be neighborhoods of fy and ty in which a Lipschitz condition holds of the type 


where C is a constant independent of f, g and t. Then there is a neighborhood of 
ty in which the equation 


df 


possesses a unique solution f = o(t; to, fo), continuous in all arguments, such that 
o(to; to, fo) = fo.’ 

Let T be a transformation with domain Dp and range R* (where Do is an 
arbitrary open subset, and ® any subset, of B) such that for every pair of ele- 
ments f and g in Do the inequality || Tf — Tg || s C || f — g || holds, C being a 
constant independent of f and g. Then T is continuous throughout Do, since 
at any element f of Do there corresponds to every « > 0 a 6 = €/C such that 
|| Tf — Tg || Ss « when || f —g|| <6. Thus T meets the requirements for F 
in Theorem 1 throughout Do. Hence, for | ¢ — t | sufficiently small, the equation 


df 
1 — = fT, 
(1) a=7f 
possesses a unique continuous solution f = g(t; to, fo) satisfying the initial condi- 
tion v(to; to, fo) = fo, where fo is an arbitrary element of Do. The solution can 
always be written in the form 


(2) f=et-—tif), f= ¢(0;fr), 


as can be readily seen. 

For every value of the parameter ¢ in a certain neighborhood of to, (2) defines 
a transformation of fo into a point f of Do. We have, then, a one-parameter 
family of transformations A;-, of Do into a subset of Do defined by 


f = Acv+fo = o(t — to fo), 


with the continuity property Ar, — Av, ast — t’® 


6 Loc. cit., pp. 60, 64. The proof is analogous to that usually encountered in the case 
of ordinary differential equations, as, for example, in L. Bieberbach, Differentialgleichun- 
gen, 1930, Pt. I, Ch. II. 

7 Instead of the Lipschitz condition Kerner has the hypothesis that F possesses a con- 
tinuous differential in certain neighborhoods of fo and éo, but from this he deduces the 
Lipschitz condition, and it is the latter that enters into the proof of the theorem. 

8 That is, let 7’ be a correspondence between Do and R whereby to each element of To 
is ordered one element of R and each element of R is ordered to at least one element of Do. 

® Convergence will be understood always in the strong sense (Banach, loc. cit., p. 16). 
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The family A;,, forms a group-germ. For let fo be defined by 
fo = g(t — be; 9), 


where g is an arbitrary element of Do and | 4; — t | is sufficiently small. Then 
g(t — ty; g) is the solution of (1) passing through the point (t,, fo) in the product 
space formed by composition of 8 and the real axis. Since, however, the unique 
solution passing through (t;, fo) is ¢(t — 4; fo), there holds identically for values 
of ¢ and ¢, sufficiently near ty 


o(t — hj elt — boi g)) = v(t — bi; 9), 


that is, 
Apt, Ang = Attg - 


It is evident from the initial condition that Ay = J (the identity transformation), 
and from the additive law of composition just obtained that A;—,, has an in- 
verse A;+; in symbols, A7',, = As. The existence of an inverse tells us 
that the range of A: is Do. Multiplication of the transformations in the fam- 
ily is associative. 

If we assume further that the domain of T is 8 and that T satisfies for every 
f in B the inequality || Tf || s M, where M is a constant independent of f, the 
solution (2) can be extended over the infinite (-interval, so that Ar, is defined 
for — x <t< @ and an actual group is generated 

Finally, there is no loss of generality if we take fb = 0. 

We have, then, the following 

TueoreM 2. Let T be a transformation with domain Do" satisfying for every 
fand g in Do the inequality || Tf — Tg\| = C\\ f — q||, where C is a constant inde- 
pendent of f and g. Then T generates the germ A, of a one-parameter group of 
transformations of Do into Do, with the law of composition Ar, At, = At4+, and the 
continuity property A,— Avast—t'. If, further, the domain of T is 8 and 
if, for every f in B, the inequality || Tf || < M holds, where M is a constant in- 
dependent of f, then T generates the one-parameter group of transformations A,, 
— « <t< «, with domain and range B. 


3. One-parameter linear groups. Let T be a bounded linear transformation 
with domain %, and let | T'| be the bound of T."' In view of the inequality 
Tf —Tg\\ = || Tif —g) || S| T\\| f —@||, Theorem 2 is applicable, telling 
us that 7 generates the germ of a one-parameter group of transformations 
taking 8 into 8. We shall now obtain an explicit expression for A; in terms 


1° The range of a transformation, when not expressly stated, is understood to be a sub- 


set of B. 


1 T is said to be linear if its domain includes a,f, + --- + aise (ai, +++ , ae arbitrary 
complex numbers) whenever it includes fi, --- , fx, and if then T(afi + --- + aefe) = 
aT fh, + --» + Tf. T is said to be bounded if there exists a constant C independent of 


< C || f\| is valid. The 


f such that for every f in the domain of 8 the inequality || 7'f || 
smallest such C is called the bound of T and will be denoted by | T 


et 
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of T. To this end, let us set down the sequence of approximations to the 
solution of the equation 


df 
(3) dt - Tf, f(0) nial fo . 
The sequence is as follows: 
go(t) -_ fo, 
¢,(t) = fo + [ Te, (t)adt = (> r’) fo (n = 1, 2, 3, — -), 


where T° = J, T' = T,T" = TT*™". The sequence 


-_ 
(F(t; T)} = IS — 1 
ly=0 "* J 
converges in % for all ¢ and uniformly in any bounded ¢-interval. For taking 
m <n, we have for every f in 8 


Mtr; 7) — Pats MSs DY [Srvis PE sa, 


vem+1' * v=m+1 


and since there corresponds to every ¢ > 0 an M = M(e) such that ) 


biela < «(m > M), we infer the inequality || [F,(t; T) — F(t; T)| f || < « 
v: 
\| f || (m>M). Since B is complete, {F,(¢; T)} converges to a transforma- 


tion in 8 which we denote by the symbol 


e'T = lim a (—-« <t<o). 
neo =0 Vv: 
Then the unique solution of (3) is 
f = lim ¢,(0 = e'Th (—- 0 <t<o),. 


T, then, generates the one-parameter group A; = e'7, — ~ <t< @. 
The transformations constituting this group are linear. For hold ¢ fixed and 
let fi, --- , fx be arbitrary elements of B. We have 


F(t; T)(afi + --- + aife) = F(t; Tf + --- + aeF (t; T)fk > Ah + 
--» baAfpasn— ©; hence A(aifi + --- + afc) = GAdhi + --+ + aeAdle. 


The transformations A; are bounded. For hold ¢ fixed and let f be any ele- 
ment in 8. We have 


I| Af || S || Af — Pats TF || + || Pat; TSI. 
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To every ¢ > 0 there corresponds an N = N(e) such that ||A:f — F(t; T)f || S e 
f || (n > N); furthermore || F,(t; T)f || < Sot» (| T |’/o) | & | || f ||; hence 


| Auf || s(+> Prlel\ i sy 





yp! 


v=0 
We accordingly have 
THEOREM 3. Let T be a bounded linear transformation with domain 8. Then 
T generates the one-parameter group of bounded linear transformations of B into B 


A, =e? = lim >) 57 (—- 0 <t <a) 


nun 
v=0 


with the law of composition A;,A:, = At+, and the continuity property A; — Av as 
t—t’. 
The investigation of the converse problem involves a study of the logarithmic 


series 


(4) > Su ~e, 


v=1 


where A is a linear transformation with domain 8. Set 


 (=1) as 

G,(A) = 2 ——(A - 1), 
and let A satisfy for every f in B the inequality || (A — Df || s @||f ||, where 
@ is independent of f. Taking m < n, we have || [G,(A) — G,(A)If || s 
b &. (@’/v) || f\|. Corresponding to every « > 0 there exists an M = M(e) 


v=m+l1 


such that : o/v<e(m>M,05 0 <1). Hence 
| [G.(A) — Gm(ADIS | < € {fll 

(m>M,\|\(A—Df\|| Se\|f\l,O0s6<1). 
Then if the inequality 
(5) (A —Dfi\i s elif |i (0 s @ < 1, 6 independent of f) 
holds for every f in B, the sequence {G,(A)} converges to a transformation in 
% which we designate by 
aa 
ly A= p> ( i (A — ID. 


1 


The proof that IgA is linear and bounded is like the proof of these properties for 
e™. We thus have 
Lemma 1. Let A be a linear transformation with domain 8 such that 
(A~Df'\s e@\\f\! (0 < 6 < 1, Oindependent of f) for every f inB. Then 


re 








ae 
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- ou» 
lg A = Zi : (A — J) 
is a bounded linear transformation with domain B. 
That the condition (5) for the convergence of (4) throughout % is the best 
possible is seen from the following example. Let 8 be specialized to abstract 
Hilbert space , and let {¢,} be a complete orthonormal set in 9." Define A as 


follows: 
(A — Den = Onn, —-1<6,.<0, n=1,2,3,---, 


where A is taken as linear. Then A is bounded and has © as its domain. If 
f = }?-, a:¢ is an arbitrary element of §, we have || f ||? = }°*_, | a; |?, 
| (A — Df ||? = DO%-, | a; |? 62, therefore || (A — Df || < || f ||. Choose an 
element fi = } in b; ¢:, where at most a finite number of the 6, vanish. 
Using the relation (A — I)"o, = O"gn, we get, upon expanding >>*_, 
[(—1)""" (A — J)’/v] f; and collecting the coefficients of the ¢;, 


> — “~ Drs - > bilg (1 + 6) ¢i. 


i=1 





v=1 


By choosing the 6; sufficiently near —1, the expressions lg(1 + 6@,;) will become 
so large numerically that 5°?_, | b; Ig(1 + @,) |? will diverge; in other words, 
vat (—1)"" (A — J)’/v will not be defined at fi. 

We shall require, further, certain properties of bounded linear transforma- 
tions A and B with domain $. As the corresponding properties have been 
established for finite matrices by von Neumann," we shall, for the most part, 
confine ourselves to indicating the slight modifications of his proofs which are 


entailed. 





Lemma 2. || (e4 — Df || s (e *' — 1) || SII. 
Proof. 
Ie -nsils DAtasis > 4E si. 


Lemma 3. [If for every f in B the inequality 
| (A — Df ll < @llf | 
(0 < w < 1 and w independent of f) is satisfied, then 


1 da Ar il < (45) IIs. 


122M. H. Stone, Linear Transformations in Hilbert Space, 1932, pp. 3, 7. 
13 J. von Neumann, Uber die analytischen Eigenschaften von Gruppen linearer Transforma- 
tionen und threr Darstellungen, Mathematische Zeitschrift, vol. 30 (1929), pp. 1-42. 
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Proof. 


i@ayiis DAN4-Dtl< Sis. 


vy=l vy=l 


Lemma 4. 

(a) If for every f in B the inequality || (A — Df || s 6\|f|| (0s @< 1 and 
6 independent of f) is satisfied, then e'®@4 = A. 

(b) If | A| < lg 2, then lg et = A.™ 

The validity of (a) and (b) will be assured if it can be shown that correspond- 
ing to every « > 0 there exists a t = t(e) such that 


[> ald te i | s- Af | <e, 





| p=O v=1 | 
lye (> Ay r-as| <e (s2t,r =?) 


The existence of such a ¢ is proved in a manner analogous to von Neumann’s 
proof of the corresponding result for finite matrices." 

Lemma 5. If A and B are permutable, then e4e® = e4**."6 

The proof is substantially the same as von Neumann’s proof of the property 
for permutable finite matrices.” 

Lemma 6. Jf A and B are permutable, and if for every f in B the inequalities 


\(A-Df\l Seolsil, WB-Dsil sellsfil, 
| (AB — If || s @\|f|| (0 s @ < 1, 6 independent of f) are satisfied, then 


' 


(6) g@AB=lgA+gB. 


The proof, again, is analogous to von Neumann’s proof of the property for 
permutable finite matrices." In the first place, it can be demonstrated that if 
(6) holds when both || (A — J)f || < 6|| f|| and || (B — Df || < 6||f|| for 
every f in 8, where 6 is some constant independent of f, then (6) holds under 
the conditions stated in the lemma. But (6) actually is valid if for every f in 
% the transformations A and B satisfy the inequalities 


(7) |(A-Df\l <ellfil, | B-Dfil<ellfll @<« <1-V1/2), 
with w independent of f. 


“4 That lg e4 is defined for | A| < lg2 follows from the inequality (arising from Lemma 2) 
(e4 — If || s (e'4! — 1) || S|, whereO s e!4! —1 <1. 

6 Loc. cit., pp. 9-10. 

16 This result yields an alternative proof that e 

17 Loc. cit., p. 10. 

18 Loc. cit., p. 11. 
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For by Lemma 3 we have, when (7) is satisfied, 
Goa li<(w+-)isil, ida By il <(+)iisi, 
and consequently 
oA + BY <(2;+-)iIsII, 


where 2 Ig [1/(1 — w)] < lg 2. By Lemma 4(b), then, we have 


(8) Ig e'@4*98 ~IgA+ MgB. 
As limits of polynomials in A and B, lg A and lg B are permutable. By Lemmas 
5 and 4(a) we get e’#@4+’¢8 = ela4 ev® — AB, whence lg e'?4t+'¢® = Ig AB. 


Comparing this with (8) we get (6); in other words, (6) holds if (7) is satisfied. 
Hence the lemma is proved. 

We are now in a position to prove the following converse of Theorem 3. 

THEOREM 4. Let Ay, — ~ <t < ©, be a one-parameter group of bounded 
linear transformations with domain 8, with the law of composition A:Ar, = Atst, 
and the continuity property A, > Av ast—>t'. Let T denote the t-interval such 
that for every f in B and every pair of values o and r in FT the inequality 
| (Asse — Df || S Ollf || (© S 6 < 1, 6 independent of f) is satisfied. Then 
the subset of A, corresponding to the values of tin T is generated by the bounded 
linear transformation (lg A:)/t with domain 8, which is independent of t. 

Proof. We show first that (lg A,)/t is independent of t. By hypothesis and 
Lemma 6 we have 


(9) Ig Arse, = lg AAs, = Ig Ar, + Ig Ae, 

if the following inequalities hold for every f in B: : 

(4,— Df ll Selsll, G.-— DF Sollsil, |] Aas — Df ll s oll sll 
(0 < 6 < 1 and @ independent of f) . 


Then (9) is valid if ¢; and tz are both contained in T. Put (lg Ad) f = g(t). Since 
lg A; is continuous in ¢, g(t) is a continuous abstract function of t whose values 
belong to the subset R’ of B which is the range of lg A;. We get from (9) 


(10) g(t: + te) = g(t) + g(te) . 


Using the precise form of argument by which Cauchy” proved that the solution 
of the equation 


F(x + y) = F(z) + Fly), 


where F(z) is a real continuous function of a real variable zx, is F(z) = mz (man 
arbitrary real constant), we find that the solution of (10) is g(t) = th (A an arbi- 


9? A. Cauchy, Oeuvres Completes, 2nd series, vol. 3 (1897), pp. 99-100. 











526 D. S. NATHAN 


trary element of 9’). Then g(t)/t = h(t # 0), ie., [(lg Ad/f = h(t ¥ 0). 
Hence (lg A,)/t (t # 0) is independent of tiftisin T. It is obvious that (Ig A:)/t 
approaches a limit ast-+0. Since /g A; is linear and bounded and has 9 as its 
domain for the values of t for which it is defined (Lemma 1), (lg A:)/t is linear 
and bounded and has % as its domain for the values of tin T. By Theorem 3 
and Lemma 4(a), the transformation (lg A,)/t generates e'?*4* = A; for the 
values of tin T. This completes the proof of the theorem. 

To show that Theorem 4 is not vacuous, we shall exhibit a class of one- 
parameter groups for which the interval T exists. Let H be a bounded self- 
adjoint” transformation in §. By Theorem 3, the transformation 7H 
(i = — 1) generates the one-parameter group e”, — © <t < ©, with 
domain and range . Our symbol 


a=  m SY OY 
e*# = lim z —— 


no 
. v=0 


can readily be seen to be identical with the symbol from the operational calculus 
(11) et4# = / eith dE() : 


where E(\) is the resolution of the identity corresponding to H.*"_ The trans- 
formations (11) are unitary, as Stone* has proved. Putting U; = e“”, we have 


| H#| 


= git = [lem ra) gory = fem — 1 Pall Boyt 


© ee 


On a bounded )-interval e — 1 uniformly as t — 0; that is, corresponding to 
every € > 0 there exists a 6 = 6(e) such that | e* — 1| S e when |¢| S 6. 
Choosing « = 6, where @ is any positive number < 1, we have 


“dll £O) sik =e li sie (lel sa), 


Harvarp University, [NstirvuTE For ADVANCED Stupy, AND PRINCETON UNIVERSITY. 


(Ue - Dsl se / 


n| > 


\(Usen —D SI Sells [ max (I 1, /4l) s 


Thus TF exists for the unitary group e*”. 


20 Stone, Linear Transformations in Hilbert Space, p. 50. 

21 For terminology see Stone, Linear Transformations in Hilbert Space, Chapters V and 
VI. The second symbol has the advantage that it is defined also for non-bounded self- 
adjoint H. 

2 Stone, Annals of Mathematics, vol. 33, p. 643, Theorem A. 
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ON THE NEIGHBORHOOD OF A GEODESIC IN RIEMANNIAN SPACE 
By J. L. Synce 


1. Simple proof of a fundamental theorem in a space of positive curvature. 
Myers' has recently shown that a complete Riemannian manifold Vy, all 
of whose Riemannian curvatures are greater than a positive constant Ko, is 
closed and has a diameter less than rK,'/*. The fundamental lemma on which 
this conclusion is based is the following: 

TueoreM I. If all Riemannian curvatures of Vy are greater than or equal to 
a positive constant Ko, no geodesic arc of length greater than rK,*‘* is the shortest 
curve joining the end points. 

In Myers’ paper, and throughout the present paper, the line-element 


(1.1) ds? = aj; dx' dz’ 


is assumed to be positive definite. 

Myers’ proof of Theorem I is similar to that given by Schoenberg,’ and de- 
pends on the theory of conjugate points in the N-dimensional sense. However, 
the theorem is an immediate consequence of a result established by me,* which 
involves only the simpler concept of 2-dimensional conjugate points. But in- 
deed the introduction of the idea of conjugate points and proofs of their existence 
are quite unnecessary for the establishment of Theorem I, as will now be shown. 

Let AB be a geodesic are of length L. Applying any infinitesimal variation 
n’ which vanishes at the end points, the first variation is of course zero, and the 
second variation is* 


L 
(1.2) PL = 4 [n” + (a — K)n°Jds, 


where 7 is the magnitude of n‘, 7’ = dn/ds, i is the magnitude of the absolute 
derivative of the unit vector yu‘ co-directional with ny‘, and K is the Riemannian 
curvature of Vy for the 2-element containing the tangent to the geodesic and n’. 
We may choose the unit vector y' as we like along AB, and we can assign 7 as 
we like, provided that » = 0 at A and at B. Let yu’ be propagated parallelly, 
so that 7 = 0. Then, since by hypothesis K = Ko, we have 


L L 
(1.3) el = : / (n” — Kr?) ds S$ +i (n’? — Kon) ds. 
2 Jo 2 i 


Received May 15, 1935. 

1S. B. Myers, this Journal, vol. 1 (1935), p. 42. 

21. J. Schoenberg, Annals of Math., vol. 33 (1932), p. 493. 

3 J. L. Synge, Proc. London Math. Soc., vol. 25 (1925), p. 264, Theorem XVII. 
‘ Ref. 3, p. 261, equation (9.17); the notation is slightly changed. 
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Let us take 
(1.4) n = esin(xs/L), 


where ¢ is a positive constant. Then 


1 ° | Ts ° Ts 1 3 
5 ee. =~ cos? ._. —~ _-K, sin? ids w= — eli — — K,}. 
(1. ) vs 2 . i (7 i L _— *) ¥ 4 , (5 ) 


Thus the second variation is negative if 
(1.6) L > #K,;'"*, 


which proves Theorem I. 

Incidentally it may be remarked that a result established by Myers*—that 
the curvature along a geodesic go of a V2 formed by parallel propagation of an 
orthogonal geodesic g along go is equal to the corresponding Riemannian curva- 
ture of Vy—is a particular case of a more general result established by me.* 


2. Geodesic deviation and its representation in the normal vector space. 
In studying the properties of Riemannian manifolds in the large, it is of the 
greatest importance to know the behavior of geodesics drawn from a point 
in adjacent directions. If the manifold is connected and unbounded, there 
exists a geodesic joining any two points, and hence the congruence of geo- 
desics from any point O contains all the points of the manifold. 

For the investigation of the behavior of adjacent geodesics, the fundamental 
differential equation is’* 


(2.1) = a R‘5.; MF r! = 0, 
s2 


where 7 is the infinitesimal displacement vector, perpendicular to the two ad- 
jacent geodesics in question, R';,, the curvature tensor, and X‘ the unit tangent 
vector to one of the geodesics go; 6/4s is the operation of absolute differentiation 
along go. This equation was given independently by Levi-Civita,® who also 
considered a more general correspondence between the two geodesics. 

If we introduce along go N — 1 unit vectors d/,), orthogonal to one another 
and to the tangent \‘, and allow Greek suffixes the range 1, 2, --- , N — 1, with 
summation over the same range when repeated, we may write 


(2.2) ni a X <3) . 
Substitution in (2.1) gives 


5 Ref. 1, p. 44. 

® Ref. 3, p. 262, equation (9.19). 

7 J. L. Synge, Phil. Trans. Roy. Soc., London, A, vol. 226 (1926), p. 102, equation (9.12). 
* J. L. Synge, Annals of Math., vol. 35 (1934), p. 707, equation (2.9). 

* T. Levi-Civita, Math. Annalen, vol. 97 (1926), p. 315. 
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tis -r Ore 
(2.3) Xsr/s) + 2X — + Xz 


8X‘) 
6s? 





X6Ri jx, Arig! = 0, 


where the accents denote ordinary differentiation with respect to s. Since 


(2.4) AlayA(ayi = Sap» 

the Kronecker delta, multiplication of (2.3) by Ae): gives 
i 2% 

(2.5) Xe + 2) A\AY OX) +X, (rer Xa) + Kus) = 0, 
és 6s? 

where 

(2.6) Kas = Rijnrhay Egy! = Kgea > 


when a = 8, K,s is the Riemannian curvature of Vy for the 2-element defined 
by Af, and A‘. 

The mode of propagation of \/,) along go is at our disposal, subject to the con- 
ditions of unit magnitude, mutual orthogonality and orthogonality to \°. On 
account of this last condition and the geodesic character of go, we have 
BN 


oy, =0, 


(2.7) Se 


and consequently Q.3 exist, such that 


(2.8) a = Qasd(g) « 
From (2.4) it follows that 
(2.9) Qa = — Qa. 
We have 
Nadi mest = OQpf)Mayi = Ma; 
(2.10) Mari se = Napi(MpyAty) + MyQyad/sy) 


Qa + Q3,Qya ’ 


and so (2.5) gives 
(2.11) Xz + 2X Qa + Xs(Qsa + Ms yQa + Kas) = 0. 

We may choose 2.3 as arbitrary functions of s to suit our convenience, but 
it seems best to let \/,) undergo parallel propagation along go(Qas = 0). Then 
(2.5) becomes” 

(2.12) Xa + KasX, = 0. 


10 Ref. 7, p. 105, equation (9.52); ref. 9, p.319. This is the same as Myers’ equation (3.2), 
ref. 1. 
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The quantities X, may be regarded as the codrdinates in a flat space of N — 1 
dimensions, in which \/,, are axes of codrdinates. We shall call this the normal 
vector space. In studying the behavior of geodesics neighboring the geodesic go, 
we may employ this normal vector space as a representative space. Each 
neighboring geodesic is represented by a moving point in this space, and go 
is represented permanently by the origin. The }N(N — 1) quantities Q,3 are 
invariants with respect to transformations of the codrdinates z‘ in Vy: they are 
the components of a skew-symmetric cartesian tensor with respect to orthogonal 
transformations in the normal vector space, being in fact the components of 
angular velocity of the axes. 

We shall call principal curvature directions those directions normal to go 
for which the Riemannian curvature corresponding to gp and each of the direc- 
tions in question has a stationary value, and we shall call the corresponding 
2-elements principal 2-elements. If \/,) are arbitrarily assigned, the Riemannian 
curvature corresponding to gp and the direction defined by X, is 
(2.13) K = Kas X eX : 

X,X, 
The N — 1 principal curvature directions, which are, of course, mutually orthog- 


onal, satisfy 


(2.14) 6X. = KasX3 ’ 

where @ (the principal curvature) is a root of the characteristic determinantal 
equation 

(2.15) | Obey — Keg| = 0. 


If we choose the vectors A¢,) in the principal curvature directions at a point 
on go, then at that point the matrix Kas; becomes diagonal, and at that point 
the variables are formally separated in (2.12). But in general the vectors d/,) 
will not remain principal as they undergo parallel propagation along go, and 
if we wish to retain a diagonal form for Ks, we are compelled to revert to (2.11) 
with appropriate values for Q.3. In general, it seems best to retain parallel 
propagation of \/,, and not attempt to obtain a diagonal form for K4z. 

It will be observed that (2.12) are of dynamical form, s being interpreted 
as the “time”. They are, in fact, the equations of motion of a particle of unit 
mass with kinetic and potential energies 


(2.16) T=3XiX., V = 3 KasXeXs; 


V in general involves the time s explicitly in Kas. 


3. Deviation from a steady geodesic. In seeking a useful definition of 
steady motion,'' I was led to consider a geodesic enjoying the property that Kas 


" Ref. 7, p. 77. 
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are constant along it. This definition may also be stated in the more obviously 
invariant equivalent form: A geodesic is steady if the principal curvature direc- 
tions are propagated parallelly along it and the principal curvatures are constant. 
Since in such cases the potential energy V in (2.16) does not involve the 
time s explicitly, the theory of the deviation of geodesics adjacent to a steady 
geodesic is simply the well-known theory of the motion of a conservative dynam- 
ical system near a position of equilibrium. By choosing \/,) in the principal 
directions of curvature, X, become normal coérdinates, and (2.12) become 


(3.1) X,4+K4.X,=0, X;4+KsX,=20, -+-, Xq-, + Keke = O, 


where K,, Ko, ---, Ay_; are the principal curvatures. 

The fundamental differential equation (2.1) is obtained from geometrical 
considerations by neglect of infinitesimals of order higher than the first. In 
stating deductions from this equation, we may choose between exact analytical 
statements concerning its solutions and approximate statements (properly 
interpreted) concerning the geometrical behavior of the geodesics. The latter 
course appears more suggestive geometrically, and we shall follow it. Thus 
two adjacent geodesics will be said to “intersect to the first order’ at a point 
if the distance between the geodesics there is an infinitesimal of order higher 
than the first, the fundamental infinitesimal being the angle between the geo- 
desics or their distance apart at some general assigned place. 

The following results are immediate. 

THEOREM II. Let a geodesic g cut a steady geodesic go at a small angle 6 at s = 0. 
If the tangent to g at s = 0 lies in a principal 2-element with positive curvature K, 
then g lies permanently in the neighborhood of go and intersects it to the first order 
at the points s = nr K—?(n = 0, +1,--- ). If the tangent tog at s = 0 has a non- 
zero component in any principal 2-element for which the principal curvature is 
zero or negative, g will not lie permanently in the neighborhood of go. 

TuHeoreEM III. If on a steady geodesic go the principal curvatures are all positive 
(or, equivalently, if KasXaXg is positive definite), any geodesic cutting go at s = 0 
at a small angle @ lies permanently in the neighborhood of go, the normal distance 
from go never exceeding 


(3.2) 0K,'’*, 


where Ko is the smallest of the principal curvatures. The representative point never 
passes outside the quadric 


(3.3) KasXaX3 = @ 


in the normal vector space. 
To see this, we note that in the case of a steady geodesic (2.12) possess the 


first integral 


(3.4) A + KasXaX3 = 2E ’ 
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a constant, and 2E = @, since at s = 0 we have X, = 0, X,X, = @. Thus 

4 , , , » , ad ” 

(3.5) KasXaX3 = FP —~X,X, SF. 


The value (3.2) is the length of the greatest radius vector that can be drawn 
from the origin to the quadrie (3.3). 

If the principal curvatures are positive, and normal coérdinates are used, 
so that (3.1) hold, the solutions for a geodesic g intersecting go at s = 0 at a 
small angle @ are 
(3.6) Xi = Ay sin sK} 9 Xe = As sin sK} .. eee y Xwy-1 c= Ay-1 sin sKi> 

’ 
where the A’s are constants such that 
(3.7) AiK, + AiKe + --- + Ay_, Kyi = @. 
In view of the sense in which the “intersection” of geodesics is understood, the 
points on go conjugate to s = 0 are the points of intersection to the first order of 
go With geodesics g drawn through s = 0, making small angles with go. The 
following result holds. 


TueoreM IV. On a steady geodesic the points conjugate to s = 0 are those 
points for which s has the real values contained in the set of quantities 


(3.8) aek,;"'*, waeK,"’*, «--, wek, 24’, (n = +1, +2,---). 


The points are the points of intersection to the first order of go with geodesics g 
emanating in principal 2-elements at s = 0. Geodesics g emanating in other 
directions cut go in some of the aforesaid points or do not cut go at all. We may 
state the following result: 

Tueorem V. If go is a steady geodesic for which the principal curvatures are 
positive and the ratios of their square roots irrational, no geodesic g cutting go at a 
small angle at s = 0 ever cuts go again to the first order, unless the direction of g at 
the point of intersection lies in one of the principal 2-elements. 

To trace the behavior of g, we return to (3.6). It is evident that the repre- 
sentative point in the normal vector space never passes outside the cuboidal 
region 
(3.9) —_ A, = X; * Mis — AeS X28 Az, ees — Ay 1 Xn 1S Aw-1. 


The curve described by the representative point makes contact periodically 
with each of the (N — 2)-flats 
(3.10) X, = +A, Xo = + Aa, eee % Xn 1 = + Aw ly» 
which bound this region, and in the case where the ratios of the square roots 
of the principal curvatures are irrational the curve fills the region, in the sense 
that it passes as close as we like to any assigned point in it. 

Let us put 


3.11) Fak K., Xz, 
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so that X is the distance of a point from the origin in the normal vector space; 
in fact, X = n, the distance between the two geodesics in question. Then 

I au TS. 
(3.12) — y >? , ” , , 
XX” + X” = XaXe + XaXe = XaXa —- KaspXaXp ’ 
or by (3.4), 
(3.13) XX" + X”" = 2E — 2KusX.Xp. 
Thus at a point where X’ = 0, X’’ has the same sign as 

E — KasXaXa. 


Referring to Theorem III, this result follows:” 

THeoreM VI. If a geodesic g cuts at a small angle @ a steady geodesic go for 
which the principal curvatures are positive, all the points in the normal vector space 
for which the distance of g from go has a minimum value lie inside the ellipsoid 


(3.14) KasXaX3 = 36, 


and all the points for which the distance of g from go has a maximum value lie in the 
homoeoid bounded by the ellipsoids 


(3.15) KapXaX3 = 4 F, KasXaXp = &. 
The curve in the normal vector space weaves in and out across the ellipsoid 
(3.14). 


The special assumption on which the results of this section are based, namely, 
that the geodesic go is steady, is, of course, of a very particular nature. The 
results are, however, of interest, as indicating the minimum degree of complexity 
to be expected in the general case when the special assumption does not hold. 


4. The existence of conjugate points. We now return to the general 
‘ase in which the special assumptions concerning the curvatures along the 
geodesic go are not made. The fundamental differential equation for deviation 
is (2.12), that is, 

(4.1) Na + KasXs = 0, 
in which Kas (= Kgsa) are to be regarded as arbitrary functions of the param- 
eter s. 

Let us consider the totality of geodesics emanating from the point s = 0 
on go, making with go all small angles less than @, say. These geodesics are 
represented in the normal veetor space by a cloud of moving points, which at 
“time” s = 0 are all at the origin and moving out from it with all velocities 
less than @ We wish to study the behavior of this cloud. The argument 


2 (f, J. L. Synge, Trans. Amer. Math. Soc., vol. 34 (1932), p. 494, Theorem IV. 
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which follows may be stated in a purely analytical form, or in a dynamical 
form, or in a hydrodynamical form. The last will be adopted. 

Throughout the cloud there is a velocity distribution X{, these components 
being functions of position X, and time s. The circulation in any closed cir- 
cuit C, defined as 


(4.2) / a... 


remains constant as the circuit moves with the fluid. For the equations of 


motion (4.1) may be put in Hamiltonian form 
X, = 0H/aP., P, = — dH/aX.,, 
(4.3) 
H =43P.,P.+ § KasXaXs ,; 


and the circulation is 


(4.4) / PAX. 


the well-known relative integral invariant." Since every closed circuit was 
collapsed at the origin at s = 0, it follows that the circulation in every closed circuit 


is zero, and hence 


ad , 
(4.5) om / zs... 


the integral being taken from the origin O to any point M(X,), is a single-valued 
function of X, and s; in fact, hydrodynamically speaking, the motion of the 
cloud is irrotational, and ¢ is the velocity potential such that 


(4.6) Xi = a¢/aX.. 

This irrotational property depends on the fact that the geodesics in question 

all cut go at a point; other special initial conditions would also lead to it. 
Substitution from (4.6) in (4.1) gives 


” ia) 0g 0° _—* 
(4. . - + Kekp = @, 
a aXpdX. aXz F Seax. * Moote 
or 
é ( 1 db do tees alle 
(48 ; (2 cae Ks,X x,) =0, 
a aX, \as + 2 aX4 aXz + — 
so that 
ad 1 db a6 DP ak nae es ; 
(4.4 - XeX, = F(s). 
4.9) as 2 aX aXs + 2 Ka, XeX, (s) 


“Cf. E. T. Whittaker, Analytical Dynamics, Cambridge, 1927, p. 272. 
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Putting X, = 0, so that, in consequence, 
a¢/as = 0, a¢/0X,. = 0, 


we see that F(s) = 0, and we have in general 


dd 1 dp d¢ Dae. ae 
This is in fact the Hamilton-Jacobi equation,“ in which the function @ has a 
simple kinematical meaning in our hydrodynamical theory. To sum up: 

THEOREM VII. For the congruence of geodesics intersecting a geodesic go at a 
point at small angles, the motion of the corresponding cloud in the normal vector 
space is irrotational, and the velocity potential , defined as the instantaneous flow 
along an arbitrary curve drawn from the origin to a point Xq, satisfies the Hamilton- 
Jacobi equation (4.10). 

The velocity potential ¢ is capable of a still simpler interpretation. From 
the nature of the initial conditions, it follows that if X.2 = fa(s) is a solution of 
(4.1) corresponding to some geodesic of the congruence, then X, = Cfa(s) is 
also a solution belonging to the congruence, C being a constant. Giving any 
particular value to s, and letting C range, we get a straight line of points through 
the origin of the normal vector space, the corresponding velocities being parallel 
to one another and their magnitudes being proportional to X, the distance from 
the origin. Thus integrating along the straight line from the origin to any 
point P, we have 


ger worm es . cee 
(4.11) d= X,dX, = (Xp > (=) dX = = (X,N,)>. 
o oO X, X P 2 
Now the outward radial velocity in the cloud is 
(4.12) vy = X,X,/X, 
and hence the velocity potential @ is connected with the outward radial velocity by 
the equation 
(4.13) @ = 3NXr,, 


X being the distance from the origin. 
Denoting by v the total velocity, so that 


’ r ad Ad 
4. -= a = 
(4.14) " * a 


the Hamilton-Jacobi equation (4.10) gives 


(4.15) X = +e? + KasX.Xs = 0. 


as 


4 Ref, 13, p. 315. 
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This relation connects distance, radial velocity, total velocity and potential energy 
in the cloud of points corresponding to geodesics emanating from a point on go. 

We shall use the above results to prove the following 

Tueorem VIII. Jf a congruence of geodesics emanates from a point s = 0 
on a geodesic go along which the principal curvatures are greater than or equal to a 
positive constant Ko, one of these geodesics intersects go again to the first order at a 
point for which s S o<.”'*. 

As shown by Schoenberg (ref. 2, p. 487) the above theorem can be deduced 
immediately from Theorem I and a result established by Hadamard.“ Hada- 
mard’s method involves a consideration of the second variation and is quite 
different from the present method, which appears to give a simpler and more 
geometrical approach to the question under consideration. The present theo- 
rem also follows (Myers, ref. 1) from the comparison theorem of Morse.” 

To prove the theorem, we consider in the normal vector space the cloud of 
points corresponding to the emanation of a congruence of geodesics from go 
at s = 0, at all inclinations up to a small angle @. 

It follows from the reasoning leading to (4.11) that v,/X is the same for all 
points on a radius vector drawn from O, s being assigned. Thus v,/X is a func- 
tion only of the direction ratios of this line and of s. We define uniquely a 
function x of these same variables by 


(4.16) tan x = v,/XKj’’, —~4nSxS}r. 
If X is held fixed, x varies in the same sense as v,. We note that 
(4.17) lim v,/X = + ~, lim x = 437. 

a0 s—0 


Now by the condition stated in the enunciation and by (2.13) we have 


(4.18) KasXaXs 2 KoXaXa 

for arbitrary X,, and also obviously 

(4.19) ver. 

Consequently (4.15) gives 

(4.20) x < 5? — KX. 
0s 


Confining our attention to a fixed point X,, we have, by (4.16), 


My 2 KyX* » 
(4.21) d (—*, :) <s- a > ds, dx s — Kj" ds, 
9 é 0 


and hence, by (4.17), 


‘8 J. Hadamard, Lecons sur le Calcul des Variations, vol. 1, Paris, 1910, p. 354. 
16M. Morse, Math. Annalen, vol. 103 (1930), p. 66. 


ree 
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(4.22) s~te¢ — oki", v,/XK}/* < cot sK}’’. 


This result will hold provided the point under consideration has been immersed 
in the cloud for all values of s satisfying (4.23) below. 

We shall call any positive value of s corresponding to an intersection to the 
first order of one of the geodesics with go a critical value. Until such time as s 
passes through a critical value, all points in the immediate neighborhood of the 
origin remain immersed in the cloud. Hence, assuming that there is no critical 
value of s in the range 


(4.23) 0<s< rK,'”, 


the inequality (4.22) holds for this range. But as s approaches 7K, '’’, the right 
hand side of (4.22) approaches — ~, and so, consequently, does the left hand 
side. But it is obvious that the equations (4.1) are such that v (and conse- 
quentlyv,) is finite for every finite s. Hence X tends to zero as s tends torKy'’’. 
Thus we get an intersection either in the range (4.23) (invalidating the in- 
equality (4.22)) or at the point s = +Kq'/*, which proves Theorem VIII. 

Incidentally, we may deduce from (4.22) the fact that v, is negative, and 
consequently all the geodesics are approaching go, if s is greater than } rKy' * 
and less than the smallest critical value. 


UNIVERSITY OF TORONTO. 











ON VOLTERRA-STIELTJES INTEGRAL EQUATIONS 
By W. C. RANDELS 


We propose to prove an existence theorem for integral equations of the type 


(1) S(z) = g(x) + [sae y) - 


The integral used is the Young-Stieltjes integral over the open interval (0, z). 
The theorem is no longer true if an integral over the closed interval is used. We 
assume that g(x) is bounded and Borel measurable on (0,1) and K(z, y) is 
subject to the conditions 

(A) K(z, y) is Borel measurable as a function of z. 

(B) There exists a monotone increasing and bounded function V(y) such that 


| K(z, m) — K(z, yo) | S| Vy) — V(y2) |. 


(We shall assume that V(0) = 0). 

(C)' K(z, y) = K(x, y — 0). 

(D)? K(z, 0) = 0. 

A function f(z) is said to be a solution of (1) if it is bounded and Borel measur- 
able and satisfies (1). 

The essential difference between this problem and that of ordinary Volterra 
integral equations is that integration by parts of Stieltjes integrals is not per- 
missible, so that it is necessary to obtain a formula which will replace integration 
by parts. We do this as a lemma. 

Lemma. If f(x) is positive, bounded and Borel measurable and g,(x), g2(x) are 
monotone increasing, bounded and continuous on the left, then 


ll 


1 1 1 
(2) / S(x)d\gi(x)g2(z)) = | S(x)gi(x)dgo(x) +f S(x)go(x)dgi(z) . 


Proof. We shall first prove the lemma when g,(z) and g2(x) are both step 
functions. We choose the set of points {z,} composed of all points of discon- 
tinuity of g:(z) and g(x). Since the functions are continuous on the left, we 
have 


Received May 2, 1935. The author is a Sterling Research Fellow. 

1 The condition (C) entails no loss of generality, for the value of a function h(x) of 
bounded variation may be changed at every point of discontinuity without changing 
fi f(xz)dh(z). 

2 The condition (D) clearly involves no loss of generality. 

* When K(z, y) is continuous in y, integration by parts is permissible. This case of the 
problem has been solved by Tamarkin. See abstract, Bull. Amer. Math. Soc., vol. 35 
(1929), p. 165. 
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9i(Xn + O)ge(zn + 0) — giltn — O)g2(z, — 0) 
= $ [gi(xn + 0) + gi(tn — 0)] [g2(en + 0) — ga(z, — 0)] 
+ 4 [g2(zn + 0) + ga(xn — 9)] [gi(a7n + 0) — giltn — 0)] 
=> gi(zn)[g2(an + 0) — go(rn — 0)] + go(z,)lgi(z, + 0) — gi(z, — 0)), 


and 


i f(x)dlgi(x)go(x)] = lim 2 f(zn)[gi(an + O)ga(rn + 0) — giltn — O)g2(zn — 0)] 


IV 


lim >° f(zn)gi(tn)ge(an + 0) — go(z, — 0)) 
+ lim } f(rn)g2(rn)[gi(an + 0) — gr(tn — 0)] 


[ S(z)gi(x)dg2(x) + [ S(z)g2(x)dgi(zx) . 


Now if f(x) is continuous, by following through an argument of Bray‘ it can be 
easily seen that, if either g,(x) or g2(x) is continuous, then 


1 1 1 
@)— [ Herdoaionten = f° Hedosterdotey + f feoontardon), 
and therefore by transfinite induction (3) holds for all bounded and Borel measur- 
able f(z). We know, however, that every function g(x) of bounded variation 


can be expressed as the sum g(x) = g'(x) + g’’(%), where g’(x) is continuous and 
g(x) is a step function. Therefore 


I S(z)dlg:(z)g2(z)| 


= i S(x)dlg; (x)g2(z) + gi (x)g2(z) + gi (x)g3(z) + 91 (2)92(2)) 


2 i S(x)gu(x)dgo(x) + i S(z)g2(z)dgi(z) . 


This completes the proof of the lemma. 
It is now necessary to consider some properties of the function 


f(x) = [ * flyd,K(2, y), 


where f(z) is bounded and Borel measurable and K(x, y) satisfies (A), (B), (C) 
and (D). For convenience we extend the definition of K(x, y) by setting 


K(x, y) = K(x, x) = K(x, x — 0) y2r, 


‘H. E. Bray, Ann. of Math., (2), vol. 20 (1919), pp. 177-186. See Theorem 6. 
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and we have 
J(x) = i S(y)d,K(z, y) . 


We first notice that 


l.u.b. 


| [ sorake, v| 5 8. ls va, 


so that f(z) is bounded on (0, 1). We now consider the special case where 
1, Osa<zx<bS1l, 


0, O0Os27sa, bs2r201. 


f(z) = 


\ 


By the definition of the Young-Stieltjes integral, in this case 


Kz) = [ fail = ta Mw ~ tice. 


9 ~+e+0 
y2—7b—-0 


But by (A), we know that for a fixed y,; and y2 the function K(z, y2) — K(x, y:) 
is Borel measurable, and therefore f(x) being the limit of Borel measurable func- 
tions is itself Borel measurable. Moreover, every Borel measurable function 
may be obtained by a sequence, perhaps transfinite, of limiting operations start- 
ing from the set of step functions. Therefore, by transfinite induction for 
every bounded and Borel measurable f(z), the function f(z) is bounded and 
Borel measurable.® 
It is therefore possible to construct the sequence of kernels 


1 
K™(z, y) - | K-»(z, y)d,K(z, z) , K(z, y) = K(z,y), 
0 


and we have 


K™(z, y) = i d,,K(z, Z1) | ‘d,,K (a1, 22) a 2 i : * den_.K (2n-2, Zn-1) K(2n-1, y), 
0 0 0 


|K(z,y)| s / * de, V(ei) ++ I dogs V(en-1) Vy). 


We may suppose that V(y) = V(y — 0), since, if y2 > m, 
| K(z, yo) — K(z,y:)| = lim | K(z,y) — K(z, m) | 


y ve 


< lim [V(y) — V(m)] = Vly — 0) — Vy) S Vy — 0) — Vy: — 0). 


y~yr-O 


* A function f(z) can only be obtained from the step functions which we have considered 
if (0) = f(1) = 0, but, as we have mentioned, the integral we consider is only over the open 
interval (0, 1), and hence the value of f(z) at 0 and 1 does not affect f (z). 


ee” 
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Therefore by our lemma 


{V(z)}" = [ d{V(x)j" 2 [ V(x)d{ V(x) jn + [ { V(x) }" "dV (2) 


V 


>n [ {V(x)}""' dV(z), 
0 
and 
z " 2n-2 . {V(x)}*" 
bd eee s —— 7 
i dy (z:) | dV (2n—1) = (n eu 1) ! : 
Hence 





K(x, y) | ¢ (VOD VO) 


oan ne ° 
iV in-l | im | 
| K™ (2, Yo) ae K™(a, yi) | < {VQ)} ee, J @) — V@) | A 
(n — 1)! 


Consequently the kernel 
R(z, y; d) _ > AK (™ (x, y) 
n=1 


is defined for all values of \ and 





| R(x, yo; ) — Raw, m3) | S | Vy) — Vy) | p> * mor ; 


so that R(x, y; ) is of bounded variation as a function of y. Since the 
functions K(x, y) are Borel measurable as functions of x, R(x, y; \) is also. 
We now assert that the function 


S(x) = g(x) + [ ‘ g(y)d R(x, y; d) 


is a solution of (1). It is clear that f(x) is bounded and Borel measurable. 
Now let us form 


x 1 1 ri 
\ i S(y)d, K(x, y) = i g(y)d, K(x, y) + i d,K(2, y) | g(z)d.R(y, 2; d). 
0 0 0 0 


By the Fubini theorem 


[ axe, »| y x” [ear 2)| 


= > d” | o(edas| f K(y, 2)d,K(z, ”| 


0 1 
= 2 a | g(z)d-K* (2, 2), 


n=1 ) 


or 


a | sodakC, y) = > | g(yd K(x, y) = f(x) — gz). 


0 
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This proves that f(z) is a solution of (1). The solution is unique, for, if there 
were two solutions, there would have to be a function f(x) different from zero 
such that 


f(x) = a | S(y)d,K(z, y), 
but then , 
0 = fiz) —» | fly)d,K(a, y) 


| f(z)d.R(z, z;) — | dR(x, 25%) | S(y)d,K(z, y) 


| f(z)d,R(2, z; ) — af ford, [ K(z, y)d.-R(x, z; X) 
0 0 0 


Il 


= [seme A) - [ sorare, y;A) + a | S(y)d, K(x, y) = f(x). 
0 Jo 0 


It is of some interest to notice that the condition (B) cannot be replaced by a 
condition of the form 


1 
(B’) [ | d,K(x,y) | < M. 
0 
To show this, we consider the kernel 
‘0, ys 2/2, 
K(2, y) = « 
\l, y > 2/2. 


The homogeneous equation for this kernel for \ = 1 is f(z) = f(x/2) and we see 
that if f(z) is defined arbitrarily on the interval } < x S 1, we can determine a 
solution f(x) of the homogeneous equation. Furthermore, the equation (1) for 
A= lis 

f(z) = g(z) + f(x/2), 


or 
i=! 
f(x/2!) = f(z) — SS g(zx/2%), 
i=0 
and hence f(z) is not bounded unless >» q(z/2') is bounded for every N and 


every z on the interval (3,1). Since this need not be true, we see that, in 
some cases at least, the equation (1) will not have a solution in the sense that 
we have defined. 


YaLe UNIVERSITY. 
































ON LOCALLY CONNECTED SPACES 
By R. L. WILDER 


In a recent paper,' for the purpose of characterizing the boundaries of uni- 
formly locally 7-connected domains in n-space, I have designated a certain class 
of compact metric spaces as “generalized closed n-manifolds’” (= g. ¢. n-m.). 
Considered as boundaries of domains in euclidean spaces, they form the exact 
analogues, for higher dimensions, of the domain boundaries in 3-space repre- 
sented by the class of all closed 2-dimensional orientable manifolds; in particular, 
their Betti groups are finite and they satisfy the Poincaré duality, and, more- 
over, have the same sort of relations (as regards linkings, dualities, etc.) to their 
complements as have the ordinary 2-manifolds to their boundaries in 3-space; in 
3-space they are identically the ordinary 2-manifolds. Among the problems so 
far not treated is that of proving the finiteness of the Betti numbers of the 
g. c.n-m. when considered as an abstract space, not necessarily imbedded in 
euclidean space. It was in considering this problem that the results of the 
present paper were obtained. 

From the properties of the abstract g. c. n-m. it follows that such a space is 
locally 7-connected, in the sense of Vietoris cycles (= V-cycles),? for 0 <7 < n — 2. 


Received May 22, 1935. 

1 Generalized closed manifolds in n-space, Annals of Mathematics, vol. 35 (1934), pp. 876- 
903. We refer to this paper hereafter as G. C. M. 

? Shortly after this paper was presented to the American Mathematical Society (see its 
Bulletin, vol. 41 (1935), p. 202, abstract no. 178), there appeared two papers intimately 
related, in part, to the subject matter of the present paper. We refer to the following: 
K. Borsuk, Un théortme sur les groupes de Betti des ensembles localement connexes en toutes 
les dimensions S n, Fundamenta Mathematicae, vol. 24 (1935), pp. 311-316; S. Lefschetz, 
Chain-deformations in topoiogy, this Journal, vol. 1 (1935), pp. 1-18. In the former article, 
the finiteness of the Betti groups is established for spaces locally connected in the sense 
of Lefschetz’s Topology (p. 91); in the latter, a similar result is obtained using a more 
general type of local connectedness. The reason for our use of Vietoris cycles, which we 
term V-cycles hereafter, in the local connectedness is due to the origin of our problem in 
the g. ec. n-m., whose origin in turn in the study of domain boundaries necessitated a formu- 
lation of their properties in terms of such cycles. As a point of departure, it seems to us 
that the local connectedness in the sense of Lefschetz may be preferable in that it avoids 
certain complications of proof encountered in using the “‘infinite’’ cycles; thus, in the 
present work we have had to restrict our chains to those obtainable using a finite coefficient 
ring, for reasons of convergence, whereas in using singular chains the type of coefficient 
ring used is not material. Apparently, however, local connectedness over a range of 
dimensions 0 Ss 7 S k is more general in the sense of the V-cycles than in the sense of either 
singular spheres or cycles, since the two latter types imply the former but not conversely. 
For instance, we may construct a space consisting of an infinite set of mutually exclusive 
‘‘Poincaré spaces’’ converging to a point and successively connected by simple ares which 
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Consequently, if we can show that a compact metric space which is locally 
?-connected for 0 S i S k (k a non-negative integer) has finite corresponding 
i-dimensional Betti numbers, we shall have as a corollary that the numbers 
p'(M) of ag. c. n-m. M are finite forO0 < i S n — 2; the finiteness of p*"!(M) isa 
consequence of a further property of the g. c. n-m., namely, what we have 
called below its semi-(n — 1)-connectedness. As a by-product of our investiga- 
tions we have considered spaces locally connected for dimensions < k as 
generalizations of the Jordan (or Peano) continua, and obtained an n-space 
generalization of the well-known Schoenflies-Torhorst theorem concerning the 
jordanian character of the boundaries of the domains complementary to plane 
Jordan continua. 

Because the methods we employ depend upon many successive deletions of 
terms from a given infinite series, we shall find it convenient to introduce the 
following 

Derrinition. Let S be a sequence é,,, és,, --+ , @s, --- Of symbols, where the 
subscripts s,; are natural numbers, and let , m2, --- , Mm, --- be a subsequence, 
N, of the sequence of subscripts s,. Then we say that the sequence S is har- 
monized with the sequence N if from S we delete those symbols whose subscripts 
are not in N. In the resulting subsequence, S’, of S, the relative order of the 
terms is the same as in the original sequence S. We shall also say that S’ is in 
harmony with N. 

We deal, at first, with a compact metric space M, and we recall, once and for 


all, that if y' = {01, %2, ---, 7%, --- } is a V-cycle of M, and N an infinite 
sequence m1, M2, M3, --- , of natural numbers monotonically increasing, then the 
eycle I! = {in,, tn °°» tne *** | is equivalent on M, in the homology sense, 


toy‘. In other words, if the sequence constituting a V-cycle is harmonized 
with an infinite subsequence of its subscripts, the resulting cycle will be equiva- 
lent, in all our operations, to the original cycle. Our chains and cycles will 
have a finite coefficient ring, the integers mod m 2 2. 

Suppose we have, in M, a sequence of abstract ¢,-chains 


(1) K**! = {Ki, Ko, --- , Ki, +++}, 


where lim e. = 0 and Ki, — %. We then call K't! a V-chain to distinguish it 
k~s 


from an ordinary finite abstract chain such as, for instance, an individual K,, 
and write K't! ++. In general, we shall write for the sake of brevity, K**! = 


is locally 0-connected in any sense, and is locally 1-connected in the sense of the V-cycles, 
but is not locally l-connected in the sense of Topology. However, for an isolated dimen- 
sion i, the various senses of local connectedness are independent; thus, in the plane it is 
easy to construct a non-jordanian continuum which is locally 1-connected in the sense of 
singular spheres or cycles but not in terms of V-cycles. In closing these incidental re- 
marks we point out that the finiteness of the Betti groups for spaces that are locally con- 
nected in all dimensions zero to infinity, according to the definition of Topology, was proved 
by Lefschetz in Annals of Mathematics, vol. 35 (1934), pp. 118-129. See also an earlier 
paper of Borsuk in Fundamenta Mathematicae, vol. 21 (1933), pp. 91-98. 
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{Kx}, meaning thereby (1). If we have another V-chain, say H**! = {H,}, 
such that H**+! — +‘, we may formally combine relations and write K*+! — H*! = 
{K, — Hi} — 0. However, K‘*! — H** will not, in general, be a V-cycle. 
But by a convergence theorem of Alexandroff,’ there exists a subsequence of the 
sequence {K, — H,} which is a V-cycle. In our new terminology, there exists 
a sequence N of natural numbers n; such that if {K, — H;} is harmonized 
with N, the resulting sequence is a V-cycle. And if, moreover, we harmonize 
each of the sequences {ix}, {Kx}, {Hx} with N, we can now write formally, as 
in the combinatorial theory of finite complexes, 


Kit! yi; Hittsy; Kit! — Hitt 0, 


with K*! — H**' a4 V-cyele. It will be noted that we have, here, retained the 
same symbol for a V-chain or V-cycle after it has been harmonized, and we 
shall continue to do this, without further comment on the fact, in all that 
follows. 

Now let M be locally i-connected for 0 S i S j, where j is some fixed non- 
negative (usually positive) natural number, and let C‘ be an abstract 1-simplex 
of M: C' = aoa --- a;, the a’s being the symbols for the “‘vertices”. We shall 
say that C‘ has a V-chain-realization or simply a chain-realization in M if the 
following procedure can be carried out.‘ Each pair of vertices a,, am (h < m) 


forms a 0-cycle which we suppose bounds a V-chain K},, = {1},,}, where 
1k, — a — a» is an e,-chain, lim e¢ = 0. We make the convention, and like 
ko 


conventions in following cases, that —K},, = {—1},,} is the opposite orienta- 
tion of K},,. Now consider, for instance, the sequence K}, — Kj, + Kis = 


f1x, — 14, + 1{.}; this has a convergent subsequence forming a V-cycle 
Your: = {154 — 134 + 174}. We now harmonize the preceding sequences with 
the sequence of natural numbers n;. The sequence Kj}, — Ki; + Kis; = 


{1ge — 198 + 1333} has a convergent subsequence y};3 = {ye — 134+ 153}; 
and all preceding sequences are harmonized with the sequence {r;}. At the end 
of the second stage of our procedure, we have a set of sequences K},,, Yim all 
harmonized with the last set of subscripts m; obtained in getting a convergent 
sequence, and each term of every sequence consisting of cycles on the a’s. 

In the third stage of the procedure, we suppose each y;,,, bounds a V-chain 


K?... = {2"« }. Then, starting with the sequence 

(42 r2 -2 +2 

[Kies — Koos + Kois — Kore}, 
, _ om a . 2 _ jot 9 )t )¢t i 
we choose a convergent subsequence yoi23 = {2(4, — 2/4, + 2/4, — 2%}, 


and then harmonize all above-mentioned sequences with the sequence of num- 
bers ¢;, and so on. 
*>P. Alexandroff, Dimensionstheorie, Mathematische Annalen, vol. 106 (1932), pp. 161- 


238; see pp. 180-181 for definition of convergent cycle and the convergence theorem. 
* Compare the filling-in process used by Lefschetz in the papers cited above. 
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Finally, we obtain a single (¢ — 1)-cycle y}72...; which, we suppose, bounds 
a sequence Ki‘ = Ky,...; = {7}*  ,}. The chain-realization of C‘ consists of 
all sequences K},, .., and V-cycles yj", harmonized with the sequence {u,}. 
The sequences K},,...,, properly oriented, form the chain-realizations of the 
lower dimensional cells or faces of C’. 

The extension of the above process to obtain chain-realizations of an abstract 
i-complex is made in an obvious manner. There being in this case more than 
one i-cell involved, in general, it is necessary to obtain more than one sequence 
K’, although it will not be necessary to harmonize any sequences in this (final) 
step of the process. 

Consider now chain-realizations of 7-chains. If K is an abstract complex of 
M, let Li = Ej + --- + cE} be a chain based on the 7-cells 


Ey = ajay --- a 


of K(m = 1,2,---,h). We get chain-realizations of the cells of K as above, 
properly oriented, and let the chain-realization of E,, be denoted by Kj, = {eX}. 
Then c,,£,. is “realized” by c»K,, = {ene}, and the chain-realization of L* is 
taken to be Li = o,Ki + --- + Kj. 

The following lemma is easily established; see, for instance, the proof of 
Lemma 2 of G. C. M. 

Lemma 1. Jf M is a locally i-connected (0 S i S j), compact metric space, then 
for any « > 0 there exists a6 > 0 such that any abstract d-cell (0 S X Sj + 1) 
of M of diameter < 5 has a V-chain-realization of diameter < €.5 

We now make a distinction between the usual V-cycle and the more specialized 
type of cycle which we shall call “constructible”’. 

DeFIniTIon. A convergent cycle y' = {i} of M will be called constructible 
if for some value of k, say m, the cycle 7' = {im, ims, --+ | is the chain-reali- 
zation of the abstract cycle in. 

Although we prove directly a more general theorem, we first prove, in order to 
separate the difficulties, the following 

THeoreM 1. The Betti numbers p'(M) of a locally i-connected compact metric 
space,0 Si S j, are all finite. 

Proof. Vietoris has shown® that there exists in M a basis Fi, F2, --- , Fx, --- 
of convergent 7i-cycles such that any yi ~ af; + --- + ce.F, +--+. This 
basis has the property that its first nm, members form an «basis for M, whereas 
fork > m, Fy & 0; its first nz members form an e-basis for M, whereas for 
k > no, Fy @ 0; and so on. We now replace this basis by a basis of con- 
structible cycles, in the following manner. Let F, = {ij}. For m1 < s S m, 


5 By the diameter of a chain or chain-realization we mean the diameter of the minimal 
closed point set that carries it. 

*L. Vietoris, Uber den héheren Zusammenhang kompakter Raume und eine Klasse von 
zusammenhangstreuen Abbildungen, Mathematische Annalen, vol. 97 (1927), pp. 454-472. 
This paper contains the original definition of the V-cycles (Fundamentalfolgen), bases, 
connectivity numbers, etc. 
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we may first assure ourselves that all elements 7} are already e>~, 0, and that for 
any subscripts, m, l, i, & 7}. 

We next determine a 6, such that any 7-cell of M of diameter < 6, has a 
chain-realization of diameter < «. For any fixed s, we determine k = k such 
that 7] is a 6,-chain of M—that is, each of its fundamental cells is of diameter 
< 6,. By the above described process we get a chain-realization of 7; such that 
sach chain-realization of a fundamental 7-cell is in an €-neighborhood of that 
cell, and contains the vertices of that cell. Thus, if 


fai tei +--- +aC!, 
where the C’s are the abstract 7-cells, we get a chain-realization 
yi =aKji +e2K} + --- +¢,K; 


-u uy } 
ler et Het Hott. 


The vertices of each C‘ are contained among those of the corresponding 7}* __,’s, 


the entire corresponding K‘ lying in an «-neighborhood of C‘. Consequently, 
by keeping the vertices belonging to the C’’s fixed, and moving the other ver- 
tices of 7*« _, arbitrarily into those of the corresponding C’, we get a simplicial 


,-mapping of the elements of the chain y; into 7{, so that 
“8 ~ My *u 
te & C1 at as ae: + Cogty,i..; 


for all k. 
The constructible cycle 


r; = {ti, 7 <e ti, C1 7 ee +--+ +6, Heh...a0 tes } 
is «-homologous to F, on M, and since « < «1, from F, @&; 0 follows T} E10 
on M. 

To show that the number p‘(M) is finite, we select a number N so great that 
for s > N, ma < s S m, the corresponding «—, < 5, where 6 is such that any 
é-cell of M has a chain-realization in M.? Then, for any such s, [! @~10 on M, 
and, in particular, there exists an abstract «&—1-chain K!} + 7; in M. Now the 
chain K! ean be given a chain-realization in M along with the construction of 
r':, which was constructed on 77. Consequently ['! ~ 0 in M, and therefore 
r: @& Oin M. But we already have that F, @& 1! in M and hence it follows 
that F, @ 0 in M, contradicting the fact that /, is in the &-basis of M. It fol- 
lows that the basis of F’s is finite. 

We turn now to metric spaces that are locally compact. 

Lemma 2. Let F be a self-compact subset of the locally i-connected (0 S i S j), 
locally compact metric space M. Also, let U be an open subset of M containing 
F. Then for any « > 0 there exists a 5 > 0 such that any abstract )-cell of F of 


7 We may assume that the 6’s form a monotonically decreasing sequence. 
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diameter < 6 has a V-chain-realization of diameter < ¢€ in U provided that 
OSA Sj. 

Proof. The lemma is true if for each \ there exists a 6, > 0 such that ab- 
stract A-cells of F of diameter < 6, have chain-realizations of diameter < « 
in U. Accordingly, we prove the latter, which, being trivial for \ = 0, we 
may assume true for the dimension \ — 1 and prove for X. 

Let V be an open subset of M such that U 3 V D F, and J, the closure of V, 
is self-compact. We may assume « < p(V, M — U). As JV is self-compact, 
there exists 6’ > 0 such that any (A — 1)-cycle of V of diameter < 6’ bounds 
a chain of M of diameter < ¢€; obviously such a chain must also be a chain 
of U. 

By our assumption there exists 6 > 0 such that a (A — 1)-cell of F of diameter 
< 6 has a 6’/4-chain-realization on V. 

Let C* be an abstract cell of F of diameter < 6. Then, as the (A — 1)-cells 
of C* have 6'/4-chain-realizations on V, the boundary (A — 1)-chain of C* has 
a 6’-chain-realization on V; this is a cycle ~' of V of diameter < 6’. By the 
definition of 6’, there is a chain K* of U of diameter < ¢, bounded by '. The 
chain K°® is the desired realization of C°. 

Coro.tutary. Under the hypothesis of Lemma 2, there exists 6 > 0 such that 
abstract 6-chains of F are chain-realizable in U. 

TuHEeoreM 2. Let F be a self-compact subset of the locally i-connected (0 < i S j), 
locally compact metric space M._ Also, let U be an open subset of M containing F. 
Then at most a finite number of i-dimensional V-cycles of F are independent with 
respect to homologies in U. 

Proof. Let V be an open subset of M such that U > V D F and VV is self- 
compact. By the corollary to Lemma 2 there exists a positive number éy such 
that abstract cells of V are chain-realizable in U, if of diameter < dy. 

Using the methods of Vietoris* we obtain a basis of i-cycles, FP}, s = 1, 2, 
3, --- , of F for homologies in U which we suppose infinite; in what follows we 
preserve the Vietoris notation as employed in the proof of Theorem 1. By 
Lemma 2, there exists for each «, a 4, such that any 7-cell of F of diameter < 6, 
has a chain-realization in V of diameter < «&. We then proceed as in the 
proof of Theorem 1 to get constructible cycles T! @& F,on V. We have, from 
F, &, 0 on U, that T! 6, 00n U. 





The cycles T,,.(u = 1, 2,3, --- ) are independent with respect to homologies 
in U. For suppose we have 
Pn, + + + Only, +1 YO in U; i Coes CM, Suse, 


Then certainly 


(2) Ci ny, ++ + Omi, + s+ Gy Oin U. 
But as u, < u, fork > 1, we have, by construction of the F’s and I’s, that 
(3) CV ny, €& O in U; gE>1. 


®* Loc. cit. 
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Combining relations (2) and (3), however, we get ciT',,, €& 0 on U, contradict- 
ing its ¢,,-independence with respect to homologies in U. 

Let us now select a positive integer N such that for all m > N, 6.,, < 4 dv, 
and consider the set of I’,,,.’s such that m > N. The elements ?; correspond- 


ing to these T'’s (see proof of Theorem 1) cannot be linearly independent with 
respect to 6y-homologies in V.2 There exists, indeed, an abstract chain K‘*? of 
V whose cells are of diameter < 6y and whose boundary is a finite linear com- 
bination of the above-mentioned abstract cycles i;. Then by chain-realizing 
in U the chain K+, we simultaneously realize the I’’s corresponding to the 7;’s 
on the boundary of K‘*!, and we thereby show that the I’s are not inde- 
pendent with respect to homologies in U, contradicting the result of the pre- 
ceding paragraph. 

Since, in metric spaces that are only locally compact, local properties are not 
in general uniform over the entire space in terms of the given metric, we give 
the 

Derinition. A metric space M will be called semi-i-connected if, given a 
point P of M, there exists an ep > 0 such that all 7-dimensional V-cycles of 
S(P, €») bound on M. 

It is trivial that every continuum is semi-0-connected; also that every locally 
i-connected space is semi-/-connected. However, the converses of these state- 
ments are not true. For compact spaces, where the « may be determined uni- 
formly for all points P, the property of semi-i-connectedness becomes merely 
the property that all “small” 7-cycles bound. 

Lemma 3'. If the semi-i-connected, locally compact metric space M is not locally 
i-connected at the point P, there exists an ¢ > 0 such that for any neighborhoods U, 
V and W of P for which S(P, ) DU SB V DW, there exist on the boundary of 
V infinitely many i-dimensional V-cycles that are independent with respect to 
homologies in U — W. 

Proof. We select ¢ > 0 such that (1) all ¢-cycles of S(P, €) bound on M, and 
(2) for any 6 > 0 there exists in S(P, 4) an i-cycle which does not bound in 
S(P, 6). Let U, V and W be neighborhoods of P such that S(P,«) DU S>VS 
W. In W there exist infinitely many 7-cycles that are independent with respect 
to homologies in U."° Consider any such cycle y'. We have K*t! — 7‘ on M. 
As K**! does not lie in S(P, ¢), it intersects F(V), the boundary of V, so that 


on F(V) there exists a cyele T’ such that I’ ~ y'on VT. That the set of all 
such cycles T are independent with respect to homologies in U — W is easily 
shown. 

TueoreM 3. In order that a semi-i-connected, locally compact metric space 
should fail to be locally i-connected, it is necessary and sufficient that there exist con- 


centric spheres S(P, €), S(P, 6), and S(P, n), where « > 56 > n > 0, such that on 


® As proved by Victoris for the compact case; see his paper cited above, number (3’). 
1° See P. Alexandroff, On local properties of closed sets, Annals of Mathematics, vol. 36 
(1935), pp. 1-35; especially p. 9. 
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F(P, 6) there exist infinitely many i-dimensional V-cycles that are linearly inde- 
pendent with respect to homologies in S(P, «) — S(P, n). 

The necessity of Theorem 3 follows from Lemma 3‘, and the sufficiency from 
Theorem 2. We remark that since every continuum is semi-0-connected, the 
characterization of non-locally-/-connected spaces contained in Theorem 3 was 
substantially obtained, for continua and i = 0, by R. L. Moore in the study of 
non-jordanian continua.'' In Moore’s theorem an infinite set of distinct com- 
ponents of S(P, «) — S(P, n) of the non-locally-0-connected M are obtained, all 
of which meet F(P, €) and F(P, n), and from whose intersections with F(P, 6) 
may be obtained the 0-cycles of our Theorem 3. 

Lemma 4°. Jf the Betti number p'(M) of a compact metric space M is finite, 
then M is semi-i-connected. 

Proof. If a V-cycle y' fails to bound in M, there must exist a number ¢« > 0 
such that it is not © 00n M. Consequently, since we are dealing with a finite 
coefficient ring, if p'(M) is finite, and thus M has a finite 7-basis from which 
only a finite number of non-bounding linearly independent combinations can be 
formed, there exists an 7 > 0 such that no linear combination of its 7-basis is 
7 0. Then any i-cycle of M of diameter < » bounds on M. For otherwise, 
as it is homologous to, and hence 7-homologous to a linear combination L of the 
elements of the i-basis, and is certainly itself 7 0, we should have L 7 0. 

Tueorem 4. In order that a locally i-connected (0 S i S j) compact metric 
space M should have a finite Betti number p’*'(M), it is necessary and sufficient 
that it should be semi-(j + 1)-connected. 

Proof. The necessity follows from Lemma 4 with 7 = j + 1. 

The sufficiency proof is as follows. As in the proof of Theorem 2, if p’*'(M) 
is infinite we may obtain a linearly independent infinite set of constructible 
(j + 1)-eycles T,, T2, Ts, ---, where Ty @ Oon M. By Lemma 1, there exists 
§ > Osuch that any abstract (j + 1)-cell of M has an 7/3-realization on M, 
where 7 > 0 is such that (j + 1)-cycles of M of diameter < » bound on M. 

Using notation as in the proof of Theorem 1, we may determine a I, such that 
the abstract cycle 7} (where now i = j + 1) is a 6-cycle, and at the same time 
¢, < 6. Then there exists on M an abstract ¢,-complex K’+? — 73. We may 
now carry out, through cells of dimension 7 + 1, the simultaneous construction 
of K’*? and 7;, where, due to the local 7-connectedness of M for 0 S i S j, the 
(j + 1)-cycles forming the chain-realizations of the (j + 2)-cell boundaries of 
K?*? turn out to be of diameter < 7». As such, these cycles bound (j + 2)- 
chains of M, which, although not “small”, suffice to obtain a chain-realization 
of K’*? whose boundary is T,. Thus [, ~ 0 on M, and this contradiction 
proves the theorem. 

We next note that from Theorem 3 and the first half of condition (3) of the 
definition of g. c. n-m. in G. C. M., we have 


11 R. L. Moore, Report on continuous curves from the viewpoint of analysis situs, Bulletin 
of the American Mathematical Society, vol. 29 (1923), pp. 289-302, §3. 
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THEOREM 5. A g.c. n-m. ts locally i-connected for 0 S i S n — 2.% 

Combining the results of Theorems 1, 4 and 5, and the fact that by definition 
a g. c. n-m. is semi-(n — 1)-connected, we have 

THEOREM 6. The Betti numbers of ag. c. n-m. are all finite. 


Jordan continua and generalizations 


An interesting corollary of Theorem 4 from the standpoint of the theory of 
Jordan continua is the following 

Coro.tuary. In order that the 1-dim. Betti number of a Jordan continuum 
should be finite, it is necessary and sufficient that it be semi-1-connected. 

A well-known theorem concerning plane Jordan continua™ states that if M is 
a Jordan continuum in the plane and D is a domain complementary to M, then 
the boundary of D is itself a Jordan continuum. By use of the methods devel- 
oped above, we can now prove a theorem true for all dimensions of which the 
result just stated is the case n = 2. 

THeorEM 7. In E,, n = 2, let M be a compact continuum which is locally 
i-connected forO0 < i S n — 2. Then, if D is a domain complementary to M, the 
boundary of D is a Jordan continuum." 

Proof. Denote the boundary of D by B. Then B is a compact continuum 
and it is only necessary to show that it is locally 0-connected." 

First we show that the set M’ = EF, — D is locally i-connected for 
0 <sisn-—2. That it is locally 7-connected at interior points of M and at 
points of Z, — Mis obvious. We have, then, only frontier points of M to con- 
sider. Let P be sucha point, and let ¢ be an arbitrary positive number. Let 
6 > 0 be such that 7-cycles of M-S(P, 6) bound in M-S(P, «). Let y' = {ts} 
be a cycle of M’.S(P, 4), and consider any V-chain K‘+! +‘ in S(P, 6), where 
K*' = {Z,}. Let us fill in each cell of Ly geometrically. Then the set of 
those closed (¢ + 1)-cells of L; that do not meet M form a complex H,. If Hy 
is always vacuous, then L; may be assumed to lie on M, and no further proof 


12 We have not considered whether a g. c. n-m. is locally (n — 1)-connected. It would 
be interesting to know if such is the case. 

13 See M. Torhorst, Uber den Rand der einfach zusammenhdngenden ebenen Gebiete, Math- 
ematische Zeitschrift, vol. 9 (1921), pp. 44-65. See also my paper Concerning continuous 
curves, Fundamenta Mathematicae, vol. 7 (1925), pp. 340-377, Theorem 11. 

‘For an analogous theorem, relating, however, to absolute neighborhood retracts 
(which in EZ, ean have only finitely many complementary domains), see K. Borsuk, Uber 
eine Klasse von lokal zusammenhingenden Réumen, Fundamenta Mathematicae, vol. 19 
(1932), pp. 220-242, Satz 21. Also see G. C. M., Principal Theorem D and the remarks 
following it. 

18 We use the symbol E, to denote euclidean n-space. 

‘6 Tt will be noted that we state nothing concerning the dimension of M, since if its 
dimension is less than n — 1, the boundary of (the only possible) complementary domain is 
M itself and the result is trivial. We therefore may tacitly assume in giving the details 
of the proof that the dimension of M is = n — 1. 

‘7 By virtue of the well-known Hahn-Mazurkiewicz characterization of Jordan continua. 
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is necessary. Otherwise, the component (7 + 1)-complexes of H; that contain 
points of | 7; |"* form a complex C,. If C; is always vacuous, the 7,’s may be 
assumed to lie on M, and again (because of the way 6 was chosen) no further 
proof is necessary. The complex C; lies wholly in M’, since if a component of 
C, has a point in D it must lie wholly in D and hence contain no point of | 7, |. 
We delete the cells of C; from the complex consisting of cells in L;, to form a 
complex N,;. By assigning to each (¢ + 1)-cell of N, that coefficient which it 
has in L,, we obtain a new (i + 1)-chain K, —i,. As we are dealing with a 
finite coefficient ring, we may assume the sequence I‘ = {7,} forms a V-cycle— 
i.e., we assume that the above process of harmonizing chains has been carried 
out. Then we have 


(4) In-Kimis-—t,, k= 1,2,3,--- 


as the elements of a chain based only on cells of C;, hence a chain in M’-S(P, «). 
Now I“ may be considered as a cycle of M, infinitesimally removed,” and as 
such there exists 


(5) Q.—i, #onM-S(P,<, k=1,2,3,---. 
Combining relations (4) and (5) we get 
Ly — Ki + Qi ok on M’.S(P, «), k = 1,2,3,---. 


Consequently M’ is locally 7-connected. 

Now suppose B is not locally 0-connected. Then D + B is not locally 
0-connected, as may be shown in a manner similar to that employed in the first 
paragraph of p. 887 of G. C. M., and there exist’ concentric (n — 1)-spheres 
K, and Kz and a sequence of sub-continua of D + B, viz., H:, H2, Hs, --- , such 
that (1) each //, lies in K, + Ke + J (where J is the ‘“‘shell’”’ domain bounded by 
K, + K-) and contains at least one point of each of the spheres Ki, Ke; (2) no 
two of the continua //; have a point in common, and moreover each is a com- 
ponent of (D + B)-(Ki + K2+ J). 

Let K;, Ks and Ks be (n — 1)-spheres concentric with A, and Kz and such 
that if r; is the radius of K; (j = 1, 2, --- , 5), 


mn>rs>ma>rs >?e. 


For any given ¢« > 0, there exist infinitely many distinct components of 
D.(K, + Kz + I) which have points in S(K,, «). For suppose the contrary. 
Consider the sets //,. A component of D-(K, + Kz + J), if it has a point in 
common with a set //, at all, is a subset of that /7,. Therefore, infinitely 
many sets //,-S(K4, €) contain no points of D-(K, + K,+ J) and must as a 


18 If K is a complex, we denote the set of points on K by | K |. 

1° See P. Alexandroff, Gestalt und Lage ..., Annals of Mathematics, vol. 30 (1928-29), 
pp. 101-187, Anhang I. 

20 R. L. Moore, loc. cit. 
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consequence be subsets of B—i.e., must consist entirely of limit points of 
D.(K, + K.+ J). But then we should have different sets H,-S(K4, €) con- 
taining limit points of the same component of D-(K, + Kze+ J). This is 


impossible. 
Let 61, 52, --- , bm, --- be a sequence of positive numbers monotonically de- 
creasing to zero. Then there exist mutually exclusive components D,, De, --- , 


D,, --- of D-(Ki + Ke + J) such that D, contains a point of S(K, 6). For 
each k, let P;, be a point of D, within a distance 6, of Ky. Let s; be an are of D 
joining P; to an arbitrary point of D — D,. Such an are must meet K, or Ko. 
It therefore has a subare ¢, joining P; to a point Q; either of K, or Ke, and lying, 
except for the latter endpoint, wholly in D,. Let S, and =), h = 1, 2, 3,---, 
be sequences of subdivisions of K; and K;, respectively, with meshes converg- 
ing to zero. For a fixed h, only a finite number of the sets D, can contain 
vertices of S, or 2,, and consequently we can choose for each h a set Dy) that 
contains no vertex of S, or =p. 

For A great enough, all details of the following construction may be carried out. 
We first consider, progressively, the 1-cells of the subdivision S, of K;. Any 
l-cell of S, that lies wholly in D or in M’ we replace by the Vietoris 1-chain 
obtained from its own subdivisions. Suppose ab is a 1-cell of S,, where a is in 
D and b is in M’. On ab let a’ be the first point of M’ in the order from a to 
b. Then we replace ab by a V-chain based on subdivisions of aa’ and a V-chain 
of M’ bounded by a’ and b. If a and b both lie in M’, we replace ab by a 
V-chain of M’ bounded by aand b. If both aand b lie in D, but ab meets M’, 
we determine a’ as above, also a point b’ of M’-ab such that b’b has only b’ 
in M’, and replace a’b’ by a V-chain of M’, the portions aa’ and b’b of ab being 
replaced by V-chains based on their own subdivisions. All these operations are 
carried out progressively, passing from 1-cell to 1-cell, and finally the boundary 1- 
cycles of S, are replaced by these 1-chains by the harmonizing process. For h 
great enough, the 1-chains may be so taken as to form arbitrarily close approxima- 
tions to the corresponding 1-cells, in the sense that as the diameter of the 1-cells 
decreases, so too does the maximum diameter of the V-chains that replace them. 
We note that none of the 1-chains obtained meets Dy.” 

We next treat the 2-cells of S,. Let E* be such a 2-cell. Its boundary has 
been replaced by a V-cycle y! formed of chains bounded by the vertices. Within 
a small spherical neighborhood of y' let F? be a V-chain bounded by y'. Denot- 
ing F? by {F,,} and y! by {1,.}, we have, for each m, F,,—> 1. If no F,, meets 
Dy, we proceed to another 2-cell. If only a finite number of sets F,, meet 
Diy, we may delete those that do. If infinitely many meet Dy), we may as- 
sume that all do, and proceed as follows. By the construction of the preceding 
paragraph, no point of a cycle 1,, lies in Dy). Assuming F,, to be a 6,-chain, 
which we may do by deleting chain elements from F?, let G,, denote the sub- 

21 A process similar to that which we use here was also used in the proof of Theorem 8 


of G. C. M., except that in the latter case the replacements were carried out in open sub- 
sets of EZ, and hence ordinary finite chains instead of V-chains could be used. 
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chain of F,, based on those of its 2-cells that lie in Dy. Let En = Fn — Gm. 
Denoting the boundary of G,, by 1,,, we have the relations 


Gm — 1), 
(6) , 
En— 1a — 1, .- 
We may assume that the set {1/} forms a V-cycle, and for h great enough, 
that it bounds a “small” chain on M’; for by unessential (5,,)-alterations of 1,,, 
it becomes a cycle of M’, and M’ as shown above is locally 1-connected. We 


have, then, 
(7) Nn — 1, on M’. 
Combining relations (6) and (7) we get 

En + Nun — 1m; 


where E,, + N,, fails to meet Dy). 

When we have proceeded through the set of all 2-cells of S, in this manner, 
and harmonized so that the chains corresponding to single cell-boundaries form 
2-cycles, we are ready to treat the 3-cells of S,. At this stage none of the 
1-chains and 2-chains obtained meets D,,). 

In the final stage of our process of replacement, we utilize the local (n — 2)- 
connectedness of M’ to replace the (n — 1)-cells of S, by corresponding 
(n — 1)-chains, which combine to form a cycle I'}~' approximating S,, the 
degree of approximation depending only on h (M’ being uniformly locally 7-con- 
nected within and on K,). The cycle P{~* does not meet Dy). 

Similarly, =, receives, by the same process, an approximating cycle ®) 
which fails to meet Dy). 

As the spheres K; and K; separate each P, from the spheres K, and Ko, for h 
great enough the cycle ['j~' + {~' separates each P, from K, and Ke. In 
particular, Pq) is separated from Qiu) by >’ + &,7>'. But the carrier of 
the latter cycle has no point on i), since otherwise there would be vertices of 
the cycle in Dy). Thus the assumption that B is not locally 0-connected leads 
to a contradiction. 

In view of Theorem 7 we might ask whether the boundary of such a domain D 
as considered therein might not also possess the property of local 7-connectedness 
forl sis n—2. That this is not the case may be shown by adding, to the 
well-known continuum in F; consisting of the sphere with infinitely many 
handles converging to a point, 2-cells in each of its complementary domains 
which render its 1-dimensional Betti number zero and do not destroy the local 
0-connectedness. The resulting continuum is locally 7-connected for i = 0, 1, 
and each of its complementary domains has a locally 0-connected boundary, but 
neither boundary is locally l-connected. Incidentally, the same example modi- 
fied so that the handles of the sphere converge to a line segment instead of to a 
point, shows the necessity for the local 1-connectedness condition of Theorem 7 
when n = 3. 
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The result of Theorem 7 suggests considering those compact metric spaces 
which are locally 7-connected for 0 < i S j as generalizations of the notion of 
Jordan continuum, in the sense that although for 7 > 0 the class of spaces so 
obtained is a subclass of the class of Jordan continua, certain theorems on Jordan 
continua may find higher dimensional analogues.” For this purpose we give 
the 

DeriniTion. A locally compact, metric space M, which, forO0 < i Ss j(ja 
non-negative integer), is locally 7-connected will be called a J’. 

We can then state the following 

THEOREM 8. In E,, (n 2 2), let M be a closed point set which is a J”. 
Then if D is a domain complementary to M, the boundary of D is a J°.* 

Proof. As in the proof of Theorem 7, we first show that FE, — D is locally 
i-connected for 0 S i S n — 2. Then we suppose that B is not locally 
0-connected. It follows that there exist a point P of B and « > 0 such that 
in S(P, «) there is a sequence of points P;, P2, P;,--- of B having P as 
sequential limit point and such that no two points P;, P; lie in a connected 
subset of B-S(P, €). Now let us suppose that D + B is locally 0-connected. 
Then, since E,, — D is also locally 0-connected, there exists 6 > 0 such that 
any two points of D + B in S(P, 6) lie in a connected subset of 
(D + B)-S(P, ©), and any two points of FE, — D in S(P, 4) lie in a connected 
subset of (EF, — D)-S(P, ©). Let P; and P; be points of the above sequence 
lying in S(P, 6). There exists, in S(P, «&) — B-S(P, 6), a continuum (relative 
to S(P, ©) K separating P; and P; in S(P, &. Now a connected subset of 
D + B joining P; and P; in S(P, €) must meet K and hence K C D. However, 
there also exists in S(P, €) a connected subset of EF, — D joining P; and P; 
which must also meet K. As a result of this contradiction we are led to 
conclude that if B is not locally 0-connected, so, too, is D + B not locally 
0-connected. 

We can now proceed with the proof as given for Theorem 7, beginning with 
the definition of the sets 7, of the fourth paragraph. 


22 In the same volume of Fundamenta Mathematicae containing the paper of Borsuk 
referred to in footnote 2 appears a paper by C. Kuratowski (pp. 269-287) suggesting this 
same sort of generalization, using, however, the type of local connectedness defined in 
Lefschetz’s Topology. It would be interesting to know if certain of Kuratowski’s results, 
particularly such as are obtained in section II, are obtainable when local connectedness 
in the sense of V-cycles is assumed. 

23 It will be noted that we do not need to assume either compactness or connectedness 


for M. 
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